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PREFACE. 



In the following Treatise I have adopted the method of 
Limiting Batios as my basis; at the same time the co- 
ordinate method of Infinitesimals or Differentials has been 
largely employed. In this latter respect I have followed in 
the steps of all the great writers on the Calculus, from 
Newton and Leibnitz, its inventors, down to Bertrand, the 
author of the latest great treatise on the subject. An ex- 
clusive adherence to the method of Differential Coeffi- 
cients is by no means necessary for clearness and simplicity ; 
and, indeed, I have found by experience that many funda- 
mental investigations in Mechanics and Geom0h*y are made 
more intelligible to beginners by the method of Differentials 
than by that of Differential Coefficients. While in the more 
advanced applications of the Calculus, which we find in 
such works as the M^canique Celeste of Laplace, and the 
Mecanique Analytique of Lagrange, the investigations are 
all conducted on the method of Infinitesimals. 

The principles on which this method is founded are given 
in a concise form in Arts. 38 and 39. 

In the portion of the Book devoted to the discussion of 
Curves I have not confined myself exclusively to the ap- 
plication of the Differential Calculus to the subject ; but 
have availed myself of the methods of Pur6 and Amtjtxft 
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Geometry, whenever it appeared that simplidty would be 
gained thereby. 

In the disoussion of Multiple Points I. have adopted the 
simple and . general method given by Dr. Salmon in his 
" Higher Plane Curves." It is hoped that by thi^ means 
the present treatise will be found to be a useful introdijction 
to the more complete investigations contained in that woA. 

As this Book is principally intended for the use of begin- 
ners, I have purposely omitted all metaphysical 'discussionB, 
from a conviction that they are more calculated to perplex 
the beginner than to assist him in forming clear conceptions. 
The student of the Differential Calculus (or of any other 
branch of Mathematics) cannot expect to master at once all 
the difficulties which meet him at the outset ; indeed it is only 
after considerable acquaintance with the Science of Gteometry 
that correct notions of angles, areas, and ratios are formed. 
Such notions in any science can be acquired only after 
practice in the application of its principles, and ^fter patient 
study. 

The more advanced student may read with advantage the 
" Reflexions sur la M^taphysique du Calcul Infinitesimal" of 
the illustrious Camot : in which, after giving a complete 
remm^ of the different points of view under which the prin- 
ciples of the Calculus may be regarded, he concludes as 
follows : — 

**Le m^rite essentiel, le sublime, on pent le dire, de la 
methode infinit^simale, est de r^imir la f acilite des precedes 
ordinaires d'un simple calcul d'approximation k I'exactitude 
des r^sultats de I'analyse ordinaire. Cet avantage immense 
serait perdu, ou du moins fort diminu^, si k cette methode 
pure et simple, telle que nous Ta donn^e Leibnitz, on voulait, 
sous I'apparence d'une plus grande rigueur soutenue dans 
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tout le cours du oakml, en suDstitueor drtutrdimoiiis naturelles, 
moins commodes, moins oonfonnes & la marohe probable 
des inyenteurs. Si dette m^ode est exaote Sans les re- 
sultatia^ oomme personne n'csi doute aujourdlmi, m. o'est tou- 
joursil eUe qu'il f aut en revenir dans les questions difficiles, 
comme il parait encore qfte tout Icr monde en convient, 
pourquoi recourir k des moyens d^toum&3 et oompliqu^s pour 
la suppler? Pourquoi se contenter de I'appuyer sur des 
inductions et sur la conformity de ses r^sultats avec ceux que 
foumissent les autres m^thoddi?, lorsqu'on peat la d^montrer 
directem^nt et g^n^ralement, plus £GM)ilement peut-etre 
qu'aucune de ces m^thodes elles-mSmes P Les objections que 
Ton a f aites centre elle portent toutes sur cette fausse suppo- 
sition, que les erreurs pommises dans le cours du calcul, en j 
n^ligeant les quantit^s infiniment petites, sont demeurees 
dans le r jsultat de ce calcul, quelque petites qu'on les sup- 
pose ; or c'est ce qui n'est point : Telimination les emporte 
toutes n^cessairementy et il est singulier qu'on n'ait pas 
aper9U d'abord dans cette condition indispensable de I'^limi- 
nation le veritable caractdre des quantit^s infinit^simales et 
la r^ponse dirimante sL toutes les objections." 

Many important portions of the Calculus have been 
omitted, as being of too advanced a character; however, 
within the limits proposed, I have endeavoured to make the 
Work as complete as the nature of an elementary treatise 
would allow. 

I have illustrated each principle throughout by copious 
examples, chiefly selected from the Papers set at the various 
Examinations in Trinity College. 

In this Edition many alterations and additions have been 
introduced ; the principal change, however, consists in the 
introduction of a Chapter on Eoulettes. In this chapter, in 
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addition to the difiCTission of Cycloids and Epicycloids, as 
contained in the former Editions, I have given a tolerably 
complete treatment of the question of the Curvature of a 
Eoulette, as also that of the Envelope of any Curve carried by 
a rolling Curve. This discussion is based on the beautiful 
and general results known as Savary's Theorems ; taken in 
conjunction with the properties of the Circle of Inflexions. I 
have also introduced the app^cation of these theorems to the 
general case of the motion of any area, supposed to move in 
its own Plane. 

I have added a note on the Cartesian Oval, treated Geome- 
trically, by means of which it is hoped that the fundamental 
properties of this remarkable Curve will be more easily acces- 
sible to the student. 

I have again to thank Mr. Cathcart and Mr. Panton for 
their kind aid in the correction of the proof-sheets, as well as 
for many valuable suggestions throughout. 



Trinity College, 
December^ 1876. 
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OHAPTEE I. 

FIRST PRINCIPLES. DIFFERENTIATION. 

I. Functions. — ^The student, from his previous acquaintanee 
with Algebra and Trigonometry, is supposed to imderstand 
what is meant when one quantity is said to be a function of 
another. Thus, in trigonometry, the sine, cosine, tangent, &c., 
of an angle are said to be functions of the angle, having each 
a single value if the angle is given, and varying when the 
angle varies. In like maimer any algebraic expression in x 
is said to be a function of x. Geometry also furnishes us 
with simple illustrations. For instance, the area of a square, 
or of any regular polygon of a given number of sides, is a 
function of its side : and the volume of a sphere, of its radius. 

In general, whenever two quantities are so related, that 
any change made in the one produces a corresponding variation 
in the others then the latter is said to be a function of the 
former. 

This relation between two quantities is usually represented 
by the letters F^ /, ^, &c. 

Thus, the equations 

ti = F{x)y V ^f{x), w = ^ (x) 

denote that u, v, tc^ are regarded as functions of a?, whose 
valaes are determined for any particular value of ar, when the 
form of the function is known. 

2. Dependent and Independent Variables, Constants. — ^In 
each of tiie preceding expressions, x is said to \>e tti^ indc- 

B 
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2 First Principles. — Differentiation. 

pendent variable, to which any value may be assigned at 
pleasure ; and w, t?, w^ are called dependent variables, as their 
values depend on that of a*, and are determined when it is 
known. 

Thus, in the equations 

y=io', y = (x^y y = sinir, 

the value of y depends on that of Xy and is in each case deter- 
mined when the value of iz? is given. 

If we suppose any series of values, positive or negative, 
assigned to the independent variable a?, then every fimction 
of X will assume a corresponding series of values. If a quan- 
tity retain the same value, whatever change be given to Xy it 
is said to be a constant with respect to x. We usually denote 
constants by a, J, c, &c., the first letters of the alphabet ; va- 
riables by the last, viz., w, «?, Wy Xy y, 2. 

3. Algebraic and Transcendental Functions. — ^Functions 
which consist of a finite number of terms, involving integral 
and fractional powers of x together with constants solely, are 
called algebraic functions — ^thus 

{x-ay, y^f^., {a + x){b-x)\&o., 

are algebraic expressions. 

Functions which do not admit of being represented as 
ordinary algebraic expressions in di, finite number of terms are 
called transcendental ; thus, sin Xy cos Xy tan Xy e^y log Xy &c., 
are transcendental functions ; for they cannot be expressed 
in terms of x except by infinite series. 

Algebraic functions are ultimately reducible to the follow- 
ing elementary forms : (i). Sum, or difference, (w + t?, u - 1?). 

(2). Product, and its inverse, quotient, f wr, - j. Powers, and 

their inverse, roots, (u^y u^). 

The elementary transcendental functions are also ulti- 
mately reducible to: (i). The sine, and its inverse, (sin «, 
sin"*tt). (2). The exponential, and its inverse, logarithm, 
(^«, logtt). 

4. Continuous Functions. — A function ^ (2;) is said to 
be a oontinuouB function of Xy between the limits a and by 
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when, to each value of x, between these limits, corresponds a 
finite value of the function, and when an infinitely small 
change in the value of x produces only an infinitely small 
change in the function. If these conditions be not fulfilled 
the function is discontinuous. It is easily seen that all 
algebraic expressions, such as 

and all circular expressions, sin x^ tan ar, &c., are, in generaly 
continuous functions, as also c^, log a?, &c. In such cases, 
accordingly, it follows that if x receive a very small change 
the corresponding change in the function of ir is also very small. 

5. Increments, and Differentials. — ^In the Differential Cal- 
culus we investigate the changes which any function under- 
goes, when the variable on which it depends is made to pass 
through a series of different stages of magnitude. 

If the variable x be supposed to receive any change, such 
change is called an increment; this increment of a? is usually 
represented by the notation Aa?. 

When the increment, or difference^ is supposed infinitely 
small it is called a differential^ and represented by dxy L e., an 
infinitely small difference is called a differential. 

In like manner, if t« be a function of a*, and x becomes 
X + Aa?, the corresponding value of w is represented by w + Ati ; 
i. 6. the increment of w is denoted by ^u, 

6. liimiting Ratios, Derived Functions. — If t^ be a func- 
tion of ar, then for finite increments, it is obvious that the 
ratio of the increment of w to the corresponding increment of 
Xy has, in general, a finite value. Also when the increment 
of ar is infinitely small, we assume that the ratio above-men'- 
turned has still a definite limiting value. In the Differential 
Calculus we investigate the values of these limiting ratios for 
different forms of functions. 

The ratio of the increment of u to that of x in the limit, 

when both are infinitely small, is denoted by — . "When 

u-f{x)y this limiting ratio is denoted by/' (a;), and is called 
the^rs^ derived function* of /(a?). 

*The method of derived functions was introduced by Lagrange, andtbtt 
different deriyed functions off{x) were defined by h^"* to be, tke QO^^<(i\^Ti\)^ ol 

B 2 



4 Ftrd Principles. — Differentiation, 

Thus ; let x become a? + A, where h = Air, then u becomes 

f{x + A), or w + Aw =/(a? + A), 

.-. Au=f{x + h) -f{x), 

Au y{x + h) -fix) 
Ax h 

The limiting value of this expression when h is infinitely small 
is called the first deinved function oif{x), and represented 

by/ (x). 

Again, since the ratio — has/' (a) for its limiting value, 
if we assume 

€ must become evanescent along with A^ ; also -r- becomes 

Ax 

-7- at the same time ; hence we have 
ax 

This result may be stated otherwise, thus : — If Ui denote 
the value of u when x becomes a?i, then the value of the ratio 

— — , when a\ - x is evanescent, is called the first den'red 

Xi — X 

function of if, and denoted by —. 

lltC 

If Xi be greater than x, then Ui is also greater than v, pro- 
vided -^ — is positive ; and hence, in the limit, when Xi - x 

Xi ~~ X 

is evanescent, Ui is greater or less than n according as — is 



the powers of A iu the expansion of/ (a: + h) : that this definition of the first de- 
rived function agrees with that given in the text will be seen subsequently. 

This agreement also was pointed out by Lagrange. See " Thcorie des Fonc- 
tions Analytiqnes," X"^ 3. 9. 
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positive or negative. Hence, if we suppose a to increase, 
then any function of a increases or diminishes at the same 
time, according as its derived function, taken with respect to a?, 
is positive or negative. This principle is of great importance 
in tracing the different stages of a function of ^, correspond- 
ing to a series of values of ^. 

7. Differential, and Differential Coefficient, of fix). 
Let u =/(^) ; then since 

^=-^(^)' 

we have du = d (/(a)) =/' (x) dx^ 

where dx is regarded as being infinitely small. In this case 
€fe is, as already stated, the d^erential of a?, and du or/' {x) dXy 
is called the corresponding differential of u. Also f (a) is 
called the differential coefficient of /(a?), being the coefficient 
of dx in the differential of /(^). 

8. Algebraic Illustration. — That a fraction whose nume- 
rator and denominator are both evanescent, or infinitely 
small, may have a finite determinate value, is evident from 

■algebra. For example, we have r = -7 whatever n -meLj be. 

If n be regarded as an infinitely small number, the numerator 
and denominator of the fraction both become infinitely small 

magnitudes, while their ratio remains imaltered and equal to t- 

It will be observed that this agrees with our ordinary idea 
of a ratio ; for the value of a ratio depends on the relative^ 
and not on the absolute magnitude of the terms which com- 
pose it. 



Again, if u = 



na + f? V 
nh + n^b'^ 



in which n is regarded as infinitely small, and a, 6, a' and V 

represent finite magnitudes, the terms of the fraction are both 

infinitely small, 

, , ., . ... a + nd 
but their ratio is ^ 77, 

h -f nh 
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the limiting value of which is t> If, however, a = o, and 6 = 0, 



the value of the fraction becomes 7;. 



9. Trigonometrical ninstration. — To find the values of 
7 — g, and , when d is regarded as infinitely small. 

H^re 7 — 7; = cos fl, and when = o, cos fl = i . 
tan d 

Hence, in the limit, when B = o,* we have 

sin Q _ tan0 . ,, 

7 — j: = I, and, .'. -; — ^ = I, at the same time. 

tan xj sin u 

Q 

Again, to find the value of — — j:, when 9 is infinitely smalL 
^ ' sm 0' -^ 

From geometrical considerations it is evident that if 9 he the 

circular measure of an angle, we have 

tan 9 > 9 > e>m 9y 

tan0 9 
or - — ^ > - — ^ > I ; 

sm u sm u 

but in the limit, i. e. when 9 is infinitely small, 

tan 9 _ 

and therefore, at the same time, we have 

9 

sin 9 

This shows that in a circle the ultimate ratio of an arc to its 
chord is imity, when they are both regarded as evanescent. 

10. Geometrical Ulnstration. — Assuming that the relation 
y =^f{x) may in all cases be represented by a curve, where 

- 

* If a variable quantity be supposed to diminish gradually, till it be less than 
anything finite which can be assigned, it is said in that state to be inde^nitely 
small or evanescent ; for abbreviation, such a quantity is often denoted by cypher. 

A discussion of infinitesimals, or infinitely small quantities of different orders^ 
w'lU be found in the next Chapter. 



Geometrical Illustrations. 7 

expresses the equation connecting the co-ordinates (^, y) 
of each of its points ; then, if the axes be rectangular, and 
two points (^, y), (^1, t/i) be taken on the curve, it is obvious 

that — represents the tangent of the angle which the 

chord joining the points (^, y), (^1, t/i) makes with the axis 
of ^. 

If now, we suppose the points taken infinitely near to each 
other, so that Xi- x becomes evanescent, then the chord be- 
comes the tangent at the point (a?, y), but 

^-^ becomes | or/ {x) in this oa^. 

X\ — X Ox 

Hence, ./^ {x) represents the trigonometrical tangent of the 
angle which the line touching the curve at the point (x, y) makes 
with the axi^ of x. We see, accordingly, that to draw the 
tangent at any point to the curve 

is the same as to find the derived function f (x) of y with 
respect to x. Hence, also, the equation of the tangent to the 
curve at a point {x^ y)y is evidently 

y-Y=f{a>){x-X), (2) 

where X, Y are the current co-ordinates of any point on the 
tangent. At the points for which the tangent is parallel to 
the axis of x, we have f^ (x) = o; at the points, where the 
tangent is perpendicular to the axis, f (x) = oo. For all 
other points ^f (x) has a determinate finite real value in 
general. This conclusion verifies the statement, that the 
ratio of the increment of the dependent variable to that of 
the independent variable has, in general, a finite determinate 
magnitude, when the increment becomes infinitely small. 

This has been so admirably expressed, and its connexion 
with the fimdamental principles of the Differential Calculus 
so well explained, by M. Navier, that I cannot forbear intro- 
ducing the following extract from his " Lecons d' Analyse": — 

" Among the properties which the function y = /(^), or 
the line which represents it, possesses, the most remarkable, 
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Fig. I. 



in fact that which is the principal object of the DifEerential 
Calculus, and which is constantly introduced in all practical 
applications of the Calculus, is the degree of rapidity with 
which the function /(^) varies when the independent variable 
X is made to vary from any assigned value. This degree 
of rapidity of the increment of the 
function, when x is altered, may 
differ, not only from one function 
to another, but also in the same 
fimction, according to the value 
attributed to the variable. In order 
to form a precise notion on this 
point, let us attribute to .2? a deter- 
mined value represented by OJV, 
to which will correspond an equally 
determined value of y, represented 
by PN. Let us now suppose, start- 
ing from this value, that x increases by any quantity denoted 
by A.r, and represented by NMy the function y will vary in 
consequence by a certain quantity, denoted by Ay, and we 
shall have 

y + Ay =f(x + A^), or Ay =/(^ + A^) -f{x). 

The new value of y is represented in the figure by QM, and 

QL represents Ay, or the variation of the function. The ratio 

Ay 

~- of the increment of the function to that of the indepen- 

im^X 

dent variable, of which the expression is 

f{x + Ax) -fix) 
A/c ' 

is represented by the trigonometrical tangent of the angle 
QPL made by the secant JPQ; with the axis of x. 

" It is plain that this ratio — is the natural expression 

of the property referred to, that is, of the degree of rapidity 
with which the function y increases when we increase the in- 
dependent variable x : for the greater the value of this ratio 
the greater will be the increment Ay when x is increased by 
a given quantity A^. But it is very important to remark, 
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that the value of — (except in the case when the line PQ 

becomes a right line) depends not only on the value attri- 
buted to ^, that is to say, on the position of P on the curve, 
but also on the absolute value of the increment Ax, If we 
were to leave this increment arbitrary, it would be impossible 

to assign to the ratio — any precise value, and it is accord- 
ingly necessary to adopt a convention which shall remove all 
uncertainty in this respect. 

" Suppose that after having given to Ax any value, to 
which will correspond a certain value of Ay, and a certain 
direction of the secant PQ, we diminish progressively the 
value of Ax, so that the increment ends by becoming 
evanescent ; the corresponding increment Ay will vary in 
consequence, and will equally tend to become evanescent. 
The point Q will tend to coincide with the point P, and the 
secant PQ with the tangent PT drawn to the curve at the 

point P. The ratio — of the increments will equally 

approach to a certain limit, represented by the trigonometrical 
tangent of the angle TPL made by the tangent with the 
axis of X. 

" We accordingly observe that when the increment Ax, 
and consequently Ay, diminish progressively and tend to 

vanish, the ratio — of these increments approaches in 

Ax 

general to a limit whose value is finite and determinate. 

Hence the value of — corresponding to this limit must be 

considered as giving the true and precise measure of the 
rapidity tvith which the function f{x) varies when the independent 
variable x is made to vary from an assigned value : for there 
does not remain anything arbitrary in the expression of this 
value ; as it no longer depends on the absolute values of the 
increments Ax and Ay, nor on the figure of the curve at 
any finite distance at either side of the point P. It depends 
solely on the direction of the curve at this point, that is, on 
the inclination of the tangent to the axis of x. The ratio 
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just determined expresses what Newton called the fluxion of 
the ordinate. As to the mode of finding its value in each 
partioular case, it is sufficient to consider the general ex> 
pression 

At/ /{x-}- Aa) -f{x) 

Ax Ax ' 

and to see what is the limit to which this expression tends, as 
Ax takes smaller and smaller values and tends to vanish. 
This limit will be a certain function of the independent 
variable x, whose form depends on that of the given function 
/(^r)." ... " We shall add one other remark ; which is, that 
the differentials represented by dx and dy denote always 
quantities of the same nature as those denoted by the variables 
X and y. Thus in geometry, when x represents a line, an 
area, a volume, the differential dx also represents a Kne, an 
area, or a volume. These differentials are always supposed 
to be less than any assigned magnitude, however small ; but 
this hypothesis does not alter the nature of these quantities : 
dx and dy are always homogeneous with x and y, that is to 
say, present always the same number of dimensions of the 
unit by means of which the values of these variables are 
expressed." 

II. Differentiation. — The process of finding the derived 
function, or the differential coefficient of any expression, is 
called differentiating the expression. 

We proceed to explain this process by applying it to a 
few elementary examples. 

Examples. 

I. y = a;«. 

Substitute « + A f or x, and denote the new value of y by yi, then 

yi = (a; + hy = a?* + zxh + A*, 

yi-y Ay , , 
.'. , or — ^ = 2* + A. 
h Ax 

If h be taken an infinitely smaU quantity, we get in the limit 

dy 

or, if f(x) = x^, we have/'(ar) = ix. 
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2. y = -' 

X 

I 



Here yi = 



a? + A 
I I 

yi-y 



a? + A a; x{x + h)^ 



yi-y Ay i 

or 



* * A Ax «(« + *)' 

wbicli equation, when h is eyandscent, becomes 



^ 



(^)._i. 



^ - _ i. 

12. Differentiation of the Algebraic Sum of a Number of 
Functions. — ^Let 

2/ = W + «?-W7 + &0., 

then, iixi = x + hy we get 

yx = Ui-{- Vi- Wi-k- . . . 
. yi~y Ui-u Vi-v tVi-w 



• • • 



h h h h 

which becomes in the limit, when h is infinitely small, 

dy du dv dw 
dx dx dx dx 



• • . 



Hence, if a function consist of several terms, its derived 
function is the sum of the derived functions of its several partSy 
taken with their proper signs. 

It is evident that the differential of a constant is zero. 

13. Differentiation of the Product of two Functions. — ^Let 
y = uvy where u^ «?, are both functions of ^, and suppose Ay, 
Aw, At?, to be the increments of y, u, v, correspondmg to the 
increment Ax in x. Then 

Ay = {u + Au) {v + Av) - uv 

= uAv + vAti + All Av, 

Ay Av , . Au 

or -^ = u — + (r + An 

A.2? A.r Ax 
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Now suppose A.2? to be infinitely small, and 

Ay Av Au 

Ax Ax Ax 
become in the limit 

dy dv J ^^. 

dx^ dx* dx ' 

also, since Av vanishes at the same time, the last term dis- 
appears from the equation, and thus we arrive at the result 

dy dv du /,\ 

-^ = w-j- + t? — • (3) 

dx dx dx 

Hence — to differentiate the product of two functions — 
multiply each of the factors by the differential coefficient of the 
other y and add theprodticts thus found. 

Otherwise thus: let/(j?), ^(^j, denote the functions, and 
Ji the increment of Xy then 

3/1 =/(^ + ^) (« + h)y 

. yi-y _ A^ + h)ii>{x + h) -f[x) » [x) 

" h ' h 

Now, in the limit, 

and <t>i^ + h)-.t,i^) ^ 

h 
und, accordingly, 

which agrees with the preceding result. 

When y = aUy where a is a constant with respect to Xy we 

have evidently 

dy du 
— = a — 
dx dx 
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14. Differentiation of the Product of any Number of 
Functions. — ^First let 











X = timi 


7; 


suppose 






vw = s, 




then 








y = uz 




and, by 


Art. 


13, 


we have 












dy ^ 
dx 


dz du 

■ u \- z — ; 

dx dx 


bnt, by 


the same 


Article, 












dz 
dx 


dv dw 
dx dx 



hence 



dy du dv dw 

-p- = vw—- + wu-r + uv-T-- 
dx dx dx dx 



This process of reasoning can be easily extended to any 
number of functions. 

The preceding result admits of being written in the form 

I dy I du I dv \dw 
y dx udx vdx to dx* 

and in general, if 

y = yi • ^2 . ^3 . . . . y«, 

it can be easily proved in like manner that 

idi ^ i_d^ ^ i_dy2 ^1?^». (4^ 

y dx yi dx y^dx * ' ' y^ dx 

15. Differentiation of a Quotient. — Let 

y = -, then u - yv^ 

V 

therefore, by Art. 13, 

du dv dy 
dx ^ dx dx* 
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dy du dv du u do 
dx dx dx dx vdx 

du dv 
dx dx 

V 

da dv 
, dy dx dx ^ (5) 

' ' dx~ v^ 

Hence, to differentiate a fraction, multiply the denominator 
into the derived function of the numerator^ and the numerator into 
the derived function of the denominator , take the latter product 
Jrom the former y and divide by the square of the denominator. 

In the particular case where w is a constant with respect 
to X [a suppose), we obviously have 



a-x 

1. u e= . 

a + fl? 

2. u= {a + x) (i + ic). 



dv 

d fa\ dx 

dx\ vj v^ 


(6 


• Examples. 






du 2a 




' dx (a + a?)2 




du 

~ = a + b^2X 
dx 



16. Differentiation of an Integral Power. — ^Let y = a^^ 
where n is b, positive integer. 

Suppose yi to be the value of y when x becomes x^ then 

V\ — V Xi* — x^ 

^ — ^ = = Xi"^^ + X x,""-^ + . . . + x^^-K 

X\ ~~ X X\ "~ X 

Now, suppose jTi - J? to be evanescent. In this case we may 
write X for Xi in the right-hand side of the preceding; equation, 
when it becomes nx^^ ; but the left-hand side, in me limit, is 
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Hence ~ = na^-\ 

da 

dlaf") 
or -V- = naf'-K 

dx 

This result follows also from Art. 14 ; for, making 

yi = y2 = ys = . . . = y« = t^, 

T¥e evidently get from (4), 



^M_...n-i^«^ 



= nu"*-^ 



(7) 



dx dx' 

This reduces to the preceding on making u- x. 

17. Differentiation of a Fractional Power. — ^Let y = ««% 
then V = «* J and -^ = \ ^ ; 

hence, by (7), ^^dy ^ .du 

ax ax 

J(t*'*) _dy _ mu^"^ du _ m ^-1 c?t* /^x 

' ' dx dx n y^^ dx n dx' 

18. Differentiation of a Negative Power. — Let y = w~^, 
then y = — , and by (6) we get 

ti 

^ (tr-) = - ± = - /^m— ^ ?. (9) 

dx^ ' ^2«i rf^ 

Combining the results established in (7), (8), and (9), we 
find that 

dx dx 

for all values of m, positive, negative, or fractional. When 
applied to the differentiation of any power of x we get the 
following rule. Diminish the index by unity ^ and multiply the 
power of x thus obtained by the original index; the result is the 
required differential coefficient, with respect to x. 
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19. Differentiation of a Function of a Function. — ^Let 

y =/{ai) and w = ^ (y), to find — . Suppose yi, tii, to be the 

values of y and u corresponding to the value Xi for a ; then 
if Ay, Aw, A^, denote the corresponding increments, we have 
evidently 

Ui - u til - n y\ - y 

cCi -X yi-y xi- x" 

orv 

Ai^ Am Ay 

A^ Ay Aip' 

As this relation holds for all corresponding increments, how- 
ever small, it must hold in the limit, when Aj? is evanescent ; 
in which case it becomes 

dii dudy . . 

dx dydx' 

Hence, the derived function with respect to x of Uy is the^ 
product of its derived, tvith respect to y, and the derived of y 
xoith respect to x, 

20. Differentiation of an Inverse Function. — ^To prove that 

dx I 
dy ~ dy 
dx 

Suppose that from the equation 

y =/(^) (^^> 

the equation 

x = ^{y) {h) 

is deduced, and let ^1, yi, be corresponding values of x, yy, 
which satisfy the equation (a), it is evident that thej vaW 
also satisfy the equation (6). But 

'I ^ X = I . 

^1 - ^ yi-y 

As this equation holds for all finite increments, it must 
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hold when ai- a and jfi-y are infinitely small ; therefore 
we haye in the limit 

ax ay 

The same result may also be arriyed at from Art. 19, as 
follows : — 

"When y =/(^), and u = (^{y), 

inre have, in all cases, 

du _ du dy 
da dy da 

This result must still hold in the paxtioular case when u = ap 
in whidi case it becomes 

^dady 
dydx 



Examples. 

I. « = («*— »')^ 

Lot «8 - a:2 = y, then « = y*, 

Hence ~ = - loa? (a^ _ «2)*. 

4. « = (i + «*)•*. ^ = m#ia?»-' (i + «»)"»*^ 

We next proceed to determine the deriyed functions of 
ihe elementary trigonometrical and circular functionfi. 



>" 
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21. Differentiation of sin a. — ^Let 

y = sin a?, yi = sin (^ + A), 

. , r\ ' 2Sin-C08hF+- 

yi - y __ sin (a? + A) - sin ^ ^ 2 \ 2/ 

h h h 

. A 
sin- 

But by Art. 9, the limit of — r- = i ; moreover, the limit of 



(a. + ^)is 



oosliT +-1 is cosa?. 

Hence -^ — - = cos a?. (12) 

ax 

22. Differentiation of cos a;. 

y = cos ar, yi = cos {x + A), 

. A . 

, -. 2sm-sm|ir + 

y\-y cos (a? + A) - coso? 2 



A A 

Hence, in the limit, 

doosx 



= -sina?. (13) 



dx 

This result might be deduced from the preceding, by substi- 
tuting — ^ s for Xj and applying the principle of Art. 19. 

mm 

It maj be noted that (12) and (13) admit also of being 
-written in th* foUowing synunetrical form :— 

ei^sin^ , / 7r\ 
-^- = sm((P+-). 

IMG \ £, J 

rfcoso? / 7r\ 
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23. Differentiation of tan x. 

y = tan a?, yx - tan (x + A), 

sin (a; + A) slna? 
y\-y _ tan (^ + A) - tan a? _ cos {x + A) cos j? 
~A~ " "A A 

sinA 



A COS J? cos(« + A)' 



whicli becomes — r- ui the limit. 

cos'a? 



__ rf(tan^) I , , . 

Hence — ^ — - = — t- = seo'^. (14) 

ax cos a; 

Otherwise thus, 

*. sina; e^sina? . daosx 

^/i.^-.-\ a. cosa? — J sinar — - — 

tf(tana?; 00s a; dx dx 



dx dx 



cos* a? 



cos* a? + sin* a; 



oos'a? cos*a?" 

24. Differentiation of cot a;. — ^Proceed as in the last, and 

rf(cota?) !^i . , V 

--^-r — •' = - -T-r- = - coseo'ar. (15) 

dx Burx 

This result can also be derived from the preceding by put- 
ting — s for a?, as in Art. 22, 

25. Differentiation of sec x. 

I 
y = sec a? = ; 

cos a? 

dy mux , , ^. 

.*. -f = — r- = tan X seoaj. (x6) 

dx oosrx ' 



^. „ , ^coseca? , 

Similarly — ^ = - cot a? coseoa?. 

c 2 



First Principles — DifferentiatUm. 



26. Biffidrentiation of y = sin^^iT. 

dx 
' dy~ 



Jere 






X = 


emy, 


Hence, 


ty 


Art. 


20, we 

dy^ 
dx 


get 

I 

cos?/ 



= + 



-/i -a^' 



The ambiguity of the sign in this case arises from the ambi^ 
guity of the expression y = sin'^a? ; for if y satisfy this equa- 
tion for a particular value of a?, so also does tt - y ; as also 
2ir + y, &c. If, however, we assign always to y its least value^ 
i. e. the acute angle whose sine is represented by ^, then the 
sign of the differential coefficient is determinate, and is evi- 
dently positive ; since an angle increases with its sine, so long 
as it is acute. Accordingly, with the preceding limitation, 

r/.sin"^ir i , v 

(17) 



dx y I - 0?* 



In like manner we find 

d.oos'^x 



<^^ v/l - (X?' 



(18) 



with the same limitation. 

This latter result can be at once deduced from the preced- 
ing, by aid of the elementary equation 

2 
27. Differentiation of tan^^^r. 

y = tan^^a?, .'. x = tan y. 

dx I 



Hence 



2-.» 



Similarly 



dy Qos^y 

d.tsLJT^x dy ^ I , V 

_^ = ^ = cos'y=j-^. (19) 

d^cot'^x ^ I 
dx I +ic*" 
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2 8. Geometrical Demonstration. — ^The results airived at in 
the preceding Articles admit also of easy demonstration }>7 

feometrical constraction. We shall illustrate this method 
y applying it to the case 
of sin 0. 

Suppose XPQY to be a 
quadrant of a circle having 
O as its centre, and oon- 
fltmct as in figure. Let 
denote the angle XOP ex- 
pressed in circular measure ; 
then 

^^aroPZ^ andA = Afl = 




OP 



OP 



Accordingly 
em(fi + h) - 8mO=-^ = -i^^t^ . -tt^ = cos PftB . 



OP PQOP 



sin((? + A)-sin(? ^^„ PQ 

.'. — ^^ ~ = cos PQiZ — ^7^. 

h arcPQ 



OP' 



But we have seen, in Art. 9, that the limiting value of 



PQ 



arc PQ 



= i;alBO PQiZ = 0, at the same time; hence ^ =cosO,a8 

lefore. 

The student will find no difficulty in applying the pre- 
<5eding construction to the differentiation of cos 0, sin"^ 0, and 
coflT^ fl. The differential coefficients of tan 0, tan^^ 0, &c., can, 
in like manner, be easily obtained by geomeliioal construction. 



Examples. 



!• y « am (nx + a). 



3. if - ewimx eoanx. 



dx 



^ s M cos («t« + a). 






ss— (fit COS fts sinftu; 4^ #1 cos mx sin nx). 



3. jf = sin^jr. 



d^ 
dx 



=5 n 8in»»"*fl? cos x. 






Or |r =: floi «,w]ieress flat X. ^ = eoixeoi(sBx). 



9. jr = rin** (i — a«)l. 
Here (i — ^fi^ = ain jr .'. x = cMjr. 

f o. y = co«"« 7 . 3- = r . 

m + deots as m-^keoss 

29. DiiEBrentiatum of log^^. 
Let y = log^ar, yi = loga (a? + A), 



yi -y ^ logg (a; + A) - logga; 
A A 



^log^/i^ 



Hence -^ is equal to the limitiBg value of 



^^g'Q-^i) 



when h is infinitelj small. 
Again, let h - <pu, then 



^o»«(»+») iloga(i+«) I, , ,t 
A fl? w a? 
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.'. ^ = - multiplied by the value of loga (i + w)* when u ia 
infinitely small. 

To find the yalue of the latter expression ; let - = Zj then 

(i + u)^ becomes f i + - J , in which z is regarded as infinitely 

great. Suppose the limiting value of this expression to be re* 
presented by the letter e, according to the usual notation. We 
can then find the yalue of & as follows by the Binomial 
Theorem : — 



(iV SI z(z-i) I 

Zj IS I . 2 »* 



2 

— ^ +&C. 
^ 1.2 1.2.3 



The limiting* yalue of which, when ^ = 00, is evidently 

III I it 

I + - + + + + &c. 

I 1.2 1.2.3 1.2.3.4 

By taking a suj£cient number of terms of this series, we 
oan approximate to the yalue of & as nearly as we please. 
The idtimate yalue oan be shown to be an incommensurable 
quantity, and is the base of the natural or Napierian system 
of logarithms. When taken to nine decimal places, its yalue 

is 2.718281828. 

1 

Again, since (i + 1*)* = « when t* = o, we get 

dx X ' 

Also, since the calculation of logarithms to any other 
base starts from the logarithms of some numbers to the base ^, 

* It win be shown in Chapter 3, without assumiDg the Binomial ezpannon, 
tiwt # is the limit of the aom of the series 

I + - + + +, &o., ad infinitum. 

I I . a I . a. 3 
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as, moreover, the logarithms of all numbers are expressed by 
their logarithms to the base e multiplied by the modulus of 
transf ormatiou, the system whose base is ^ is fundamental in 
analysis, and we shall denote it by the symbol log without a 
suffix. In this case, since log ^ == i, we have 

^aog«)=^. (21) 

Again 

where logio^ or ^j is the modulus of Briggs' or the ordi- 
nary tabulated system of logarithms. The value of this mo- 
dulus when calculated to ten decimal places is 

0.4342944819- 
On the method of its determination see ^^ Galbraith's Algebra,'' 

p. 379- 

30. Differentiation of a^ 

Let y = «*> then log y = x log a, 

•hrA «?(logy) rf(logy )rfy idy 

d.<f dy , ,, , . 

•••-^=^ = yloga = o'log«. (23) 

I 

Also, since log « == i, we have 

Examples. 

I. |f slog (^81114;). 

Let Bin^BjE, thenyslogc. 

And since -^ s= -^ . — , 

dx dz dx' 
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we get T- = -: — = cot*. 



2. y«log>/a«-a« = }logCfl^-a:«); ^=--j^. 



, /i - cos a; 



/ 1 •— COS JB I ™^ 

\aco««- * 



.•• y = log tan -. 



2 cIp sin^r 

3 1 . IiOgarithxnic Differentiatioxi. — When the function to be 
differentiated consists of products and quotients of functions, 
it is in general useful to take the logarithm of the function, 
and to differentiate it. This process is called logarithmic 
differentiation. 

Examples. 

1. y =yi . ya . y« . . . y«, logy= logyi + logya + . . . + logy». 

Henee i* = I ^^.i ^+ . . . +i ^-. 

y ax y\ dx yi in yn d* 

ThiB fiunishefl another proof of formula (4), p. 13. 

2. y = . Here, log y = m log sin* - it log coso; ; 

I 4y cos J? sin « dy 8in"«*te , . ... 

.\- -f- = m -, — + n .'. ~ = — —T- («» cos' a? + n ma*x). 

y d» sms cos « dx cos^^^a; 

3. y = 



(«-a)i(«-3)J 



5 3 7 

Here logy = - log(» - i) - - log (« - a) -- log (a? - 3) ; 

* 4 3 



lie&oe 



I dy 5 f 31 71 7a:« + 3ac - 97 



ydx a a? -I 4 a?- a 3 a? -3 la . (a? - i) (« - 2) (as - -^V 
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5. jf = «•. Here log y = a: log a?. 

^®^*^® ^^"'(^®fif*+')' .-. -^ = «»(if log»). 

6. y = «^. Hero log y = «•, 

I <fy rf . «• 



y <ii!r <fj; 



= «• (i +loga;). 



.•. ~ = #»^»«(i+logic). 

7. y = K**, where u and t; are botli functions of dr. 

Here log y = 9 log u^ 

I ify , dv .V du 
.•. - -p = log « — + - — ; 
y dx ° <fr udx 

dy f ^ dv vdu\ , dv ,du 

32. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In such oases the 
student will find it an advantage to reduce the expression to 
its simplest form before proceeding to its differentiation. 



Examples. 



X 

I. y = fiin*^ 



v^ 



3 



I + a? 



X . a* 



Here . = sin y, or -z = sin' y, hence a? » tany, 

and we get ■£ = cos'y = ^^-^. 



dx ^^ I + as^ 



*2 



a. y = tan-i , . 

Here tan y = , ■. 

VI -Ha;* — vi — a* 



Henoe 



Hence 



•.«^ = 



Examples. 

VI + x^ tany + i 
;77r^"tany-i- 

(r4-tany)'~(i-tany)* 2tany 
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(i-»-tany)'+(i-tany)» i +taa*y 



Bm2y. 



<2r 



COS ly = 0, 



dy X X 

dx " cosiy ~ -y/jflTS*' 



= log /\/l -*• a? + y/i -x I y/i +g + y/l - 
Ny^i+a? — ^i- a? * v*+*~v ' — 



— 4? 



= -log 
2 '^ 



i+\/i-»* 



= -log (i + VI -a?*) — log *. 



dy 
dx 



y 



^ , v^i +«* -1^1 
- tan-i X + tan-i 



2a; 



X I - a?** 

Let 4P = tan e^ and the stodent can easily proye that 

5 V dy s I 
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Examples. 
f . y = sec-* X, Am, -y- - 



3. y = « log*. ^ * ' **■ ^®^*' 

3. y = logtan«. :r=-^ • 

ax exn.2X 



4. y as log tan-i j;. 



^_ I 

dx" (I + «*) tan-* X 






6. y = sin (log jp). 

7. y SB tan'* 



<^_ cos (log 1:) 
dx" X 

I 



«• y s= tan * — —/-=-• ;7- ** ' y- • 

Here y = tan"* v a? + tan** \/ a. 

«*»• ify 2#MJ«»»-* 

^ ^ ° (I + »*)«' S "^ (I + «*)«**' 

io.y=log^— j-itani^. - = -_i. 

IX. y = log l\ /' •*•«' + 



* ify 



'^^ \/i + «* 



12. y ss sin * — 7=. :t- = / =' 

I - « rfy (i + «) 
14. y » ■ r -J" = i* 



Examples. 2g, 

,5.y=i L . Ans.f^^— ^(i-^)».8m-ix. 

^ i-tan:r dy , , , 

10. y = . 7- = — (cos X + 8ia x\ 

8ec* dx ^ 

17. y = log- — 



y/i-a;2 ' <^ (>v/i - »2 + a>v/2) (i - *«)* 



^ gatan"^g(ga?~l) rfy _ (l + a') « ^ *««"^« 

19. y=log-— - + |log ^ ^^^, + \/3tan-^ ^^ ^ 



i-af *°i-» + «2 "^ I- a;' dx i-«« 



ao. y = log{(iflf- i)+ avx^-aj- i}. 



y = log /l±lv:^i±^ + tan-i^ 



dx (»* - a? - i)i* 

<fy __ iv a 

dx~~ ! + «*■ 

as. Being given that y = a?3f i-a^^J f i — ^J ; if 

dy ex^ -¥ (fx^ ^ e'^sfi 

detennine the values of ^, c', »". ^*w. c = 3, c' = - 6, c" = f . 

24-y = logaog*). ^ = ;^I5^- 

,3 + 5 cos J? rfy 4 

2C. V = COS"* . -7"== • 

^ ^ 5 + 3 COS 0? dx 5+3 cos « 

iri-l — 



dx i + ;p» 



a6. y = sin-i j-j-^. 

27. y =s 0<» sin"* ra?. JLe^e^ sin'w-^rx (tf sinrsc + mroomrx). 

' ^ dx 

a8. y = «««8inr«. -J = ^' \/aM^ sin (r« + 0), 



where tan * = -. 
a 
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»9. y = log (v'^rj + -/TTi). ^«». £ = ^ ^^_[^^^_^^ ' 

JO. y = »tan-i^i^]*. 

I — d7 y <fy I 

Here = tan« -.•.« = cob y ' 



31. y = a*". ^ = a:*****-! (filog a? + 1). 

m , m-1 

32. y = (i + «2)aBm(mtan-i«). ~«i»(i + a^)~co8 {(i»- i)tan-'ar}. 

, /a cos X — b sin a; <fy — a& 

yiaooBX + b axLx' dx a^cos** — ^'sin*af* 

34. Define the differential coefficient of a function of a variable quantity, 
witli respect to that quantity, and show that it measures the rate of increase of 
the function as compared with the rate of increase of the yariable. 

35. If y = -, prove the relation 

X 

d^ dx 

+ — :=== = o. 



v/i +y* v^i + «* 

^ TA , afl-^-ax ■\- s/ipfi + axY - bx ^. ^ du . - , . 

30. If w = log -r — prove that -7- is of the form 

*' + ««--/(«« + aaj)«-*a:) ^ 

jix + 5 , * 

f and determine the values of A and JB. Ans, A — ^,B=a, 

\/(«* + azY - bx 

37. Prove that —Isindcosd-s/i-c* sm*^ ) = z==:==i — , 

^V / N/i-c2sin«d 

and determine the values of A^ JB, C, Ant, .4 = 3c«, j5 = - 2 (i + c*), C= i. 

38. Iftt = a? + -.- +--^- + — M-+ • • • «^wf/-; find the sum of 

232.45 2.4.6 7 -^ 

the series represented by — . Ana. (i — «*)"*. 

39. Beduce to its simplest form the eipression 

3^ d x(3fi + 2a)* I 

(«» + a)f («« + 2fl)l "■ H' («« + «)! ^'"' (««+«)! («« + 2a)l' 

40. Ifiiny = a;8in(tf+y),provethat|^ = ?^5lil±iL). 

ox am a 
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41. If«(l+y)l+y(i+«)» = o, find-^. 

ax 

In this case *' (i + y) = y« (x + «), 



43. If X and y are giyen as functions of t by the equations 

«=/(0; y^m\ 

du dy F* (t) 

find tlie value of ^^ ^ t&nns ott. •^= ^, ;' . 

ax dx f (t) 

44. y= 



I +«« 



I +*■ 



Hence y = 



I + &c., Ill injlnitum, 
«' <fy « 



i+y ito y«»+i 



45. « = *". 



^ « <fy logo? 

Hence y = — z . -j- = , — -f — :;. 

X -t log X dx (W- logo;)! 



( 32 ) 



OHAPTEE II. 



SUCCESSIVE DIFFERENTIATION. 



33. SucceBflive Derived Functions. — ^In the preoeding chapter 
we have considered the process of finding the derived func- 
tions of different forms of functions of a single variable. 

If the primitive function be represented Dy/(ir), then, as 
already stated, its first derived function is denoted by /'(a?). 
If this new function, /(a;), be treated in the same manner, 
its derived function is called the second derived of the original 
function /(ir), and is denoted hj/'{x). 

In like manner, the derived function of /''(a?) is the third 
derived of /(a;), and represented \yjf'\x)y &c. 

In accordance with this notation, the successive derived 
functions oif{x) are represented by 

/(^), /'('t), /"(^), /W(a'), 

each of which is the derived function of the preceding. 
34. SucceBflive Differential CoefficientB. 

If y =/(a?), we have -£ =/(«?). 

Hence, differentiating both sides with regard to a?, we get 

then =.r(^). 

In like maimer, — ( -^1 is represented by -7^, and so on ; 
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The expressions 

dy d^y d^y d^y 

d? 1^' 1^' ' ' ' d? 

8i« oalled ^^ firsts secondy thirds . . . nf^ dijfferential ooefficients 
of y regarded as a function of x. 

These functions are sometimes represented by 

/, f, r, . • . yf">, 

a notation which will often be found convenient in abbreviat- 
ing the labour of forming the successive differential coefficients 
of a given expression. From the mode of arriving at them 
the successive differential coefficients of a function are evi- 
dently the same as its successive derived functions considered 
in the preceding Article. 

35. Successive Differentials. — ^The preceding result admits 
of being considered also in connexion with differentials ; for, 
since x is the independent variable, its increment, dx^ may be 
always taken of the same infinitely small value. Hence in the 
equation dy =f (x) dx of Art. 7, we may regard dx as con- 
stant, and we shaU have, on proceeding to the next differen- 
tiation, 

dnoe d [/ (x)} =/' (x) cSr. 

Again, representiiig d (dy) by d^y, 
we have ePy =/" (a?) (dxf ; 

if we difiarentiate again, we get 

and in general 

From this point of view we see the reason why/^") (x) is 
called the n** differential co^Ment oif{x), 

D 
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In tlie preceding results, it may be observed, that, if dx 
be regarded as an infinitely small quantity^ or an infinitesimal 
of the first order, {dxy being infinitely small in comparison with 
dx, may be called an infinitely small quantity or an infini- 
tesimal of the second order; as also tfy, iif [x) be finite. In 
general, d^y being of the same order as [dxY is called an in- 
finitesimal of the n*^ order. 

36. Infinitesimals. — ^We may premise that the expressions 
great and small, as well as infinitely great and infinitely small, 
are to be understood as relative terms. Thus, a magnitude 
which is infinitely great in comparison with a finite magnitude, 
is said to be infinitely great. Similarly, a magnitude which 
is infinitely small in comparison with a finite magnitude is 
said to be infinitely smalL If any finite magnitude be con- 
ceived to be divided into an infinitely great number of equal 
parts, each part will be infinitely small with regard to the 
finite magnitude ; and may be called an infinitesimal of the 
first order. Again, if one of these infinitesimals be conceived 
to be divided into an infinite number of equal parts, each of 
these parts is infinitely small in comparison with the former 
infinitesimal, and may be regarded as an infinitesimal of the 
second order, and so on. 

Since, in general, the number by which any measurable 
quantity is represented, depends upon the unit with which 
the quantity is compared it follows that a finite magnitude 
may be represented by a very great, or by a very small num- 
ber, according to the unit to which it is referred. For ex- 
ample, the diameter of the earth is very great in comparison 
with the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fixed star, and 
it would, accordingly, be represented by a very large, or a 
very small number, according to which of these distances is 
assumed as the unit of comparison. Again, with respect to 
the latter distance taken as the unit, the diameter of the earth 
may be regarded as a very small magnitude of the first order, 
and the length of a foot as one of a higher order of small- 
ness in comparison. Similar remarks apply to other magni- 
tudes. 

Again, in the comparison of numbers, if the fraction (one 

millionV* or — 5, which is very small in comparison with 
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35 



xmity, be regarded as a small quantity of the first order, the 

fraction — -. beinff the same fractional part of — ; that this is 

of I, must be regarded as a small quantity of the second 
order, and so on. 

The preceding is introduced solely for the purpose of 

illustration. If now, instead of the series 



lo*' Vio* 



, . . we consider the series -, — , —, 



in which n is 



supposed to be increased without limit, then each term in the 
series is infinitely small in comparison with the preceding 
one, being derived from it by multiplying by the infinitely 

small quantity -. Hence, if - be regarded as an infinitesimal 
of the first order, -$, ~ . . . — , maybe regarded as infinitesi- 

7v /*■ Iff 

mals of the second^ thirdy . . . r^* orders. 

37* G-eometrical Illustration of Infinitesimals. — ^The fol- 
lowing geometrical results will help to illustrate the theory 
of infinitesimals, and also will be 
found of importance in the appli- 
cation of the Differential Calculus 
to the theory of curves. 

Suppose two points, A, By taken 
on the circumference of a circle ; 
join B to Ey the other extremity 
of the diameter AEy and produce 
EB to meet the tangent at A 
in -D. Then since the triangles 
ADB and EAB are equiangular, 
we have 

AB 




BE .BD 
and 



AB 



AD AH' AD A£ 

Now suppose the point B to approach the point A and to 
become infinitely near to it, then BE becomes ultimately 

AB 
equal to JlEj and, therefore, at the same time, -jj^ = i. 



J) 2 
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Again, -jyr becomes infinitely small along with --r^ i-e. 

JSD becomes infinitely small in comparison wiOi AD or AB. 
Hence BD is an infiniteswial of the second order when AB is 
taken as one of the first order. 

If oreover, since DE - AE < BD^ it f oIIowb that, when one 
Me of a right-angled triangle is regarded as an infinitely smaU 
quantity of the first order y the difference betueen the hypothenuse 
and the remaining side is an infinitely small quantUy of the 
second order. 

Further, draw BN perpendicular to AD^ and BF a 
tangent at B ; then, since AB > AJfy we get AD - ALB 
<AD'AN<DN, 

^ AU- AB DN AD 
BD ^ BD^ DK 

AD-AB 
Consequently, ^^r — becomes infinitely small along with 

ADy .*. AD - AB is an infinitesimal of the third order. 
Moreover, as jBJ' = FD, we have AD = AF+ BF .\ AF 
+ BF-AB IB an infinitely small quantity of the third order; 
but AF + FB is > arc -4^, hence we infer that the difference 
between the length of the arc AB and its chord is an infinitely 
small quantity of the third order^ when the arc is an infinitely 
small quantity of the first. In like manner it can be seen 
that BD - BN is an infinitesimal of the fourth order, and 
so on. 

Again, if AB represent an elementary portion of any 
continuous* curve, to which AF and BF are tangents, since 
the length of the arc AB is less than the sum of the tangents 
-42^ and BF^ we may extend the result just arrived at to all 
such curves. 

* In this extension of the foregoing proof it is assumed that the nltimate 
ratio of the tangents drawn to a continuous curve at two indefinitely near 
points is, in general, a ratio of equality. This is easily shown in the case of 
an ellipse, since the ratio of the tangents is the same as that of Uie parallel 
diameters. Again, it can be seen without difficulty that an indefinite number 
of ellipses can be drawn touching a curve at two points arbitrarily assumed on 
the curve ; if now we suppose the points to approach one another indefinitely 
along the cunr^ t he property in question immediately follows for any con- 
tinuouf '•'■ 
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Hence, the difference between the length of an infinitely 
wiall portion of any continuous curve and its chord is an 
infinitely small quantity of the third order ^ L e. the difference 
T)etween them is ultimately an infinitely small quantity of 
the second order in comparison with the length of the chord. 

The same results might haye been established from the 
expansions for sin a and cos a, when a is considered as 
infinitely small. 

If in the general case of any continuous curve, we take 
two points -4, By on the curve, join them, and draw BE 
perpendicular to AB, meeting in E the normal drawn to 
the curve at the point ^; then all the results established 
above for the circle still hold. When the point B is taken 
infinitely near to Ay the line AE becomes the diameter of 
the circle of curvature belonging to the point A ; for, it is 
evident that the circle which passes through A and By and 
has the same tangent at ^ as the given curve, has a contact 
of the second order with it. See " Salmon's Conic Sections," 
Art. 239. 

Examples. 

1. In a triangle, if the vertical angle be regarded as infinitely small, the 
other angles remaining finite, prove ^at the difference between the sides is 
infinitely small in comparison with either of them ; and hence, that these sides 
may be regarded as ultimately equal. 

2. In a triangle, if the external angle at the' vertex be very small, show 
that the difference between the sum of the sides and the base is a yery smaU 
quantity of the second order. 

3. If the base of a triangle be an infinitesimal of the first order, as also its 
base angles, show that the difference between the sum of its sides and its base 
is an infinitesimal of the third order. 

This furnishes an additional proof that the difference between the length of 
an arc of a continuous curve and that of its chord is ultimately an infinitely smaU 
•quantity of the third order. 

4. If a right line be displaced through an infinitely small angle, prove that 
the projections on it ol the displacements of its extremities are equal. 

5. If the side of a regular polygon inscribed in a circle be a very small 
magnitude of the first order in comparison with the radius of the circle, show 
that the difference between the circumference of the circle and the perimeter of 
the polygon is a very small magnitude of the second order. 
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38. Fundamental Principle of the Infinitesimal Calculus. — 
We shall now proceed to enunciate the fundamental prin- 
ciple of the Infinitesimal Calculus as conceived by Leibnitz :* 
it may be stated as follows : — 

If the diflference between two quantities be infinitely 
smaU in comparison with either of them, then the ratio of 
the quantities becomes unity in the limit, and either of them 
can be in general replaced by the other in any expression. 

For let a, /3, represent the quantities, and suppose 

a = ^ + z, or^=i +^. 

Now the ratio ^ becomes evanescent whenever i is infinitely 

small in comparison with /3. This may take place in three 
different ways: (i) when /3 is finite, and i infinitely small : 
(2) when i is finite, and ^ infinitely great; (3) when j3 is 
infinitely small, and i also infinitely small of a higher order : 

thus, if i = Aj3^ tlien -=; = A/3, ■which becomes evanescent along^ 

with/3. 



* This principle is stated for finite magnitudes by Leibnitz, as follows : — 
** CsBterum sequalia esse puto, non tantum quorum differentia est omnino nulla, 
Bed et quorum differentia est incomparabiliter parva." ..." Scilicet eas 
tantum homogeneas quantitates comparabiles esse, cum Euc. Lib. 5, defin. 5, 
censeo, quarum una numero sed finito multiplicata, alteram superare potest ; et 
quse tali quantitate non differunt, aequalia esse statuo, quod etiam Archimedes 
sumsit, aluque post ipsum omiies." Leibnitii Opera, Tom. 3, p. 328. 

The foregoing can be identified with the fundamental principle of Newton,. 
as laid down in his Prime and Ultimate Ratios, Lemma I. " Quantitates, ut et 
quantitatum rationes, quse ad sequalitatem tempore quovis finito constanter 
tendunt, et ante finem temporis illius proprius ad invicem accedunt quam pro 
datd quayis differentia, fiunt ultimo sequales." 

All applications of the infinitesimal method depend ultimately either on the 
limiting ratios of infinitely small quantities, or on the limiting yalue of the 
sum of an infinitely great number of infinitely small quantities ; and it may 
be observed that the difference between the method of infinitesimals and that of 
limits (when exclusively adopted^ is, that in the latter method it is usual to 
retain evanescent quantities of higher orders until the end of the calculation, 
and then to negl^t them, on proceeding to the limit ; while in the infinitesimal 
method such quantities are neglected from the commencement, from the know- 
ledge that they cannot affect the Jinal resulty as they necessarily disappear in 
iAe limit. 
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Accordingly, in any of the preceding cases, the fraction 
^ becomes unity in the limit, and we can, in general, substi- 
tute a instead of /3 in any function containing them. Thus, 
an^infinitely small quantity is neglected in comparison with a 
finite one, as their ratio is evanescent, and similarly an infini- 
tesimal of any order may be neglected in comparison with 
one of a lower order. 

Again, two infinitesimals a, B, are said to be of the same 

order, if the fraction - tends to a finite limit. If ^ tends to 

a a** 

a finite limit, /3 is called an infinitesimal of the w'* order in 

comparison with a. 

As an example of this method, let it be proposed to deter- 
mine the direction of the tangent at a point (;r, 1/) on a curve 
whose equation is given in rectangular co-ordinates. 

Let a? + a, y + /3, be the co-ordiuates of a near point on 

the curve, and, by Art. 10, the direction of the tangent de- 

B 
pends on the limiting value of - . To find this, we substi- 

a 

tate a? + a for a?, and y + /3 for y in the equation, and neglect- 

Q 
ing all powers of a and /3 beyond the first, we solve for -, 

and thus obtain the required solution. 

For example, let the equation of the curve 'bea^+y^ = ^aory : 
then, substituting as above, we get 

honoe, subtracting the given equation, we get the 

limit of 2 = ^J^. 
a ax - y^ 

39. Subsidiary Principle. — If oi + a2 + as + • • • + ^n re- 
present the sum of a number of infinitely small quantities, 
which approaches to a finite limit when n is increased indefi- 
nitely, and if /3i, /32, . . . j3n, be another system of infinitely 
small quantities, such that 

/3i &^ (in 

^— = I + €1, ^— = I + €2, . . . - - = I + fn, 
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where €i, C2, . . . fn? cure infinitely small quantities, then the 
limit of the sum of j3i, /32, . . . /3«, is ultimately the same as 
that of a\y 02, • • . an* 

For, from the preceding equations we have 

jSi + j32 + . . . + i3n = ai + a2 + . . . + a» + ai€i + 0262 + . . . + a«6«. 

Now, if »j be the greatest of the infinitely small quantities, 
£1, £2, . . . Sn; we have 

i3i + j32+ . . . +/3«- (ai + a2+ . . . +a«) < ij (ai + aa . . . + a«), 

but the factor ai + 02 + . . . + an has a finite limit, by hypo- 
thesis, and as r\ is infinitely small, it follows that the limit of 
/3i + j32 + . . . + i3» is the same as that of d + a2 + . . . + a«. 
This result can also be established otherwise as follows : — 

The ratio /3. + p. + . . . +^« ^ 

Qi + 02 + . . . + On 

by an elementary algebraic principle, lies between the greatest 
and the least values of the fractions 

5 > • • • 9 

Oi 02 On 

it accordingly has unity for its limit under the supposed con- 
ditions : and hence the limiting value of j3i + /32 + . . . + /3j» is 
the same as that of oi + 02 + . . . + an' 

40. The principles of the Infinitesimal Calculus above 
established lead to rigid and accurate results in the limit, 
and may be regarded as the fundamental principles of the 
Calculus, the former of the Differential, and the latter of the 
Integral. These principles are also of great importance in 
practical calculations in which approximate results only are 
required. For instance, in calculating a result to seven deci- 
mal places, if — j be regarded as a small quantity o, then 

a*, o®, &c., may in general be neglected. 

Thus, for example, to find sin 30' and cos 30' to seven de- 

oimal places. The circular measure of 30' is —z-, or .0087266 ; 
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denotmg this bj a, and employing the f ormulaB, 



a a 



sm a = a — 7- 1 cos a = i , 

6 2 



it is easily seen that to seven decimal places, we have 



—2 S 



— = .0000381, — = .0000001. 

2 

Hence sin 30' = .0087265 ; cos 30' = .9999619. 

In this manner the sine and the cosine of any small angle 
<can be readily calculated. 

Again, to find the error in the calculated value of the sine 
of a^ixigle arising from a smaU error in the obserred value 
of the angle. DenotiQg the angle by a, and the small error 
by a, we nave 

sin (a + a) = sin a cos a + cos a sin o = sinflf + o cos a, 

neglecting higher powers of o. Hence the error is repre- 
sented by o cos ttj approximately. 

In like manner, we get to the same degree of approxima- 

' tan (a + a) - tan a = ;— ^ 



cos^^a 

Again, to the same degree of approximation we have 

a -\- a a ha — aj3 

where a, /3 are supposed very small in comparison with a and J. 
As another example the method leads to an easy mode of 
Approximating to the roots of nearly square numbers ; thus, 

-v/a* + a = a + — ; \/a'^ + a^ = a + — = a, whenever o* may 

be neglected. 

likewise \/a® + o = « + — r, &c. 

If J = a + a, where a is very small in comparison with a, 
we have y/^i = ^a^ + aa = a + - = . 
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Again, in a plane triangle, we have the formula 

C C 

c^ = a^ + J^ - 2ab cos (7 = (a + by sin^ — + {a- bf cos* — . 

Now if we suppose a and b nearly equal, and neglect 
{a -by in. comparison with {a + J)-, we have 



c 



= \{a + by sin^ - + (a - 6)^ cos^ -^ = (a + 6) sin j. 



This furnishes a simple approximation for the length of 
the base of a triangle when its sides are very nearly of equal 
length. 

Examples. 

1. Find the value of (i + o) (i - 2a^) (i + 3er»), neglecting o* and liigher 
powers of a. Ans, i + o — 2o« + o^. 

2. Find the value of sin (a + o) sin (i + iS), neglecting terms of 2nd order 
in a and )3. Ans. sin a sin d + o cos a sin 5 + )3 sin a cos b. 

3. lim^u — e sinu, e being very small, find the value of tan ^w. 

Ans. (i-\-e) tan — 

2 

-. u m e . x^./m \, e . . 

Here - = - + - sin « ; tan - = tan — + o | , where a = - sin t#, .•. &c. 
222 2 \z I 2 

4. In a right-angled spherical triangle we have the relation cos c = cos a cos b ; 
determine the corresponding formula in plane trigonometry. 

The circular measure of a is — , -K being the radius of the sphere ; hence^ 

Jti 
({I 
substituting i - — for cos a, &c., and afterwards making J2 = 00, we get 

<?» = a2 + ^. 

5. If a parallelogram be slightly distorted, find the relation connecting the 
changes of its diagonals. 

Ans. d^d + d'^d' = o, where d, d' denote the diagonals, and A<7, hjd* the 
changes in their lengths. Iin the case of a rectangle &e increments are equals 
and of opposite signs. 

6. Find the limiting value of 

^a*» + jgg"*^^ 4- ggw*^ + &C. 
aa}^ + ^a'»^» ^■ fa»** + &c. 

wben a becomes evanescent. 

Aof^ A. 

In this case the true value is that of — o"*"*. 

aa" a 

Hence the required value is zero, — , or infinity, according as m >, =, or < n. 
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7. Find the value of 
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6 




120 




x^ 




a:*' 


I- 


- — 


+ 






2 




24 



neglecting powers of x beyond the 4th. Ans, i + — + — . 

3 15 

8. Find the limiting value of - when a? = o, a; and y being connected by th& 

X 

equation y^ = 2xy — a^. 

Here y vanishes along with a; : and, if we divide by x\ we get 



y I - I = -^ — I, .•.- = -, in the linut. 
\x j X X 2 



9. In fig. Art. 37, if AB be regarded as a side of a regular inscribed polygon 
of a very great number of sides, show that, neglecting small quantities of the 
4th order, the difference between the perimeter of the inscribed polygon and 
that of the circumscribed polygon of the same number of sides is represented 

by'^2>. 

Let n be the number of sides, then the difference in question is n (AD '-AB)y 

. ^ irAE ,_ ^^^ vAE(AD-AB) 

arc AB ^ AB 

BE — AE IT 

= 7rAE —^ =ir{I)E -AE) =^BD, q. p. 

This result shows how rapidly the perimeters of the circumscribed and in- 
scribed polygons approximate to equality, as the number of sides becomes very 
great. 

10. Assuming the earth to be a sphere of 40,000,000 metres circumference, 
show that the difference between its circumference and the perimeter of a regular 
inscribed polygon of 1,000,000 sides is less than -^th of a millimetre. 

I r. If one side ^ of a spherical triangle be small, find an expression for the 
difference between the other sides, as far as terms of the second order in b. 

Here cos e = cos a cob b + sin a sin b cos C. 

Let z denote the difference in question ; i. e. e = a — z; 

then cos a cos z + anaaiaz^ cos a cos d + sin a sin ^ cos (7, 

. •. sin » — sin i cos C = cot a (cos b — cos 2). 

Since z and b are both small, we get, to terms of the second order, 

, ^ cot a , 

Z-bCOSC= (22-^2). 

The first approximation gives 2 = ^ cos C, If this be substituted for z ia th& 
right hand side, we get, for the second approximation, 

^ '*2ginj(7,cota 
z = b cos C . 
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We now proceed to find the successive derived functions 
in some elementary examples. 
41. Derived Functions of 2:^. 

Let y = af^y 

then -^ = maf*-\ -r^ = m {m- i) iP*""^ 

cue CUX/ 

and in general, ;t^ = 'w(^- i) (m-z) . . , {m-n+ i)af^. 
If m be a positive integer, we have 



daf^ 



= I . 2 . . . (w- i) m, 



and an the higher derived functions vanish. 

If m be a fractional, or a negative index, then none of the 
successive derived functions can vanish. 



Examples. 

I. If tt = fla:» + bi^^ + ea^* + &c, prove that 

— = n (n - i) MB^ + (« - i) (n - 2) bx^* + &c., 

«l80 - — = 1 . 2 . . . . f» . a, and -_., = o. 

a 

prove that ~ = -^ --^ = — ^^ — TT^t 

dx «»»+i' dx* x^^ ' 

<.«^ '^"^ f .^^. »*(w-^l)...(n^•w-I) ^ 
end -; — =C-*ij*»» tf. 

3. y = 2a v/« ; 

dy a d!^y a d^y % a 



prove that 
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42. Jfy = a^ log a?, to find -^. 

oar 

Here ^ = 30?^ log a? + ir* ; 

also ^ ^ ^^ ^^S ii? + 3a? + 2a? ^ 6^ log a? + 5ar, 

- = 61oga? + 6 + 5, ^— . 

It might have been observed tbat in this case all the 

terms in the successive differentials which do not contain 

log X "will disappear from the final result — ^thus, by the last 

d^ far*) 
article, ^3 = o, accordingly that term may be neglected ; 

and similar reasoning applies to the other terms. The work 
can accordingly be simplified by neglecting such terms as we 
proceed. 

The student will find no diflBculty in applying the samo 
mode of reasoning to the determination of the value of 

^, where y = of-' log x. 

For, as in the last, we may neglect as we proceed all terms 
which do not contain log a? as a factor, and thus we get in 
this case, 

d^y (w - i) . . . 2 . I 

dixf* X 

43. Derived Functioxis of sin mx. 

Let y = sin mx, 

dy 
then -f- = m 008 mx. 

dx 

-73 = - m* sm wa?, 
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and, in general, — ^ = (- i)" m^» sin mx, 



^= (-1 )"'«'"" COS ffW. 



^ (0 



J 



It is easily seen that these may be eomhined in the single 
equation (Art. 22), 

d^ (sin tnx) ^ . f 7r\ . . 

--^^- = mrsm(mx + r~J. (2) 

In like manner we have 

-— — = m^ cos mx + r- 

d^ V 

44. Derived Functions of e^. 

Let y = c"^, 

then $ = ae«^ J^ = a^e«% . . . 5l = «'*^'^- (3) 

This result may be written in the form 

d\^ 

— j . c«^ = a" e«^, (4) 

where the symbol ( — 1 denotes that the process of differentia- 
tion is applied n times in succession to the function ef^. 
In general, adopting the same notation, we have 



-5 

ax 



Aoa""^"" + Aiu^'-'e"'' + Aia""^^ + &c. 
[^oa** + Aia""-' + A/f^^ + &o. + An] e""". 
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This result, if ^ {x) denote the expression 

Af^ + Aiof-^ + . . . An, 
may be written in the form 



*(^)^^ = «(«)^; (5) 



in which ^{a) is supposed to contain otAj positive integral 
powers of a. 

45. To find the n^^ Derived Function of e^ qobIx. — ^Let 
1/ represent the proposed expression, 

then ~ = ae^ cos bx - be^ sin bx 

ax 

= €i^ (a Qosbx - b sin bx) ; 



if tan ^ = -, we have b=^a^ + b^ sin^, and a=^^a^ + 6* cos^. 



a 



Hence we get 



;^ = (a^ + b^)h ^ COS (ib + ^). 

Again 

-J= (a'* + i*)ie«* [a cos (6;i? + 0) - 6 sin (ftiP + ^)] 

= {a^ + 6*) e*** cos {J)x + 20). 

By repeating this process it is easily seen that we have in 
general wien n is any positive integer, 

^ = (a^ + Vf^ cos ^x + n^). (6) 
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46. To find the Derived Functions of tan"*^ f - j, and tan"^ x. 

Let y = tan~M -|, or x = ooty: 

.. dy - 1 

then -J- = = - sin- y, 

dx I -{■ x^ ^ 

= sin^y — (sin^y) = sin-y sin 2y. 

if 

Again —^ = -7- (sin^ v sin 2v) = -^ -— (sin* v sin ly) 
^ dx" dx^ ^ ^' dxdy^ ^ ^^ 

= - w^y — (sin'^y . sin 2y) 
= - 1.2. sin^y sin 3y. (jsr. 5, Art, 28.) 

Hence, also ;74 ^ 1-2.3. ^^y sin 4y ; 

and in general, -^ = (- i)" [ w - i . sin^y sin ny. 
Again, since tan^^ir = tan""^-, 

2 X 

we have — ^— '- = (- i)'*"^ p ~ i . sin**y sin ny^ (7) 

where y = cot'^a?, as before. 

This result can also be written in the form 

sinf n tan"^— ) 
rf" (tan-'or) ^ __V xl^ (8) 

<&» ' (i+ar*)! 



Wbi 
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47. If y = em (w siir/a?), to prove that 

Here 

dy ^m cos (m sin-^ir) 

.-. (i "■ ^) f;^) = *^' cos' (m 8in"^aj) = m^ (i - y*). 

Hence, difiEerentiating a second time, and dividing by 2-^^ 

we get the required result. 

48. Theorem of Leibnitz. — ^To find the n** differential 
coefficient of the product of two functions of x. Let y = uv\ 
then adopting the notation of Art. 34, we write 

/ , f n dy du dv 

and similarly, ^', u^\ v'\ &c., for the second and higher 
derived fimctions — ^thus, 

^ do^ dmf' 

Now, if we diflEerentiate the equation, y = wr, we have 

^ = wt?' + im\ by Art. 13. 
The next differentiation gives 

The third differentiation gives 

= wt^" + 3t<V' + 3wV + ^-^w" 

in which the coefficients are the same as those in the expan- 
sion of {a + by. 

E 



* 
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Suppose that the same law holds for the n*^ differential 
coefficient and that 

y W = uv W + nu'v ^^') + !!:hzl} u''v C*-^) + &c., 

1.2 

then, differentiating again, we get 

yC**!) = uv^*"*^^ + u'v^'') + n {uV) + w"t?("-i)) 

^ n(n- i) (^^/.^(n-i) ^ ^'v**-^)) + &c. . . . + w(««)r 
= wt?("*^) + (w + i) wV(") + l^lil^t^"t;(«-i) + &c. . . . 

^ ' 1.2 

in which it can be easily seen that the coefficients follow the 
law of the Binomial Expansion. 

Accordingly, if this law hold for any integer value of n, 
it holds for the next higher integer ; but we have shown that 
it holds when w = 3 ; therefore, it holds for n = 4, &c. 

Hence it holds for all positive integer values of n. 

In the ordinary notation the preceding result becomes 

6?" (uv) d^v du d^'^v n(n - i) d^u d^-'^v « 
daf" daf" dxdsiT^ 1.2 dix? doT'' 



d^'u . . 

+ Vj~, (10) 

daf ^ ' 



49. To prove tliat 



Let t? = e^ in the preceding theorem ; 

then, smce — = ae^^^ — = a'^, . . . — = a^e***, we have 

m \ dx 1 . 2 dx^ dafj ' 
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which may be written in the form 



or 



(iy(^'«)=^(« +!;)".«; 



where the symbolical expression ( « +;t-) is supposed to be 

developed by the Binomial Theorem, and -7-, -r-r, . . . ■ 

^ "^ ax dar daf 

substituted for \-t-]^j v^)^^' vT")^^'^ *^® resulting ex- 
pansion. 

50. In general, if {a) represent any expression involving 
only positive integral powers of a, we shall have 

For let ^ f -7- ) when expanded be of the form 



1Y+ A (—''" 



^ol — I +^i( — ) + . . . + A, 



then the preceding formula holds for each of the component 
terms, and accordjiigly, it holds for the sum of all the terms, 
/. &c. 

The result admits also of being written in tie form 



*("''£)-"='"K£)^'''"^- 



This sjonbolic equation is of importance in the solution 
of differential equations with constant coefficients. See 
" Boole's Differential Equations," chap, xvi, 

£ 2 
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51. If y = sin"^a*, to prove that 

lience, by differentiation, 

Again, by Leibnitz's Theorem, we have 

Also flYL^|-^^ + „^y 

On subtracting the latter expression from the former, we 
obtain the required result by (14). 
If a? = o in formula (13), it becomes 

where \-j-^] represents the value of -r^ when x becomes 

cypher. 

Also, since (^) = i| we get when n is an odd integer, 

W*Vo~^ .3 -5 .... «. 
Again we have \-iK] = o ; consequently, when n is an even 



integer we have (^) = o. 
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m 



52. If y = (i + x^y sin (//* tan~*ir), to prove tliat 



{i+a^)-^-2{m-i)x-£-¥m{m-i)y = o. (15) 



Here 



^=mx[i +ir')'"^sin(/»tan~*a?) + w(i +a^)^ cos (w tan"' ^), 

or 

dtt - - 

(i +a?)-j'=mx[i-\-x^Ywi[miwDr^x)-\- w(i+ar*)*cos(wtan"''a?) 

m 

= mxy + m (i + x'^f cos (w iosr'^x) ; 

•• T J_ /|j2 fit I 

.•. (i + ar^)* cos (m tan"'ir) = r- - xy. 

^ ' ^ * m ax 

The required result is obtained by differentiating the last 
equation, and eliminating cos [mi^TT^x) and sin (witan'^o?) by 
aid of the two former. 

Again, applying Leibnitz's Theorem as in the last Article, 
we get, in general — 

Hence, when rr = o, we have 

Moreover, as when ir = o, we have y = o, and ~ = m ; it 

ax 

follows jfrom the preceding that. 

For a complete discussion of this, and other analogous 
expressions, the student is referred to Bertrand, Trait? de 
Calcul Diff^rentiel, p. 144, &c. 
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Examples. 

1. y = a:* logar, prove tliat -^ = - — 

ax^ xK 

2. y = a; logr, „ ^ = (- ,)» — ^— '. 



4. y = log (sin a:), 



>> 



<f3// 2 cos re 



,V i + a;'-i . , 2x cPi/ 



5aJ 



6. y = ar*log(icl), 



»» 



rfV _ 2* 
rfa;* a;* 



/f4a-v2+a:* , .ar-v/a 



S. y = e*'«8iiia;, 



tPt/ _ 8 v/2 . ar' 
dx^"" {i+x*)^' 

d^y H^* sin {x + «^) 

where tan A = . 
r 



9. If y = e^'sc^f prove that 

dx'* L * • 2 J 

f d y* I aV'-''! d Y 

»d l^j <*"*') =li) U)(^'"">- 

I c. If y = a cos (log a?) + ^ sin (log a;), 

prove that x^—-+x~;- + y = o. 

ax^ ax 

II. Ify = e«»«-i', 
prove that ( i — a-') — ^- — a; — - = «*'/. 
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12. Prove that the equation 

w satisfied hy either of the following yalues of y : 

y = cos (a Bin-* ar), or y = cP^ "»-* '. 

13. Being given that y = (a; + ^ x- — i)»", 

prove that (a;3«i)_L^.a;-i-_ m'y = o. 

ax* dx 

14. lff/ = sin (sin a?), 

prove that 3-7+3- *^^ * + y cos- a: = o. 

ax' ax 

15. In Fig. Art. 37, if ^2? be regarded as a side of a regular polygon of an 
inde&iitely great number of sides, show that the difference between the circum- 

ference of the circle and the perimeter of the polygon is represented by ^; DDf 

to the second order of infinitesimals. 

16. l(9/ — Aco8nx-\-S sin nx ; prove that ( — ■{■ n'i\f/ =^ o. 

I rf»»V 1^ ^^^"*^ ^ si" (^* -^ ^ 

17. If y = — -, prove that 3-^ = (- 0" 



ai-^-xr*" "dx*' ' ' a»^2 



where <b = tan-* -. 



This follows at once from Art. 46, since -r tan-* - 1 = — . It can also be 

^ ' dx\ X I a^ + x* 

proved otherwise as follows : 

_j ' r ' 5—1 

a*-\-x^ 2a (- i)i La; - a (- i)* xta{-i)^S 
d^y __ I f d "^ I T I d Y 



<fep» 2a{- i)i\dx]' x-ai^- i)^ 2a{-i)^\dxj a;+«(-i)* 

(- l)» I .2...W 



2a (- 



2 ...« r I I 1 

"0* L(^-»(-o*)"^ ~ (^+«(-i)*)»'-d 



2a(-i)4 L (-^^^ + «*>)'*'^ 
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Again, since - = tan ^, we have a « v a^+ic* sin tp, and x = v a* + a;' cos ; 
z 

hence (a? + a(- i)J)«*i = (a^ + a?^) » (cos0+ (- i)»8in^)»+> 

= (a2 + a;2) « {co8(ft+i)^+ (- l)* sin(n+ i)^} ; 
and we get finally, 

<^"V / V I n . sin (n + i) . sin"** d> 

* 1 8. In like manner, if y = — r, 

a' + X* 

prove that t-^ = (- 0" ^ r v yy ^ 

19. ltu = xi/, 

prove that _ = ^_ + «^_j. 

20. If « = (sin-*a?)% 

oN^w du 
provethat ^^ "^ ^^2 ""^Si^ *' 

21. Prove from the preceding, that 

^^d»*^u , . d^*^u ^d^u 

V ^ dx^^i ^ "^ ' ^a;»»*i dx*' 



and 






. , ^y ^y , « .vv 

22. y = ««* sin ia;, prove -r-r - 2a - - + (a* + J'«)y = o. 

«a; + * « , d^y 

23. Given y=-,--^„ find— . 



„ ax \ h €bc ■\- h \ ae—h I 
Hero -;i — 5 = + 



a;3 - c2 2C « - c 2C « + c 
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CHAPTER III. 

DEVELOPMENT OF FUNCTIONS. 

53. Iiemina. — If u he a function oi a: + y whicli is finite and 
continuous for all values of ^ + y, between the limits a and 6, 
then for all such values we shaU have 

dii du 
dx dy 

For, let u =/(^ + y), then if x become ^ + A, 

— = limit of /(^ + y+^) -fi^+y) 

dx h 

when h is infinitely small. 

Similarly, if y become y + /i, we have 

^^ . Hniit of n^^y^^^\-n^^y)^ 

dy h 

which is the same expression as before. 

TT du dn 

Hence -— = — . 

dx dy 

Otherwise thus : — ^Let z == x + y, then u =/(*), 

dz , dz 

du du dz ^ ^,. ^ 
dx dz dx 

dti die dz ^ ^,. _ du 
dy ~ dz dy ^*' dx' 
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54. If f{x + 2^) be a continuous function wliich does not 
become infinite when 2/ = o, its expansion in powers of y can 
contain no negative powers ; for, suppose it contains a term of 
the form Mif^^ where M is independent of y, this term would 
become infinite when y = o ; but the given function in that 
case reduces to f{x) ; hence, we should have f{x) = 00, which 
is contrary to our hypothesis. Consequently, the expansion 
oif{x + y) can contain only positive powers of y. 

Again, iif{x) and its successive derived functions he finite 
and continuous, the expansion of f{x + y) can contain no 
fractional power of y. For, if it contain a term of the form 

Py^q where- is a proper fraction, then its {n +1)'* derived 

function with respect to y would contain y with a negative 
index, and, accordingly, would become infinite when y = o; 
which is contrary to our hypothesis. 

Hence, with the conditions expressed above, the expan- 
sion of f{x + y) can contain only positive integral powers of y. 

55. Taylor's Expansion of /(a? + y).* — Assuming that the 
function /(a? + y) is capable of being expanded in powers of y, 
then by the preceding this expansion must be of the form 

f{a-¥y) = Po + Piy + P2f + &c. + Pny" + &c., 

in which Pq, Pi . . . Pn are supposed to be finite and con- 
tinuous functions of x. 

When y = o, this expansion reduces to f(x) = Pq. ' 
Again, let u =f(x + y), then by differentiation, we have 

du dPo dP, AP^ dPn « 

-7- = —r- 4- y —z- + y^—,~ + . . . + 7 — r- + ^^' 
ax dx dx dx ax 

did 

:7-' = Pi + 2P2y + T^P^y"' + &c. 
dy 

• The investigation in this Article is introduced for the purpose of showing 
the beginner, in a simple manner, how Taylor's series can be arrived at. It is 
based on the assumption that the function /(a; + y) is capable of being expanded 
in a series of powers of y, and that it is also a continuous function. It demon- 
strates that whenever the function represented by /(a; -4- */) is capable of being 
expanded in a convergent series of positive ascending powers of y, the series 
must ni cessarily coincide with the form given in (i). An investigation of the 
conditions of convergency of the series, and of the applicability of the Theorem 
in general, will be introduced in a subsequent part of the Chapter. The paiti- 
cular cnse of this Theorem when/(:r) is a rational algebrnic expression of the w'* 
degree in x is already familiar to the studcntwho has read the Theory of Equations. 
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Now, in order that these series should be identical for all 
values of y, the coefficients of like powers must be equal. 
Accordingly, we must have 

f?Po df{x) 

\ . z ax 1.2 ax- 1.2 

2i dx I . 2 . 3 a*-* 1.2.3 
and, in general, 

I . 2 . . . ?i flW?" I . 2 . . . n 

Accordingly, when f(x) and its successive derived func- 
tions are finite and continuous, we have 

f{x^y) =/(ar) ^y-nx)^^f\x) + . . . + ^/(»)(a.) + . . . (i) 

This expansion is called Taylor's Theorem, having been first 
published, in 17 15, by Dr. Brook Taylor in his Methodus 
Incrementorum, 

It may also be written in the form 

.'V if) J\ } J ^^ \,2 dx' \n^ djf ^ ^ 

or if u =f{x)y and th =f(x + y), 

y du 'iP d^u v^ d^u „ , v 

Wi = z^ + •-^-p + -•^- -~ + . . . + p- —3 + &c. (3) 

To complete the preceding proof, it will be necessary to 
obtain an expression for the limit of the sum of the series 
after n terms, in order to determine whether the series is 
convergent or divergent. We postpone this discussion for 
the present, and shall proceed to illustrate the Theorem by 
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ehowing that the expansions usually given in elementary 
treatises on Algebra and Trigonometry are particular cases 
of it. 

56. The Binomial Theorem. — Ijet u = (^ + 3/)**; 
here /(a?) = af^y therefore, by Art. 41, 

/{x) = naf'-\ . . ./'•)(a;) = u{n- i) . . . {n-r -\- i)af'-''. 

Hence the expansion becomes 

nin - i) , , , in ~ r - i) ^ . . 

+ -^^ ^ ^ '- x''-W + &c. (4) 

I . 2 . . . r 

If n be a positive integer this consists of a finite number of 
terms; we shall subsequently examine the validity of the 
expansion when applied to the case where n is negative or 
fractional. 

57. The Logarithmic Series. — To expand log (a; + y). 

Here f{x) = log ix) ,f(x)^ ^ /'{x) = - ^, 

fix) = ^, . . ./(")(*) = (- !)»-■ '•'■■J''~'\ 

Accordingly, 

log (iCH- v) = log a? + ^ - i^ 4- -^ - -^~ -h &c. 

^ ^ ^^ *=* X 2X^ ^x" 4X^ 

li X = I, this series becomes 

iog(i+3/) = 7-f+j--.-(-ir^'&c. (5) 

When taken to the base a, we get, by Art. 29, 

log„(i+t/)=i^(f-^ + ^-=^ + &c.) ' (6) 
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58. To expand sin (^ + y). 
Here /(a?) = sm a*, f(x) = cos a?, 

f'x = - sin a-, f''{x) = - cos a?, &c. 
Hence 

I _ _•. a- ! &c. ± ... 

1.2 1.2.3.4 2« y 

■■: COSXI '- + . . . ± . (7) 

\i 1.2.3 I-2.3-4-5 1 2/1-1 J ^'^ 

As the preceding series is supposed to hold for all values, 
it must hold when a? = o, in which case it becomes 

sm y =^ ^ + '- &c. (8) 

^ I 1.2.3 I-2.3-4-5 

Similarly, if a? = -, we get 

y y 

cos V = I — - — *- — &c. (q) 

^ 1 . 2 1 . 2 . 3 . 4 ^^^ 

We thus arrive at the well-known expansions* for the sine 
and cosine of an angle, in terms of its circular measure. 

5Q. lCaclaurin'8 Theorem. — If we make a: = o in Taylor's 
expansion, it hecomes 

/(y) =/(o) +/ (o) f +/' (o) -^ + . . ./(») (o) K + ... (10) 



Where /(o) . . ./(*•) (o) represent the values which /(a?) and 
its successive derived functions assume when a? = o. 

Substitute x for y in the preceding series and it becomes 

f{x)=f{o) +^/(o) + — /'(o) + . . . + i^/W (0) + &0. 



* These expansions are due to Newton, and were obtained by him hj the 
method of reversion of series from the expansion of the arc in terms of its sine. 
This Litter series he deduced from its derived function by a process analogous 
to integration (called by Newton the method of quadratures). See Opuscula, 
torn. I., pp. 19. ai. £d. Cast. Compare AiX, 64, p. 65. 
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This result may be established otherwise thus ; adopting 
the same limitation as in the ease of Taylor's Theorem. 

Assume f{x)=A + Bx'h Cx^ + Dr* + Ex^ + &c. 
then / (a?) = 5 + 2Cx + ^^Bx'^ + ^Ex' + &c. 

/" (4?) = 2(7 + 3 . 2 2>^ 4- 4 . 2iE\x? + &c. 
/"' (a;) = 3 . 2i) + 4 . 3 . lEx + &e. 

Hence, making ^ = o in each of these equations, we get 
Ao)=A, f{o) = B, -^ = 0, ^^ = 2),&c. 

whence we obtain the same series as before. 

The preceding expansion is usually called Maclaurin's* 
Theorem ; it was, however, previously given by Stirling, and 
is, as shown already, but a particular case of Taylor's series. 
We proceed to illustrate it by a few examples. 

60. Exponential Series. — Let y = cf. 

Here / (x) = a', hence / (o) =1, 
• /(rr) =rt^loga, „ /(o) =log«, 

r{x) = a^ {log ay, „ r(o) = {loga)\ 

/(-) (x) = a- (log a)-, „ /(-) (o) = (log a)- ; 

^nd the expansion is 

I 1.2 I . 2 . . .71 ^ ^ 

If e, the base of the Napierian system of Logarithms, be 
substituted for a, the preceding expansion becomes 



X x^ x^ 



e' = I + - + + . . . + + . . . (12) 

I 1.2 I . 2 . . . n 



♦ Maclaurin laid no claim to the theorem which is knowti by his name, for, 
after proving it, he adds — "Tliis theorem was given by Dr. Taylor, method, 
t/icrem.** See Jfaclaurin's Fluxions, vol. 2, Art. 751. 
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K a? = I this gives for e the same value as that adopted in 
Art. 29, viz. : 

III I 

g = I + _ + + + + . . . 

I 1.2 1.2.3 1.2.3.4 

61. Expansion of sin x and cos a; by Maclaurin's Theorem. 
Let /(a?) = siniF, then 

/(o) = O, / (O) = I, f'ip) = O, /" (O) = - I, &c. 

and we get 

. X X^ X _ 

sin X = + &c. . . . 

I 1.2.3 1.2.3.4.5 

In like manner 

x'^ ir* 
cos 0? = I + ... 



1.2 1.2.3 4 

the same expansions as already arrived at in Art. 58. 

Since sin (- a?) = - sin a?, we might have inferred at once 
that the expansion for sin x in terms of x can only consist of 
odd powers of x. Similarly, as cos (- x) = cos a?, the expan- 
sion of cos X can only contain even powers. 

In general, if F(x) = F{- x)^ the development of F{x) 
can only consist of even powers of x. It F{- x) =- F(x)^ the 
expansion can contain odd powers of x only. 

Thus, the expansions of tan a?, sin'^^r, tan"^;r, &c., can con- 
tain no even powers of x ; those of cos Xy sec Xy &c., no odd 
powers. 

62. Huygens' Approximation to length of Circular Arc* — 
If ^ be the chord of any circular arc, and B that of half the arc ; 

then the length of the arc is equal to , q. p. 

For, let R be the radius of the circle, and L the length of 
the arc : and we have 

A .LB . L 

-=r = 2 sm — ^, -=r = 2 sm 



R, 2J2' R 4iJ' 



• This important approximation is due to Hijy;;ens. The demonstration given 
above is that of Newton, and is introduced by him as an application oi\^ «x.- 
pansion for the sine of an angle, Vid. Epis, Prior ad Oldenburgium. 



f . 
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hence, by (8), 

I? ' I? 

A= L TTT + 7 — =3- - &0. 

2 . 3 . 4 . ii- 2 . 3 . 4 . 5 . 16 . ic* 

8B = dL h 77 - &c. 

2 . 3 . 4 . ii'-* 2 . 3 . 4 . 5 . 64 . ii* 

consequently, neglecting powers of ^ beyond the fourth, we 

3 V 7680 jBV 

Hence, for an arc equal in length to the radius the error in 

adopting Huygens' approximation is less than *^ part of 

the whole arc ; for an arc of half the length of the radius, 
the proportionate error is one-sixteenth less ; and so on. 
In practice the approximation* is used in the form 

i - 25 + i (2jB - A). 

This simple mode of finding approximately the length of 
an arc of a circle is much employed in practice. It may also 
be applied to find the approximate length of a portion of 
any continuous curve, by dividing it into an even number of 
suitable intervals, and regarding the intervals as approxi- 
mately circular. See Eankine's Eules and Tables, Part I. 
Section 4. 



* To show the accuracy of this approximation, let ui apply it to find the 
length of an arc of 30° in a circle whose radius is 100,000 feet. 

Hero jB = 2 JR sin 7* 30', -k = iJ^sin 15'; 

hut, from the tuhles, 

sin 7* 30' e .1305268, sin 15* = .2588190. 

^ « 27?-v4 

Henco 2B + — - — « 52359-71. 

2jbe true va)tw, nssuming «*» 3.14159, is 52359.88 ; whence the error is hut .17 
of a foot, or abom 2 inches. 
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63. Expansion of tan"* x. — Assume, according to Art. 61, 
the expansion of tan~^a; to be 

-44? + jB;c» + Gr^ + Bx^ + &c., 

where A^ B, Cy &o., are nndetermined coefficients : 

d tan""* X 
then -^-^ — = ^ + zBx" + 5CB* + ^Baf' + &c. ; 

but = — - = i-3? + x^-afi + &c., 

dx i+ar* * 

when X lies between the limits + i. 
Comparing coefficients, we have 

^=1, .B = -i C=-, D = --,&c. 

3 5 7 

Hence, 

tan"*ic = + ... + (- lY + . . . (14) 

135 ^ ^ 2n+i ^ ^' 

This expansion can be also deduced directly from Maclaurin's 
Theorem, by aid of the results given in Art. 46. Qlis is left 
as an exercise for the student. 

64. Expansion of sin"* a;. — ^Assume, as before, 

sin*"* 4? = -4a? + Ba^ + Cx^ + &c. ; 

then 7 rrr = -4 + 3^0?* + sCfc* + &c. ; 

(i -ar*)* 

tut _i_=(i-a?»)-i=i+ia?^+ Ll3^4^_ 

(i-^)* ^ ' 2 2.4 



I .Z,.. 2 r - I 

+ — x^^ + . . 

2.4... 2r 



Hence, comparing coefficients, we get 



Finally, 



A^iy -B = -.-, C=— ^ .-, &c. 

23 2.4 5 



X la^ 1.3a? 1 .3...2r-i 0?-'^' , ^ 

1 23 2.45 2.4... 2r 2r + i ^ "*' 



F 
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Since we have assumed that sin"^^ vanishes along with a, we 
must in this expansion regard smr^x as being the circular 
measure of the acute angle whose sine is x. 

There is no difficulty in determining the general formula 
for other values of sin"^^, if requisite. 

A direct proof of the preceding result can be deduced 
from Maclaurin's expansion by aid of Art. 51. We leave 
this as an exercise for the student. 

From the preceding expansion, the value of tt can be 
exhibited in the following series, 

TT I II I . 3 I p 

- = - + + + &c. 

6 2 2.38 2. 4. 5 32 

I TT . I 

For, since sin 30° = -, we have — = sin"^- .'. &c. 
' 2 62 

An approximate* value of tt can be arrived at by the aid 
of this formula ; at the same time, it may be observed that 
many other expansions are better adapted for this purpose. 

65. Euler's Expressions for Sine and Cosine. — In the 

exponential series (12), if x^- i be substituted for .2?, we 
get 

(fJ-i = I ^. &c. . . . 

1.2 I . 2 .3 .4 

+ a/- I '■ + &C. . . . 

LI 1.2.3 J 

= cos a? + y^- I sin a? ; by Art. 59. 
Similarly, c"' "^ = cos a? - ^/- i sin x. 
Hence e*"^^ + e"*''"^ = 2 cos rr, "| 

^'^i - e^'-^ = 2^~i sin X, J 

A more complete development of these formulee will be 
found in treatises on Algebra and Trigonometry. 



* The expansion for sin'^a;, and also this method of approximating to «-, wers 
given 'by Newton. 



(16) 
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66. John Bernoulli's Series. — ^If, in Taylor's Expansion, 
(i), we make y = - x^ and transfer f(x) to the other side of 
the equation, we get 

fix) =/(o) +af{x)-^r{x) + -^-f"{x)-&o. (.7) 

This is equivalent to the series known as Bemonlli's,* 
nd published by him in Act. Ltps.^ 1694. 

As an example of this expansion, let/(a:) = e^ ; then 

/(o) = i, f{x)=e', f'{x)=e',&c., 
and we get 



o 



e* = I +ire^ e^ + &c. 

1.2 



Or, dividing by e"^, and transposing, 



e~^ = 1 - X + &c. 

1 . 2 



which agrees with Art. 60. 

67. Symbolic Form of Taylor's Theorem. — ^The expansion 

may be written in the form 

in which the student will perceive that the terms within the 
brackets proceed according to the law of the exponential 
series (12) ; the equation may accordingly be written in the 
shape 

f{x + y)^(?Trf(,r\ (19) 



« In his Medttc. Qitad. ad long, eurv.j John Bernoulli introduces this theorem 
again, adding — ** Quam eandem seriem postea Taylorus, interjecto viginti 
annonun intervallo, in librum quern edidit, a.d. 1715, ^ methodo incrementorum, 
transferre dignatus est sub alio tantum characterum habitu." The great injustice 
of this statement need not be insisted on ; for while Taylor's Theorem is one of 
the most important in the entire range of analysis, that of Bernoulli is compara- 
tiyely of little use ; and is, as shown above, but a simple case of TaylQi*^ 
Sxpansioxi. 
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v^ 



where e ^ \b supposed to be expanded as in the exponential 
theorem, and ^^^ ^tten for |^(0/W, &o. 

This form of Taylor's Theorem is of extensive application 
in the Calculus of Finite Differences. 

68. Other Forms derived from Taylor's Series. — In the 
expansion (3), Art. 55, substitute h for y, 

^, hdu h" d'u K" d^'u ^ 

then Wi = w + --y- + rT + --- rr. + &c. 

I ax \ .2iW 1 . 2 ...n auf* 

If, now, h be diminished indefinitely, it may be represented 
by dxy and the series becomes 

du dx d^u da^ d^u dx^ 



dx I da^ 1 . 2 daf^ 1 .2 ..,n 

or ui-u=^^da+'^^da^+^^ dx' + &o., (20) 

I 1.2 1.2.3 

in which Wi - 1^ is the complete increment of tf, corresponding to 
the increment dxin x. 

Again, since each term in this expansion is infinitely small 
in comparison with the preceding one, if all the terms after 
the first be neglected (by Art. 38) as being infinitely small in 
comparison with it, we get 

du^f{x) e&, 

the same result as given in Art. 7. 

Another form of the preceding expansion is 

du d^u d^u d^u ^ , . 

Ui- u - — + + + . . . + + &o. (21) 

I 1.2 1.2.3 I . 2,..« ^ ' 

69. Theorem. — If a function of x become infinite for any 
finite value of x^ then all its successive derived functions become 
infinite at the same time. 

If the function be algebraic, the only way that it can be- 
come infinite for a finite value of a; is by its containing a 

P . . 

ieim of the form y:j in which Q vanishes for one or more 



Convergent and Divergent Series. 69 

values , of x iox which P remains finite. Accordingly let 

dPPdQ 

w = -7:: then -7- = ^ ; this also becomes infinite when 

Q dx ^ 

Q = o. 

Similarly, -7-, -rr? &c., each become infinite when Q = o. 
'^ dx^ dor J 



Again, certain transcendental functions, such as (?*'"'" 
cosec {x - a), &c., become infinite when x=a; but it can be 
easily shown, by differentiation, that their derived functions 
also become infinite at the same time. Similar remarks ap- 
ply in all other cases. 

The student who desires a more general investigation is 
referred to De Morgan's Calculus, page 179. 

70. Remarks on Taylor's Expansion. — ^In the preceding 
applications of Taylor's Theorem, the series arrived at (Art. 
56 excepted) each consisted of an infinite number of terms ; 
and it has been assimied in our investigation that the simi of 
these infinite series has, in each case, a finite limiting value, 
represented by the original function, /(.r + ^), OTf{x). In 
other words, we have assumed that the remainder of the series 
after n terms, in each case, becomes infinitely small when n 
is taken sufficiently large — or, that the series is convergent. 
The meaning of this term wUl be explained in the next 
article. 

71. Convergent and Divergent Series. — ^A series, tii, th, W3, 
... Uny ... consisting of an indefinite number of terms, 
which succeed each other according to some fixed law, is said 
to be convergent, when the sum of its first n terms approaches 
nearer and nearer to a finite limiting value, according as n 
is taken greater and greater ; and this limiting value is called 
the sum of the series, from which it can be made to differ by 
an amount less than any assigned quantity, on taking a suffi- 
cient nimiber of terms. It is evident that in the case of r^ 
convergent series the terms become indefinitely smaU when 
n is taken indefinitely great. 

If the sum of the first n terms approximates to no finite 
limit the series is said to he divergent. 



70 Development of Functions. 

In general, a series consisting of real and positive terms 
is convergent whenever the sum of its first n terms does not 
increase indefinitely with n. For, if this sum do not become 
indefinitely great, as n increases, it cannot be greater than a 
certain finite valuey to which it constantly approaches as n 
increases. 

72. Application to Geometrical Progression. — The preced- 
ing statements will be best understood by applying them to 
the case of the ordinary progression 

The sum of the first n terms of this series is in all cases. 

I - X 

(i). Let ^ < I ; then the terms become smaller and smaller 
as n increases ; and if n be taken sufficiently great, the value 
of x^ can be made as small as we please. 

Hence, the simi of the first n terms tends to the limiting 

value ; also the remainder after n terms is represented by 

I X 



^** 



, which becomes smaller and smaller as n increases, and 
1 - X 

may be regarded as vanishing ultimately. 

(2). Let 0? > I. The series is in this case an increasing 

one, and o^ becomes infinitely great along with n. Hence, 

I — ^'* iu'* — I 
the simi of n terms, or , as well as the remainder 

\ - X X - I 

after n terms, becomes infinite along with n. Accordingly 
the statement that the limit of the sum of the series 

I +x + x"^ -^ ,,,-{■ x^ + ... ad infinitum 
is • holds only when x is less than unity, i. e., when the 

I ■"" it/ 

series is a convergent one. 

Li like manner the sum of n terms of the series 

i-x + x'^-oi^^- &c. 

IS . 

I + a? 



Tlieorem. 7 1 

As before, when a? < i, the limit of the sum is ; but 

whenri? > i, a^ becomes infinitely great along with «, and the 
limit of the sum of an even number of terms is - 00 ; while that 
of an odd number is + 00 . Hence the series in this case has 
no limit. 

73. Theorem. — If^ in a series of positive terms represented 
hy 

Wi + «/2 + . . . + Wn + &C., 

the ratio — be less than a certain limit smaller than unity, for all 

values ofn beyond a certain number^ the series is convergenty and 

/ui8 a finite limit. 

Suppose A to be a fraction less than unity, and greater 

u 
than the greatest of the ratios -^ . . . (beyond the number 

Un 

n)y then we have 

<k .'. UnH < l^^w 






<k .'. Un+2 < h'l(„. 



<k .*. Un^r <h^Un' 



Hence, the limit of the remainder of the series after Un is 
less than the sum of the series 

kun + h^Un + . . . + k^Un ... ad infinitum ; 

therefore, by Art. 72, less than 

r, smce a; < I. 

I - a; 

Hence, since Un decreases as n increases, and becomes infi- 
nitely small ultimately, the remainder after n terms becomes 
also infinitely small when n is taken sufficiently great, and, 
consequently, the series is convergent, and has a finite limit. 

Again, if the ratio -^- be > i, for all values of n beyond 

Uii 
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a certain number, the series is divergent, and has no finite 
limit. ^ This can be estabUshed by a similar process ; for, 
assimiing A; > i, and less than the least of the fraddons 

-^, . . . then byArt. 72, the series 



"n 



tin + kUn + A%„ + &c. ctd infinitum 
has an infinite value ; but each term of the series 

Wn + Wn+l + Wn+2 + &C., 

is greater than the corresponding term in the above geome- 
trical progression ; hence, its sum must be also infinite, &c. 
These results hold also, if the terms of the series be alter- 
nately positive and negative; for in this case k becomes 
negative, and the series will be convergent or divergent ac- 
cording as - A; is < or > I ; as can be readily seen. 

In order to apply the preceding principles to Taylor's 
Theorem, it will be necessary to determine a general expres- 
sion for the remainder after n terms in that expansion ; in 
order to do so, we conunence with the following : — 

74. Lemma. — If a eontinuom function 0(a;) vanish when 
a? = a, and also when x -h, then its derived function <t/{x)y if 
also continuouSy must vanish for some value of x between a 
and h. 

Suppose h greater than a ; then if 0'(ir) do not vanish 
between a and b, it must be either always positive or 
always negative for all values of x between these limits; 
and consequently, by Art. 6, the increment of ^(.r), as x 
increases from a to b, must be ahoays positive or always nega- 
tive between these limits ; i. e. ^(^) must constantly increase, 
or constantly diminish, as x increases from a to 5 ; which is 
impossible, since (p{x) vanishes for both limits. Accordingly, 
^'(ic) cannot be either always positive or always negative; 
and hence it must change its sign between the limits, and, 
being a continuous function, it must vanish for some inter- 
mediate value. 

This result admits of being illustrated from geometry. 
For, let y = (jiix) represent a continuous curve ; then, since 
0(a) = o, and (p{b) = o, we have y = o, when x = a, and also 
when x = b; therefore the curve cuts the axis of x at distances 
a and b from the origin; and accordingly at some inter- 
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mediate point it must have its tangent paraUel to the axis of 
4?. Hence, by Art. 10, we must have 0'(^) = o for some value 
of X between a and b, 

75. I«agraxige's Theorem on the Limits of Taylor's Series. — 
Suppose jRn to represent the remainder after n terms in Tay- 
lor's expansion, then writing X for ^ + y in (i), we shall 
have 



+ 



il-Jtlfin-l) (,,) + ii!„, (22) 



n - I 



in which /(^), /' {x) /(") (x) are supposed finite and 

continuous for all values of the variable between X and a. 

From the form of the terms included in Bn it evidently 
may be written in the shape 

(X - ar)" 

Xln = i -£ , 

n 



where P is some function of X and x. 
Consequently we have 



Now, let z be substituted for x in every term in the pre- 
ceding, with the exception of P, and let F{z) represent the 
resulting expression : we shall have 

F{z) =/(X) - \f{z) + (^/' {£) + ... + ^-A]^, (24} 



in which P has the same value as before. 

Again, the right-hand side in this equation vanishes when 
z = X\ .'. F{X) =0. 

Also, from (23), the right-hand side vanishes when z = xi 
.'. F{x) = o. 



74 Development of Functions. 

Accordingly, since the function F{z) vanishes when e= X, 
and ako when z = x^ it follows from Art. 74 that its derived 
function F^{z) also vanishes for some value of z between the 
limits X and x. 

Proceeding to obtain F^{z) by differentiation from equa- 
tion (24), it can be easily seen that the terms destroy each 
other in pairs, with the exception of the two last. Thus we 
shall have 



n- 1 



n- 1 



Consequently, for some value of z between x and X, we 
must have 

/(") (z) = P. 

Again, if be a positive quantity less than unity, it is 
easily seen that the expression 

x + e{X-x) 

by assigning a suitable value to 0, can be made equal to any 
number intermediate between x and X. 
Hence, finally, 

where is some quantity > o and < i. 

Consequently, the remainder after n terms of Taylor's 
series can be represented by 

■^» = — IT^'-^'"^ [a> + eiX-T)]. (25) 

Making this substitution, the equation {22) becomes 



+ 



(Z_^)!l!/(n-i) (^) + l-?_f)!y(n) (^. + 0(X~.r)} . (26) 



n- I \n 



The preceding demonstration is taken, with some slight 
modifications, from Bertrand's Traite de Calcul Diff^rentiel 

(273)- 
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Again, if A be substituted for X - a, the series becomes^ 



+ 



/^"-') (a) + r-/('0 (a; + eh). [2-]) 



71-1 ' ' \n 



In this expression w may be any positive integer. 
If n = I, the result becomes 

/{a + h) =f{x) + hf {x + 0h). (28) 

When n = 2y 

f{x + h) =f{x) + hf {x) + — -/" (^ + 0/0- (29) 

The student should observe that has in general different 
values in each of these functions, but that they are all subject 
to the same condition, viz., > o and < i. 

It will be a useful exercise on the preceding method f or 
the student to investigate the formulae {2S) and (29) inde- 
pendently, by aid of the Lemma of Art. 74. 

The preceding investigation may be regarded as furnishing 
a complete and rigorous proof of Taylor^ s Theorem^ and formula 
(27) as representing its most general eocpression. 

76. Geometrical Illustration. — The equation 

/(X) =/(^) + {x-x)f[x-^e{x-x)] 

admits of a simple geometrical verification ; for, let y==f{x) 
represent a curve referred to rectangular axes, and suppose 
(X, Y)y (x, y) to be two points Pi, P2 on it : then 

f{X)-fix) T-y^ 
X - X X - x' 

Y-v . 
But == — - is the tangent of the angle which the chord Pi P- 

u\. X 

makes with the axis of x ; also, since the curve cuts the 
ohord in the points Pi, P2, it is obvious that, when the cm^vo 
and the direction of the tangent alter continuously , the tangotf 
to the curve at some point between Pi and P2 must be parallel to 
the chord P1P2 ; but by Art. 10,/' {x) is the trigonometrictil 
tangent of the angle which the tangent at the point (a'l, y^] 
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makes with the axis of x. Hence, for some value, Xiy between 
X and Xy we must have 

'^ X - X X - X 

or, writing Xi in the form x -h 0{X - x)j 

f{X)^f{x)^(X-x)f[x^e{X-x)}. 

77. Second Form of Remainder. — The remainder after ;i 
terms in Taylor's Series may also be written in the form 



\n- I 



For, it is evident that Rn may be written in the form 
(X - x) P„ 



+ {X-x) Pi. 

ft 

Substitute z for ^ as before in every term except Pi ; and the 
same reasoning is applicable, word for word, as that employed 
in Art. 75. The value of jP'(-2:) becomes, however, in this 
case 

and, as F' (s) must vanish for some value of z between x and 
X, we must have, representing that value "hj x + 0{X — x), 



Pi = 



{x-xr^{i j_)--^^,., (^ ^ (_j. _ ^) , ^ (3„) 



n- I 



where as before is > o and < i. 

If h be introduced instead of X - x, the preceding result 
becomes 

iij,^ = (^ - ^)"' /,"/(«) (^+ 0^), (31) 



;i- I 



which is of the required form. 
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X • 2 » » n 

Hence, Taylor's Theorem admits of being written in the 
form 

Ax + h) =/(x) + -/ {x) + -^/' (^) + . . . + ^/(»-) (x) 

X X • 2 I /J ~~ X 



+ 



A" 



n 



_(l-e)-V(n)(^ + 0A). (32) 



The same remarks are applicable to this form* as were made 
with respect to (27). 

From these f ormtdsa we see that the essential conditions 
for the application of Taylor's Theorem to the expansion of 
any function in a series consisting of an infinite number of 
tenns are, that none of its denved functions shall become 
infinite, and that the quantity 



shall become infinitely small, when n is taken sufficiently 
large ; as otherwise the series does not admit of a finite limit. 

78. Limit of when n is indefinitely gnreat. 

J . 2 . . n 

Let Un = , then -^ = , /. -^ becomes smaller 

I . 2 . . w Un n+ I Un 

and smaller as n increases ; hence, when n is taken sufficiently 
sreat, the series t/n+i, t^n+29 diminishes rapidly, and the terms 
become ultimately infinitely small. Consequently, whenever 
the »'* derived function f^^^ {x) continms to be finite for all values 
of n^ however great j the remainder after n terms in Tayht^s 
expansion becomes infinitely smally and the series has a finite 
limit. 



* ThiB second form is in some cases more advantageous than that in (27). 
An example of tliis will be found in Art. 83. 
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79. General Form of Haclaurin's Series. — The expansion 
(27) becomes on making a; = o, and substituting a? afterwards 
instead of hy 

Ax) =/(o) +f /'(o) + ^/" (o) + . . . + -^/C-') (o) 



+ T^/'"^ (fl"^)- .(33) 



Hence the remainder after n terms is represented by 

where is > o and < i. 

This remainder becomes infinitely small for any function 

f(x)y whenever p /(**) {Qx) becomes evanescent for infinitely 



n 



great values of n. 

We shall now proceed to examine the remainders in the 
different elementary expansions which were given in the 
commencement of this chapter. 

80. Bemainder in the E:^ansion of a*. — Our formula gives 
for Rn in this case 






Now, a^^ is finite, being less than oT ; and it has been proved 

ix losr ci\^ 
in Art. 78 that ^ — r " becomes infinitely small for large 

values of n. Hence the remainder in this case vanishes when 
n is infinitely great. Accordingly, the series is a convergent 
one, and the expansion by Taylor's Theorem is always appli- 
oable. 

8 1 . Remainder in the Expansion of sin x. — ^In this ease 



jRn = 7- sm — + fe . 
\n \2 
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This value of Bn nltimately vanishes by Art. 78, and the 
series is accordingly convergent. 

The same remarks apply to the expansion of cos x. 
Accordingly, both of these series hold for all values of a. 

82. Remainder in the Expansion of log (i + a), — The 
series 



ct7 iV X iJC 



1234 

when a? is > i, is no longer convergent ; for the ratio of any 
term to the preceding one tends to the limit - x ; conse- 
quently, the terms form an increasing series and become 
ultimately infinitely great. Hence the expansion is inappli- 
cable in this case. 

Again, since /*'(^) = (- i)""^ (' \n — ^' *^® remainder 
Rn is denoted by ^ — - — ( — ^-^ J ; hence, if x be positive and 

less than imity, — ^ is a proper fraction, and the value of 

Rn evidently tends to become infinitely small for large values 
of n ; accordingly the series is convergent, and the expansion 
holds in this case. 

^2^, Binomial Theorem for Fractional and Negative In- 
dices. — IxL the expansion 

(i +J-)*" = I + —X + —^ -x^ + . . . . 

^ ' I 1.2 

m(w- i) . . . (m-w+ i)^** „ 

+ — ^^ ^^ — + &c., 

1.2...?} 

if fi» denote the n** term, we have 

w«+i m - w + I 



u^ n 



^y 



the value of which, when n increases indefinitely, tends to 
become - x\ the series, accordingly, is convergent if jt < i, 
but is not convergent if a? > i. 
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Aooordm^ly, tlie Binomial expansion does not hold when 
X is greater than unity. 
Again, as 

f^^){x) ^m(rn-i) . . . (w-w+ i) (i +a:)"»"", 

the remainder, hy formula (25), is 

— ^^ ^^ 'Of (i + 0a?)"»-~, 

or 

fw(m- i) . . . (m-w+ i) ^ 



I . 2 . . .n (i +02^)"-^' 

Now, suppose X positive and less than unity; then, when 
n is very great, the expression 

w(m- i) . . . (m-n+ i) 

I . 2 . . . n 

becomes indefinitely small ; also ^ — ^ .^^_^ is less than unity ; 

hence, the expansion by the Binomial Theorem holds in this 
ease. 

Again, suppose x negative and less than unity. We 
employ the form for the remainder given in Art. 77, which 
becomes in this case 

, ^ m(m- i) . . . (m-n+ i)ixf* . n\^ ^ / n s«._« 
(- 0" x.a...(»-i) (' - ^) (' - ^^) ' 

or 

1-0 



.„ m(m- i) ... (m-n+ i) (i -d)'^^x" 
^~ ^ I . 2 .,. (n- i) 



I -Ox 



n-m 



I — 

Also, since x< ijQx<9,.\ i - 6a? > i - 6 ; hence ^ 

I ~ tf* 

is a proper fraction ; .*. any integral power of it is less than 

unity; hence, by the preceding, the remainder, when n is 

sufficiently great, tends ultimately to vanish. 
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In general {x + y)^ tqslj be "WTitten in either of the forms 



a^(i+|T ory«»^i+^j : 



now, if the index m be fractional or negative, and a? > y, or 
- a proper fraction, the Binomial expansion holds for the 

X 

series 

V XJ I I • 2 

but does not hold for the series 

I qrS^ fn tn (m i ) 

(a? + y)*» =2^"»( I +- j =y« +— y'»-iic + --^ iy»-'V + &o., 

since the former series is convergent and the latter divergent. 

We conclude that in all cases one or other of the expan- 
sions of the Binomial series holds ; but never both, except 
when m is a. positive integer, in which case the iiiunber of 
terms is finite. 

84. Remainder in the Expansion of tan~^a:. — The series 

X x^ a^ ^ 
tan ^x = + &c. 

I 3 5 

is evidently convergent or divergent, according as ;r < or > i . 
To find an expression for the remainder when x< i, we have, 

V (8). P- 48 — 



f^''K^)-(£j^'^^^-'^-(-^r-' 



n- I .mil n' - n tan~^.r 



(I -^x')" 
Hence we have, in this case, 

a^ sin I n — wtan"^ {6x) | 

En = i-i)^' i-^ '„ i-; 

w (i + 0V)" 

which, when x lies between + i and - i, evidently becomes 
infinitely small as n increases, and accordingly the series holds 
for such values of x. 



G 
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85. Expansion of sin^^a?. — Since the function sin'^ar is 
impossible unless x he < i, it is easily seen that the series 
given in Art. 64 is always convergent ; for its terms are 
each less than the corresponding terms in the geometrical 
progression 

X + ar^ ■{- x^ + &c. 

Consequently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is applicable to the 
expansion of tsLix'^x when x < i, as well as to other 
analogous series. 

In every case, the value of Unj the remainder after u 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion on taking its first n terms for 
its value. 

86. Expansion by aid of Differential Equations. — In 
many cases we are enabled to find the relation between the 
coefficients in the expansion of a fimction of x by aid of 
differential* equations ; and thus to find the form of the 
series. 

For example, let y = e^, then 

dx ^ ^• 
Now suppose that we have 

y = Uo + aiX -\- UoX' + . • . UnX^ + . . . 

then ~ = Ui + 202^' -\- , , . nunaf^'^^ + &c. 

ax 

Accordingly we have 

cii + zO'^t^ + ^a^ + » . . = Uq-^ UiX + a-iX' + &o., 



* This method is indicated hj Newton, and there can be little doubt that it 
was by aid of it he arrived nt the expansion of sin (msin'ar), as well as other 
Mrios. — Vide Ep. posterior ad Oldenburgium. It is worthy oi observation that 
Newton's letters to Orenburg were written for the purpose of transmission to 
Leibnitz. 
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hence, equating coefficients, we have 

fli ay^ a^ ao ^ 

22 3 2.3 

Moreover, if we make ir = o, we get Oo = i, 

.'. ^ = I + - + + + &c. 

I 1.2 1,2.3 

the same series as before. 
Again, let 

y = sin (wsin~*ir). 

Here, by Art. 47, we have 

Now, if we suppose y developed in the form 
y - ttfs^- a^x \ a^ + . . . + a«ir" + &c., 

then J- - ax^ la^ + ^a^' + . . . + nan^~^ + &c., 

-jk = 2ih r 3 . la^ + . . . + n (n - i) rr«^'''- + &c 

Substituting and equating the coefficients of ;r" we get 

«- - mr , V 

\}i + l) (« + 2) 

Again, when x = o, we have y =• o, .*. </„ = o. 

Hence, we see that the series consists only of odd powers 
of X ; a result which might have been anticipated from Art. 
61. 

To find Ux ; when x = o, cos {in sin"^ j^) = i , hence ( , - ) = w* ; 

accordinglj Oi^ m\ 

fii- - I m [m^ - I ) 

.*. Oz ~ ai = , 

2.3 1.2.3 

wr - 9 m (m'^ - i ) im- ~ 0) 

flo = «3 = — : 

4.5 1.2.3.4.5 

G 2 
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hence wo get 

. », . , V fn m{m'^- i) .. 

8in*(msin"*ir) = — ;r ^^ if 

I 1.2.3 

1.2.3-4.5 

In the preceding, we liave assumed that sin~*^ is an acute 
angle, as otherwise both it, and also sin (//* sin""^ar), would admit 
of an indefinite number of values. — See Art. 26. 

87. Expansion of sin mz and cos mz, — If, in (35), z be 
substituted for sin'^^r, the formula becomes 

I w- - I . _ 

sin mz = m sin -? < m,\rz 



(3-^ 



0; 



I 1.2.3 

{ni" - I ) jm' - 9) . ^ 



^.j (36) 
In a similar manner it can be proved that 



1.2.3.4.5 



w^sin^-2: m^(m^-4) . , o / V 

cos mz = I + — ^^ sln*-^ - &c. (37) 

1.2 1.2.3.4 ^'''^ 

If m be an odd integer, the expansion for sin mz consists 
of a finite number of terms, while that for cos mz contains an 
infinite number. If m be an even integer, the number of 
terms in the series for cos mz is finite, while that in sin mz is 
infinite. 
• The preceding series hold equally when wz is a fraction. 

A more complete exposition of these important expansions 
will be found in Bertrand's " Calcid Diiferentiel." 

In general, in the expansion (36), the ratio of any term 

to that which precedes it is -. —. : sin-^, which when 

^ {n + i)(n-\-2) 

n is very great, approaches to sin-^. Hence, since sin z is 

leas than unity, the series is eonvergent in all cases. Similar 

observations apply to expansion (37). 



♦ This expansion is erroneously attributed to Eiiler by M. Bertrand ; it was 
originally given by Newton. Seo preceding note. 
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The expansion 

I 1.2 1.2.3 1.2.3.4 

can be arrived at by a similar process. 
88. Arbogast's Hethod of Derivations. 

If i*=a+6-+c + d &c., 

I 1.2 1.2.3 

to find the coefficients in the expansion of ^ («) in ascending 
powers of a? — 

Let f{x) = (w), 

B C 

and suppose f{x) = A+-'X+ x^ + &c. 

=/(o) + 7/(o) + -^/'(o) + &a, 

then we have evidently 

A =/(o) = (a). 
Also, writing u\ w", u"\ &c., instead of 

(i?M d^u d^u ^ 

by successive differentiation of the equation/(ir) = ^ {n)^ we 
obtain 

Now, wlieii « = o, tt, m', «", «'", . . . obviously become a, 
b, r, d, . . . respectively. 
Accordingly 

B =/' (o) = ^' {a).b, 

O =/" (o) = 0' (a).c + ^" {a).b\ 

D=f"{o) = ^' (a).«?+ zf[a)-ic + <^"'{a).¥, 

E=f'" (o) = ^' (a).c + «" (ff) (46<;+ 3ft') + 6f '((t)-*"-*' 
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From the mode of formation of these terms, they are se^^ 
to be each deduced from the preceding one, by an analogoii^ 
law to that by which the derived functions are deduced on^ 
from the other ; and, as /"(a?), /''(a?) . . . are deduced from/(i2?] 
by successive differentiation, so in like manner jB, C, D, . . • 
are deduced from ^ (w) by successive derivation ; where, after 
differentiation, r/, ^, c, &c., are substituted for 

du dru ^ 

If this process of derivation be denoted by the letter 8, then 

B = l,A, C = 8.5, D - J.C, &c. (38) 

From the preceding, we see that in forming the term 
8 . [a), vre take the derived function ^' («), and multiply it 
by the next letter 6, and similarly in other cases. 

Thus S . 6 = <?, 8 . c = ^, . . . 

8.6"*= mb'^-^ 8 . c"» = m&^-^d, . . . 

Also 8 . ffi\a)b = <fi\a)c + <p'\a)V\ 

This gives the same value for C as that found before ; D 
is derived from C in accordance with the same law ; and so 
on. 

Tlie preceding method is due to Arbogast ; for its com- 
plete discussion the student is referred to his " Calcul des 
Derivations." The Eules there' arrived at for forming the 
successive coeflScients in the simplest manner are given in 
'* Galbraith's Algebra," page 342. 

As an illustration of this method, we shall apply it to find 
a few terms in the expansion of 



sin f a -f 6 - + c + d + &c 

I 1.2 1.2.3 



•) 



Here ^ = sin «, 5 = 8 . sin a = S cos cr, 
C = S .b cos a= c cos a - b^ sin a^ 
I) ^ S, C = d cos a - ^bc sin a - P cos r/, 
U = d , D = e cos a - (46^/1- 36-''^) sin a - 6b'c cos n 

-t- // Fin (f. 
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or 



If the series a+ bx + c + &e., consist of a finite num- 

I . 2 

W of terms, the derivative of the last letter is zero — thus, if 

^ be the last letter, S , d = 0, and d is regarded as a constant 

^th respect to the symbol of derivation S, 

If the expansion of (tt) be required, when u is of the 

form 

o + jSa? + 7ar* + 8^ + &c., 

the result can be attained from the preceding method, by 
substituting a, 6, Cy d, &c., instead of a, /3, 1.27, i . 2 . 3 . S, 
&c., and proceeding as before. 

The student will observe that in the expression for the 
terms D, E^ &c., the coefficients of the derived functions 
♦' («), 0"(fl5), &c., are completely independent of the form of the 
ftmction <p ; and are expressed in terms of the letters, b, c, </, 
&c., solely ; so that if calculated once for all, they can be applied 
to the determination of the coefficients in every particuhr 
case, by finding the different derived functions (f! [a), <^" (cr), 
&c., for that case, and multiplying by the respective coeffi- 
cients determined as stated above. 
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ExiJfPLES. 

I. If K =/(«« + hff\ then - -— = - --. This furnishes the condition that« 

a ax bay 

given function of x and y should be a function of ax + by. 

3. ?ind, by Maclaurin*s theorem, the first three terms in the expansion of 
tan X. 



Ans, « + —■!- — . 
3 15 



3. Find the first four terms in the expansion of sec x. 



Am, i+— + :^ — + , 

2 24 720 

4. Find, by Maclaurin*s theorem^ as far as ar*, the expansion of log (i + sin jt) 
in ascending powers of a;. 

Let /(a;) = log (i + sin «), 

1 ^./ X cos a: I —sinflj 

then / («) = ; — = = sec « — tan x 

I + sina? cos x 

f"(x) = sec a: tan a? - sec 2^ = -/'(a;) sec x: 

.'. f" {x) = -/ "(x) sec X -f'{x) sec x tan x 

/iv (x) = -/'"{x) sec x - 2/"(a:) sec a: tana: -/'(ar) (2 sec'ar - sec *) 

.•./(o) = o, /'(o)=i, /"(o)=-i, /•"(o) = l, /-(o) = -a. 

x^ X^ X* 

.*. log (i + sin «) = a: + -r — — + &c. 

2 6 12 

5. Find six terms of the development of in ascending powers of ar. 

2*3 a;* ^jr* 
3 a 'o 

6. Apply the method of Art. S6, to find the expansions of sin x and cos x. 

7. Prove that 

, . sine ,, . .« sin 22 ,, , ^ sin "iz 
tan'* (a? + It) - tan~*a? + A sm « (A sin z)- + (A sm z)* &c., 

whcvo 3 = col*'.v. 

(\ J^ 

- j , ,\ by Art. 46, — ^ = (- i J* I « - i sin*^ sin fir. .*. &c. 
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S. Hence prove the ejcpansion 

» sin s sin iz . sin 35 

-. cs z -I cos z + CO8-S + cos'z + &c. 

212 3 

Let A = — cot 2 = - a:. &c. 

9. ProTO that 

» z sin z sin 25 sin 7« 

- = - + — — + + ^ + &c. 

2 2 I 2 3 

Let h sin 2 = — i in Example 7 ; then & -f a; s — ; = - tan -, .*. &e. 

sins 2 

10. Prove the expansion 

jr sin 2 I sin ic I sin \z 

- = + - — -— + ^+ &c. 

2 C09 Z 2 COS' Z 3 COSrS 

Aasume A = — ; , then 

sin 2 COS 2 

« + A s -. tan « = tan (ir — 2) ; .*. ir - 2 = tan"* (« + A), &c. 

Snhstitating in Example 7, we get the result required. 
The preceding expansions were given first hy Euler. 

1 1. Prove the equations 

sin 9* = 9 sin a: - 120 sin^a? + 432 sinSjp - 576 sin'ar + 256 sin^ar, 
cos 6j5 = 32 cos^a; — 48 cos^a? +18 cos^a; - i. 

These follow from the formulae of Article 87. 

12. If f» » 2, Newton's formula, Art 87, gives 



f . .sin''j; sinSjr 1 

sm 2a: = 2 < sm :r &c. > ; 

I ^ 2-4 J 

verify this result hy aid of the elementary equation sin 2a; = 2 sin x cos a;. 

13. If ^ (a? + A) + 4> (a; — A) = ^ (a;) ^ (A), for all values of x and A, 

<b"{x) <^^^{x) - 
prove that , ^ = „, . = &c. = constant ; 

and also ^"(o) = o, ^'"(o) = o, &c. 

14. If, in the last,— -~ = a* ; prove that ^ {x) = ^x^ ^-«* . 

if -^~ = - a' ; prove that ^ (a;) = 2 cos {ax). 

<ff{X) 
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15. Apply Arbogast's method to find the first four terms in the expansion 
of 

(a + *j: + ex' + <&* + &c.)»*. 

Ans, a» + «a»»-i hx + ~ b^ + nae \a^-^x^ 

16. Prove that the expansion of . x can contain no odd powers of x. 

For if the sign of x bo changed, the function remains unaltered. 

X 

17. Hence, show that the expansion of contains no odd powers of x 

beyond the first. 

__ X X X e* ^ I ^ 

Hero + - = -. , .-. &c. 

e* — 122 ^— 1 

X 

18. If M = , prove that 

(J** — 1 

i\dx^-^ JK) 1.2 \dx^-' }q \dx jo 

and hence calculate the coefficients of the first five terms in the expansion of «. 
Here e*u = a; + «, and by Art. 48, we have 

f du n(n — i) d^u dHi \ d'*n . 

^ w + w— + -^^ -^-^ + • • • + J~ 1= 3-.' ••• &c- 

V dx 1 , 2 djc- dx» I dx» 

19. If = I - + - -;u« 1 a;^4- -3^ - . . . 

c*— I 2 1.2 1.2.3.4 1.2...0 

prove that 

6 30 42 30 

Those are called Bernoulli's numbers, and are of importance in connexion 
with the expansion of a large number of functions. 

20. Prove that 

(2?-,) +----^--(2* -I)--- 7(2«-0 + •• 



e^ -j- I 2 1.2 J. 2. 3. 4 I. 2. ..6 
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21. Hence, prove that 

= + &c. 

2 24 240 

22. Prove that 

2«5liJ*^ 24 7?oar4 26;?34-« 

4Ccota; = I &c. 

1.2 1.2.3.4 I. 2.. .6 

23. Also, tan- = B\x(i^- i) + (2*- 1) + &c. 

2 3.4 

24. Given u{u — x)^i\ find the four first terms in the expansion of » in 
terms of ar, by Maclaurin's Theorem. 

expand ^ in powers of x by the method of indeterminate coefficients. 

26. Prove, by (28), p. 75, that the harmonic series 

III I. ,-.**+',, 1, 
-+-+-+. . . -IS greater than log , and less than log m. 

234** * 

Hence show that the sum of the series becomes infinite when « = 00 . 

27. Show that the series 

X a'^ x^ iP* 
— + — + — + —+... 

im 2** 3"» 4*" 

is convergent when a; < i, and divergent when x> i, for all values of m. 

28. Prove the expansion 

/(*) ^ I /(«) i 1 r/w \ 

{* - «)» ^ (x) (a: - a)" 4> (a) {x - o)""-' rfa \^ (a)f 

I . 2 . (a; - a)«-2 \daj l^(a)J 

29. Find, by Maclaurin's Theorem, the first four terms in the expansion of 
(i + a:)* in ascending powers of r. 

Let /(ar; = (i-h x)', 
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/"'(*) = -r (*) (5 - ^» + 5*» - &c. ) + 2/'(x) (^ - I * + &c) - §y (.). 
Bttt, by Art. 29, /(o) - e ; 

.../'(o)=-f, /"(o)=^^ /•"(o)=-^- 

„ , ,- ^a? Ilea;* 7e _ _ 

Hence (i + a?)* = ^ + • -, a^ + &c. 

2 24 16 

This result can be Tcrified by direct development, as follows, 

1 
let tt = (I + a-)*, 

then log w = - log (i + a?) = i — + 4- ... , 

« 234 



2 3 3 

« X « .r ar .r 

'»3 4 _/>«23 4 



.*. M=s<J- * * =tf.^- 



r /« a?2 a;3 \ aj2/i a: «« \2 ar^ /i a? \3 "l 

L\2 3 4/2\2 34/ 2-3\2 3 / J 

r X 1 1 a:* 7;c3 ~J 

L 1 24 16 J 

30. In Art. 76, if f{x) and/'(ar) be not both continuous between the points 
P], P2, show that there is not necessarily a tangent between those points, parallel 
to the chord. 
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CHAPTER lY. 



IXDiynnOIlNATE FORMS. 



8g. Indeterminate Porms. — Algebraic expressions sometimes 
become indeterminate for particular values of the variable on 
which they depend ; thus, if the same value a when substi- 
tuted for X makes both the numerator and the denomirfator 

of the fraction -\-t vanish, then --t\ becomes of the form , 

and its value is said to be indeterminate. 

Similarly, the fraction becomes indeterminate if f{x) and 
^{x) both become infinite for a particular value of x. We 
proceed to show how its true value is to be found in such 
cases. By its true value we mean the litniting value which the 
fraction assumes when x differs hy an infinitely small amount 
from the particular value ichich renders the expression indeter- 
minate. 

It will be observed that the determination of the differ- 
ential coefficient of any expression /(ir) may be regarded as a 
case of finding an indeterminate form, for it reduces to the 

determination of '-^ — ^— ^ when h = o. 

h 

In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 

Examples. 

I. The fraction r-:^ ; r^ becomes of the form - when a? = <?, but since 

OX" — 2bcx + be* o 

O- (x — c^ a 

it can be written in the shape ~ r-, its true value in all cases is v. 

b{x — cy 
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X o 

2. The fraction , , becomes - when x = o. 

To find its true value, multiply its numerator and denominator by the eom- 
pUinentary surd, v a + a; + v « - Xy and the fraction becomes 

X (v a + a; + va - £\ a/ a + a; + va — x 
/ or ; 

2X 2 

the true value of which is v a when « = o. 

V «* + «a: + ir=* — v a^ - ^a; + a;* 

3. , when « = o ; 

V a+ a: — *»/ a — tc 
multiply by the two complementary surd forms, and the fraction becomes 

2ax { V a -\- X + *y a — a;} 
2x {v «'+ ax-\-x^ + va« — aj; •*-«*} 

a (v « + « + V « — x) 



or 



V a^ H- aa; + a;* + *y d^ — ax-^x* 



the true value of which evidently is v « when x — o. From the preceding 
examples we infer that when an expression of a., surd form becomes indeter- 
minate, its true value can usually be determined by multiplying by tho 
<Jomplomcntary surd form or forms. 

2X — \/ SX'-fl' . ^ I 

4. when X = a> Am. -. 

x~^2x*~d' 2 



a — •v/ «* — 



x'^ 



J. „ when .V = o. ,, — . 

^ X' '* 2a 

a sin — sin flO , o _ 

6. — ~ becomes - when 6 = 0. 

(cos 0- cos ad) o 

To find its true value, substitute their expansions for the sines and cosines, 
and the fraction becomes 

a [$ + . . . I - [od h . . . I 

\ y-2.3 / V 1.2.3 / 

^1.2 1.2 * 

■r(rt3-«)-f . . . 
o 

or 5:; ; 
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divide by 0' (a* - i), and since all the terms after the first in the new numerator 

a 

3 



and denominator vanish when = o, the true value of the fraction is - in this 



case. 

7. The fraction 

Aaie*^ + ^12^-^ + A'^x^-^ + . . . A^ 

OiiX** + aix*^-^ + . . . + a». " ^ 

its true value can, however, be easily determined, for it is evidently equal to 
that of 



becomes ~ when a; = 00 : 



Ai A 



. Ail -^2 
-4o + — + -;r + . . . 



X X^ 



X «' 



Moreover, when a; = 00, the functions — , —^... ... all vanish. Hence, 

X X^ X ' 

the true value of the given fraction is that of 

Aq , 
a5*»~» — when a; = 00 . 

The value of this expression depends on the sign of m — m. 

(i). If m > ff, x"»"« = 00 , when a; = 00 ; or the fraction is infinite in this 

case. 

An 
(2). If w ss If, the true value is — . 

(3). If m < », then a;»»'»» = o, when a; = 00 ; and the true value of the frac- 
tion is zero. 

Accordingly, the proposed expression, when a; = 00 , is infinite, finite, or zero, 
according as m is greater than, equal to, or less than «. Compare Art. 39. 

8. fi ss y^.r + « - *y X + hy when a? = 00 . 

Here « = , . — o when ar = 00 . 

V a: + a + v a; + 3 

9. V j;*+ «« — a?, when a; = «» . Am, - . 

2 

tf = a* sin f — I , when a; = 00 . 

» 

(i). Ifa<i, fl*=o when a; = 00, and therefore the true value of u is zero 
in this case. 

(2). If rt > I, then a' becomes infinite along with x ; but as is infinitely 

small at the same time, we have sin — = — . Hence, the true value 
of tt is c in this case. 



10 
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II. fi a A/a« -^* cot - r ~^ " of the form o x oo when x = a. 

Here »^ = V^^^ " ^^ 

« 

tr \a — x 
tan - \/ — 

but, when a - a; is infinitely small, 

IT la—x tr m-a; 

tan - V = - ^ 

3 ^rt-fic 2^flr-f-a; 



V a2 _ a-JJ ff J. X dff , 
,*. u t= ui^ = —». = -^ when a: = a. 



T la — 



V la — X ■"" 



a: sin (sin a:) — sin^a: , 
12. w = ^ T-^ , when x = o. 

Substitute the ordinary expansion for sin x, neglecting powers beyond the sixth, 
und u becomes 

{sin'a: sin*a?1 / a' aS>\- 



a^ 



x^ 

Hence, we get, on dividing by x^, the true value of the fraction to be — when 

i8 



X = o. 



(asin«^ + i3cos3 0)»-i3» , ^ ^ - o 

13. f* = ^ ^—^ , when a = iS. Ant. sin^ *. 

Similar processes may be applied to other eases ; there are, 
however, many indeterminate forms in which such processes 
would either fail altogether, or else be very laborious. 

We now proceed to show how the Differential Calculus 
furnishes us with a general method for evaluating indetermi- 
nate forms. 

90. Method of the Differential Calculus. — Suppose ' -) (- 

to be a fraction which becomes of the form - when x= a: 

o ' 

i. e.f(a) = o, and ^ («) = o ; 



Indeterminate Forms. 97 

substitute a +Afora; and the fraction becomes 

/(a + h) -f{a) 
f(a-¥h) h 

0(a + A) 0(a + A) -0(fir) 

but when A is infinitely small the numerator and denominator 
inthis expression become /'(a) and 0'(«), respectively; hence, 
in this case, 

fja^h) f{a)^ 

Accordingly, ,, { represents the limiting or true value of 

the fraction ^-t\. 

(i). If/' (a) = o, and 0' (a) be not zero, the true value of 
—^ 18 zero. 

(2). If/' (a) be not zero, and ^' (a) = o, the true value of 

^^-H- 18 00 . 

{3). If /'(a) = o, and 0' (a) = o, our new fraction ~j^ is 

(a) 

still of the indeterminate form -. Applying the pre- 
ceding process of reasoning to it, it follows that its 



true value is that of 



0" («)• 



If this fraction be also of the form -, we proceed to the 

next derived functions. 

In general, if the first derived functions which do not 
vanish be /(**) (a) and 0(") (a), then the true value of 

*(«) * ^"^ («) 

H 
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Examples. 



X BOLX 

cos a; 2 



IT 

Here /(«) = « sin « — , 

2 



(a;) = cos Xf 
.-./'(a;) = a? cos a? + sin a?, /'(-)=i> 

4»'(ar) = -sina?, ^'(^) =-i. 

Hence f*s= — i, whena? = -. 

2 

2. f# = -T r- when a? =» a. 

(a; - ay 

Here f(x) = ei«**-e^, 

(a:) = (a;]- «>, 
.-. f'{x) = m^««, /' (a) = !»«««. 

<^' (ar) = r [x — 'a)*"^, ^' (») is o or oo, as f> or<i. 

Hence the true value of u is oo or o, according as r > or < i. 

This result can also be arrived at by writing the fraction in the form 

- — 7 r-^ = — - — ^"»«, where hs=x — a; 

{x — a)*" A** 

hence, expanding e^ and making A = o, we evidently get the same result as 
before. 

a? — sin a? , 



3- 




^ ^ 


rnen « = o. 


Here 


f'{x) = I — cos X, 


/•(o) = o. 




<j,'(x) =r 3a;2, 




^' (o) = o. 




fXx) = sin.a:, 




/"(o)=o. 




^» = 6aT, 




f'(0)=0. 




/'"(a;) = cosa:, 




/"' (o) = '. 




r' W = 6, 




4> '" (o) = 6. 
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Hence, the true yalue is -, as can also be immediately aniyed at by substitating 

■X — 2" + ^^ instead of sin x, 
o 

«*— 1 
4. when x = o. Ans, log a. 

X 

^ ^^(ar)-««^(a) ^») + ^ («) 

It may be observed that each of these examples can be exhibited in the form 
00 — 00 , that is, as the difference of two functions, each of which becomes in- 
finite for the particular yalue of a; in question. 

91. Form o X 00 . — ^The expression f{x) x ^ {x) becomes 
indeterminate for any value of x which makes one of its fac- 
tors zero and the other infinite. The function in this case is 

'easUy reducible to the form -; for suppose /(a) = o, and [a) 
= 00 , then the expression can be written -^^, which is of 

the required form. 

Examples. 

vx 
I. Find the value of (i - x^ tan — when x^i. This expression becomes 

I —x 



cot —X 

2 



— X 2 

, thctoie yalue of which is — when a? = i, 

IT IT 



2* Sec X [x sin x ) , when x = —. 

\ 2/' 2 



IT 

X Sin a; — 



2 

This becomes — ^^-^ , a form already discussed- 
cos X " 

3. Tan (x — a) . log (x - a), when a?'= a. Ant, o. 

4. Coscc«j3x . log (cos ax), „ « = o. „ ^. 

92. Form ^* As stated before, the fraction ^^-j\ ^^ 

H 2 
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becomes indeterminate for the value a? = a, if 

/ (r/) = 00 , and ^ (a) = 00 . 

It can, however, be reduced to the form - by writing- 
it in the shape i 



I 



The true value of the latter fraction, by Art. 90, is that of 

Now, suppose A represents the limiting value of ; ( 
when X = a^ then we have 

that is, the true value of the indeterminate form ^ is found 

in the same manner as that of the form -. 

o 

In the preceding demonstration, in dividing both sides of 
our equation by -^, we have assumed that A is neither zero> 
nor infinity ; so that the proof would fail in either of these 
cases. 

It can, however, be completed as follows : — 

Suppose the real limit of ^^A-l to be zero, then that of 

• ^ ^ — 7-^ — - is ky where k may be any constant ; but as the 

* W . .... 

latter fraction has a finite limit, its value by the preceding 

method is 

7¥) wr ' 
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zero, 



therefore, ,^ { = o ; i. e. when A is zero, ,) { is also 
and vice versa. 

Similarly, if the true value of * ; [ be infinity when a? = a, 
then ^/ ( is really zero; we have therefore J^. { =o, by what 
has been just established, .•. , \ { = oo . 

Accordingly, in all cases the value of ' f \ { * determines 

that of ' \ { for either of the indeterminate forms - or S- 
^ (a) o 

93. Indetenmiiate Expressions of the Form [f{x)) I^^K 
Let w = {/{x) } *5'^ then loff w = ^ {x) logf{x). This latter 
product is indeterminate, whenever one of its factors becomes 
jzero and the other infinite for the same value of x. 



♦ On referring to Art. 69, tlie student will observe that "^-77-^ is of the form 

^ whenever ,{ = ^, so that the process given above would not seem to 

jiflsist us towards determining the true value of the fraction in this case ; how* 
<ever, we generally find a common factor, or else some simple transformation, by 

which we are enabled to exhibit our expression after differentiation in the form - . 

For example, . . is of the form =^ when a; = - ; here /' {x) 

log (.-y 

« sec ^x* ^' («) = — ^ , and the fraction , '^ is still of the form — , but it 

3 

ir 

*"7 o 

•can be transformed into , which is of the form - ; the true value of the 

cos'ji; o 

IT 

latter fraction can be easily shown to be — m when x^- • 

2 

In some instances an expression becomes indeterminate from an infinite value 
•of X. The student can easily see, on substituting- for x^ that our rules apply 
•equally to this case. 
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(i). Let {x) = o, and log [f{x) } = ± oo ; the latter re- 
quires/fa;) = 00 , OTf{x^ = o. 
Hence, [f{x)] *^'^ becomes indeterminate when it is of 
the form o°, or oo ®. 

(2). Let ^ (a?) = ± 00 , and log {/(a?) } = o, ot/{x) = 1 ; this, 
gives the indeterminate forms 

I* and !"• . 

Hence, the indeterminate forms of this clcuss are 

o^ 00°, and I*- • . 

Examples. 

I. (sin a?)*" * is of the form 0®, when « = o. 

■-» , •» , . X logfsin x) 

Here log i* = tan x log (sm ») ■ — . 

COti X 

The trae value of this fraction is that of 

cot* . , 

a — COS Bin jT, or o when 0:= o. 

■^cosec^d? 

Hence, the yalue of (sin x)*^''ss (O . i at the same time.'] 

a. (sin «)*«»», when a? = — . 

a 

This is of the form i* , hut its tme yalue is easily found to he unitj.. 

I 

»«o. 






Here log u m 



W 



. ^ tana; «* . . 

hut, =5 1 + — + «c. 

* 3 



...log a log (i+— + &c.) » -+&C. 

« \ 3 / 3 

Hence, the true value of log « is - when jt = o, and accordingly, the value of m i» 

3 
d at the same time. 
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- (-9' 



▼hen « = o. 



Ut .=£, then log »-?2i^i±^\ 

z z 

.*. by Alt. 9a, the traeyalne atlof;u when « s 00 is that of ^ or is zero. 

Henoe, the yalae of « is i at the same time, 

5. I I + -J when a? = 00. 

Let * = I, then log. = ^°g<'-^'"> . 

i z 

the true yalue of which is a when z is zero. 

Hoice, the true yalue of n is ^ ; as also follows immediately from Art. 29. 

/l\tea« 
o. I- 1 .when 9 = 0. Ana. i. 



(r- 



i'-f) 



*»»when = «. " » 



94. Ckmipound Indetenninate Forms. — ^If an indeterminate 
fonn be the product of two or more expressions, each of which 
becomes indeterminate for the same value of x^ its true value 
can be determined by considering the limiting value of each 
of the expressions separately ; also when the value of any in- 
detemmate form is Lown,^lLt of any power of it oa^ be 
determined. These are evidient principles: at the same time 
the student will find them of importance in the evaluation of 
indeterminate functicms of complex form. We will illustrate 
their use by a few elementary applications. 

Examples. 
I. Find the value of 

«i»{sm«)tan» (JLZ_?£.A whena?=-. 
\a Bin 2xJ a 

Theyalaeof«>»is f-j ^ and that of (sin jp) ^ • is unity^ see p. 102. 
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Again, — : becomes — : on substitutinff — « for *: henoe its true 

2 sin 2a; 2 sin 22 ^2 

value is - when « = o. 

2 

Accordingly, the true value of the proposed expression whenx =- is — -^ . 



2 2* 



2. — when * = 00 . 



X 



This fraction can be written in the form / -^ ] ; the true value of fL by the 



eV e"" 



method of Art. 92, is that of --^; but the value of the latter fraction is zero 



-«•• 
n* 



when a; ~ 00 ; hence, the true value of the proposed function is also zero at the 
same time. 

3. t< = jT** (log a;)"*, when a; = o, and m and n are positive. 



Here u = («« log a:)"», 

is of the form ^ when * = o ; 



^5?-? is of the form^ 

I 



n 



its true value is that of _ > ®^ • 

m 

Hence, the true value of the given expression is zero. 

This form is immediately reducible to the preceding, by assumiag a^ = e y. 

4. « = — -when a? =00, 

a \^ 
Here u = 1 ^-m 1 » 

but if d > I, and n>tn, l^^ = 00 when x = 00'. Consequently the value of « 
is of the form o^, or is zero in this case. 



Again, if m > n, ^ so when x= 00 , and the true value of » is 00 . 
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a *• 

u = — J- when a? = o. 



Let X = -, and this fraction is immediately reducible to the form discussed 
in the preYious example. 

^ (.-coB»:Hlog(r + x)}« ^ ^ ^^ 1 

(l + «)*-« . 

7. « = ^ , when x = o, 

X 

From Art. 29, this is of the form - ; to find its true value, proceed by th» 



method of Art. 90, and it becomes 

1 f x-(i-^-x)\o^{i+x) \ 

^'^^^\ iH^T^) > 

Again, substituting for (i + x)* its limiting value e^ we get 



f a:~(l-f a;)log(l-f a?) -} 



the troe value of which is readily found to be — when x^o. Compare Ex. 



29, p. 91. 
8. 



#«*— I fflsina?— sin«a?1'» 

—: "S ^, r r > when a? = o. 

sin a; I t^ (cos a; — cos 0^) J 



fn*— I 

The true value of — : , when a? = o, is logm, 

sin X 

^A4x.j.^ ' «sina?-sinaj? , 

wd that of — -, when a: = o, 

a?(cosa? — cos<M?) 

iias been found in Example 6, Art. 89, to be - ; hence the true value of the given 



iipreflsioD, when a; « o, is f- j logm. 



io6 
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Examples. 



X. 



cos 2:9 — cos 920 

^/a + aj — \/2x 
V a + 3a? — 2 V » 



3. 



6. 



n+i 



e* — e-' — 2a: 



I — sin a; + cos a; 

7. ^t , 

sin* + cos a?- I 

tan a; — sin a; 



8. 



sin'a? * 



(gg - ggy + (g - a;)i 



10. 



II. 



12 



»3- 



aritana; 
(^ - I)*' 

«"^*— a 
log sina;' 

. — cot I - 1, 

»»+ 2C08a?— 2 



14. 



fa; + Bm2a;— 68in- j 
{4+ co8a?-5COB-j 



? 



▼hen » = a. -4iw. ttH- 



a? = 0. 



a: = «. 



« = a. 



« = - I. 



a: = o. 



IT 

a: = — . 

2 



a? = o. 



a; = a. 



a? = 0. 



IT 

a? = — . 

2 



a; = o. 



a? = o. 



* = 0. 



«"•• 



00. 



v^ 



■-©• 



I 
3 

I. 

I 
a 



V 2a 



I. 



nlogg* 



o. 
I 

1 2-* 



8 



(?)■ 
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15 



^/ 



2, + COS ao; — sm d; 



X81I124r + «C0S« 



▼nen a? = - . ^w. -^^ . 

a 3ir 



16. 



tanna — tanara ' 



17. 



tanna; — n tan a; 



I — cosifia;* nansf — sixma;' 



a; = 9t. 
ffA-i (/} cos f»J — sin fta) C06*n<r. 



«B0. 



m 



2* 



(anna; — sin 2a;)* 
(seoa; — coaixjr 

19. «^, 



20. 



21. 



(«- y) { ^'(») + ^'(y) } - 2^(a;) + 2^y) 



(*-y)' 



a; log (1+ a;) 
i-cosa? ' 



1. 
22. a;.^, 



a^B o. 



aj= I. 



a; = y. 



a;sso. 



arso. 



I 
6 • 



3. 



^^* log(l+a:)» 



«a?— I 



^4' ««j "*"'. — T"' 

log (tan 2a;) 
^^' log(tan»)' 



a; = o. 



a; = o. 



» = o. 



2. 



I. 



26. 



^ + log(i~a;)— I 
tana; — « ^ 



4P = 0. 



I 

^ • 

2 



a?- 



tan-i vJjlfLcos^ cos^, 



<i-m)Vi-«i« 



m 



I— m 



m=t. 



cos 3^ 



2S. 



log (i + a; + a;8) + log {i-x+afl) 



aE s o. 



sec«— cosa; 



I. 



^- ( 5; )'' 



a;=:o. 



01 03 . • • tfn* 
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log a;\ X 



^- (T')-. 



wlicn jp = 00 . Ant, i. 



h «x 



'a ii« 

31. ^ , « = o. — . 

•* «« ' 24 

eina?- log(d*co8a:) I 

32. ^^- .^ 0^ = 0. -. 



33- ^'^('+^) - 'a;'log^i +^j, 



a?* — a? 
I — a; + log a? 



log(i+a?) * 



d /ax^ + da; + tf\ 
<fa; \ «ia; + ^1 / ' 



a; = 00 



a? = 00. 



8' 



I - a; + log a; 
34. / - , ^=1- -'• 

I -^ *y 2x — x^ 



X = I. 00 . 



X* ^ X 

36. z , « = I. - 2. 

i-a; + loga; 

co8ar~log(i+»)+dna; - 1 

37. . ' > ■' , X =0, o. 



f* + sin a? — I 
38. — ^ — T r— , a; = o. 2. 



^— e~*— 2x 
d /ax^ + hx + e\ a 



ai 



a-x-alogf^) 

4^- . ^""^ , x = a, -I. 

a —y 2ax — a?' 

tan (a + a:) — tan {a — x) i + a* 

tan"^ (a + a?) — tan-i (a — a?)* "" • cos*a* 

«® — 3« + 2 
^3- a^_6;jH8«-3' *='• 
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10^ 



44. (sin «)■*»»*, 



when X = o. Ans, i. 



sec" a? , 
45. — - — , wnere w > i, 



IT 

a; = — . 

2 



00 



tan« 

46. (sin^r) , 



IT 

a:= — . 

2 



47. Find the yalue of 

(a;-y)a»+(y-«)a;'»+ (rt-a:)f/»» 



{x-i/)(j/-a) («-ar) 



when X = y = a. 



n,n-i 
1 .2 



«»»-2. 



Snbetitute a + A for ^, and a + ^ for y, aad after some easy transformations we 
get the answer, on making A = o, and k — o. 



4S. 



X + tan X — tan 2a; 
2i; + tan x — tan 3a;' 



a; = o. 



2. 
26" 



49 



50. 



a? + sm a? — sin 2a: 
2d; + tan x — tan $x* 

*y X — V a + V a; — a 



V^a;2- 



ar = 0. 



x — a. 



z2 

52' 



y 



2a 



a; — sm a? tan x 

3 3 

^'- ^ — • 



a; = 0. 



20 



( no ) 



CHAPTER V. 

PARTIAL DIFFERENTIAL COEFFICIENTS AND DIFFERENTIATION 
OF FUNCTIONS OF TWO OR MORE VARIABLES. 

95. — Partial 'Differentiatioii. — ^In the preceding chaptars 
we have regarded the functions under consideration as depend- 
ing on one variable solely ; thus, such expressions as 

e"^, sin hxy a^j &o., 

have been treated as functions of x only ; the quantities a, J, 
My , . . being regarded as constants. We may, however, 
conceive these quantities as also capable of change, and as 
receiving small increments ; then, if we regard x as constant, 
we can, by the methods already established, find the differen- 
tial coefficients of these expressions with regard to the quan- 
tities, fl, 6, m, &c., considered as variable. 

In this point of view, ef^ is regarded as a function of a as 
well as of .2?, and its differential coefficient with regard to a 

is represented by ^ \ or x e^hy Art. 30 ; in the derivation 

of which X is regarded as a constant. 

In like manner, sin {ax + by) may be considered as a func- 
tion of the four quantities, x, y, «, 6, and we can find its diffe- 
rential coefficient with respect to any one of them, the others 
being regarded as constants. Let these derived functions be 
denoted by 

du du du du ,. . . , . 

-7- , -7- , -T-, -77, respectively, where u stands 
dx dy^ da db ^ "^^ 

for the expression under consideration, and we have 

— = fl cos (ax -v by), — = 6 cos (ax + by), 

du , I \ ^^ f I \ 

— = iP cos (ax + byjy -17 = y cos (op + by). 
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These expressions are called the partial differential coefficients 
of u with respect to ^, y, a, b, respectively. More generally, 
if 

denotes a function of three variables, Xy y, z^ its differential 
coefficient when x alone is supposed to change, is called the 
partial differential coefficient of the function toith respect to x ; 
and similarly for the other variables y and z. If the function 
be represented by Uy its partial differential coefficients are de- 
noted by 

du du du 

dx' dy' dz' 

and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 





Examples. 


I. 


u = (or* + 5y« + cz'i)^. 


Here 


— = 2nax (ax^ + ^* + e^)^\ 
dx 








du 
dz 


:2. 


. , X 

u = sin-^ - . 

y 




du I du ~ X 




dx ^y%^x'i dy y^y^^x^' 


3- 


du du 


4- 


n = x'^^ {xy)y 




du 

— = 2Xip (xy) + aJ2y^' {xy). 




J =^^' Cory). 
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96. Differentiatioii of a Function of Two Variables. — Let 
t/ = (a, y)y and suppose x and y to receive the increments: 
hy ky respectively, and let At* denote the corresponding incre- 
ment of Uf then 

Aw= (^ + /i,y + *)-0(^,y) 

= (a? + A, y + A) - (^,y + A) + {x,y + k) ~0 (^, y) 

h k 

If now h and k be supposed to become infinitely small^ 
by Art. 6 we have 

(^ + h,y + k) - {x, y +k) d . fj) (jt, y + k) 



and 



h dx 

(^, y + k) - (^, y) ^ e^. (a?,y) 



In the limit, when k is infinitely small, (^, y + *) be- 
comes {xy y), and 

'f-t'i^'y + f^) becomes ^^1^^^; 

hence we get, neglecting infinitely small quantities of the second 

ordery 

du . du , 
* du = -rr h +-7- ky 

dx dy 

where h and k are infinitely small. 

If dxy dyy be substituted for h and A", the preceding be- 
comes 

. du . du . , . 

In this equation du is called the total diffe^^entiul of «/, 
where both x and y are supposed to vary. 

The student should carefully observe the different mean- 
inga given to the infinitely smaU quantity du in this equation* 



I 
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Thus, in the expression — dx^ du stands for the infinitely 

small change in u arising &om the increment dxmx^y being 

du 
regarded as constant. Similarly in — dj/y du stands for the in * 

finitely small change arising from the increment dy in y, x 
being regarded as constant. If these partial increments be re- 
presented by dxUy dyUy the preceding result may be written in 
the form 

du = dxU + dyU. 

That is, the total increment in a function of two variables is 
found by adding its partial increments, arising from the diffe- 
rentials of each of the variables taken separately. 

Examples. 

I. Let a; s r cos 0, in wHch r and 6 are considered variables, to find the total 
difoential of 9. 



Here 


dx dx 

-=- = cos ft ^- = - r sin «. 

dr de 


1 

Hence 


dx = 00a e dr — r erne de. 


2. 




Here 


du 2» du 2y 




,\du = ^dx + ^ dy. 


3- 


M s ^ f - J. Let - = «, then « = 4) (r), 




du du dz \yf 


dx~ dzdx~ y ' 



du dudz _^ \y/ 

d^'^ Otdy" y* 
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Again, multiplying the former of the two preceding equations by x, and the lat- 
ter by y, and addmg, we get 

du du 
dx dy 

97. Differentiation of a Function of Three or more Va- 
riables. — Suppose 

and let A, A,^ / represent the infinitely small increments in x, 
y, Zy respectively ; then 

At< = ^ (a? + A, y + A-, er + /) - ^ (^, y, ;?) 

^ » ( J?+ ^, y + A;, ^ + /) - (a?, y, + hz-\-t) ^ 

h ^ 

. »(^,y>+^ig + O-0(^>y> ^+^y. . »(^>y>^ + 0-»(^,y,2 ), 
+ -j^ ' k + /, 

which becomes in the limit, by the same argument as before, 
when dxy rfy, dzy are substituted for A, ky l, 

du ^ du ^ du , 

Or, the infinitely small increment in t^ is the sum of its 
infinitely small increments arising from the variation of each 
variable considered separately. 

A similar process of reasoning can be easily extended to 
a function of any number of variables ; hence, in general, if 
w be a function of n variables, a?i, x^y a?3, . . . a?„, 

du ^ du , du , 

dxi dXi dxn ^^' 

98. If 

u =/{«?, w) 

where «?, tr, are both functions of Xy then from Art. 96, it is 
easily seen that 

du _ df{vy w) dv df[Vy w) dw 
dx dv dx dw dx* 
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This result is usually written in the form 

du _ du dv du dw 
dx dvdx dwdx ' ^ ' 

In general, if 

«* = *(yi>y2, . . . yn), 

where yi, 2^2, .. . yn> are each functions of a?, we have 

du du dyi du dyi du dyn , v 

dx dyi dx dy% dx ' ' ' dyn dx ' 

Also, if yi, y%^ &o., yn^ be at the same time functions of 
another yariable s, we have 

du du dyi du dy^ ^ du dyn 
dz dyi dz dy% dz ' dyn dz^ 



and^so on. 






Examples. 


I. Let 


•#«^(Z,r), 


where 


X = ax+ bi/f r = a'x + b'y; 


then 


du du dX du dY 
dx~ dXdx^ dYdx* 




du du dX du dY 
dtf" dXdtj^ dYdy' 


])at 


dX dX . dY , dY „ 
dx ^ dy dx dy 


Hence 


dtk du ^ ^, du 
dx" "^ dX^ ^ dY 




du du du 



2. More generally, let 

where X=ax + hy-\- ez, 

Y=(^x + h'y-\-<fZy 

I 2 
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When these substitations are made, u becomes a function of x, y, z, and we 
hare 

du du ,du „du 

— = a — + «' 1- a" — , 

dx dX dY dZ' 

du .du ,,du ,„du 

— = h — + b' — + b" — , 
dy dX ^ dY dZ' 

du du ,du „du 
ds dX^ dY dZ 

3» If « =s ^ (o - i8, i8 - 7, 7 - o), to prove that 

du du du 
da, d$ dy 



Let 


o~/3 = ar, /3-7 = y, 7-0 = 2, 


.1 


du dudx dudz du du 


then 


da dxda dzda dx dz* 


Similarly 


du du du du du du 
d$ dy dx* dy" dz dy* 




du du du 



99. Definition of an Implicit Function. — Suppose that r/y 
instead of being given expKcitly as a function of ^r, is deter- 
mined by an equation of the form 

/(^, y) = o, 

then t/ is said to be an implicit function of x ; for its value, or 
values, are given implicitly when that of x is known. 

100. Differentiation of an Implicit Function. — Let A* 
denote the increment of y corresponding to the increment 
hiax, and denote /(a?, y) by u. 

Then, since the equation f{x, ^) = o is supposed to hold 
for all values of x and the corresponding values of y, we 
must have 

f{x + A, y + A) = o. 

Hence du = o, and accordingly, by Art. 96, we have, 
when h and k are infinitely small, 

du . du . 
-rrh + -7- a; = o; 
dx dy 
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du 

lience in the limit, t = -l^ = — 7-- (6) 

h dx du ^ ^ 

dy 

This result enables us to determine the differential co- 
•efficient Gf y with respect to x whenever the form of the 
-equation /(a?, ^) = o is given. 

In the case of implicit functions we may regard x as 
being a fimction of y, or y a function of a?, whichever we 
please — in the former case y is treated as the independent 
variable, and, in the latter, x : when y is taken as the inde- 
dendent variable, we have 

du 
dx ^ dy ^ I 
dy du dy ' 

dx dx 

This is the extension of the result given in Art. 20, and 
might have been established in a similar manner. 



Examples. 

dy 

1. re* + y3 — laxy = c, to find ^-* 

ax 

Here ^ = 3(«*-«y)» ^ = 3(y'-«^), 

dy_ x^-ay 
dx ax — y^' 

2. — + ^ = I, to find /. 

am ^m ttX 



du mx^'^ du tny^'^ 
dx «"» ' dy b*^ 



dy _ /^\"*"V*\"* 
' •'•5i" [y) \a) ' 



X 



, , dy y/ xlogy-y \ 

logy -ylogx = o, ■^- = - ( —, I • 

®^ ^ ^ dx x\ylogx-x/ 



1 01. If w = ^ (^, y), where x and y are connected by the 
equation /(a?, y) = o, to find the total differential of u with 
respect to x; y being regarded as a function of x. 



ii8 
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Here, by Art. 98, we get 



Also, 



du d^ d<tt dy 
dx dx dy dx 



dx dy dx 



dtf 
Hence, eliminating —^ we get 



d<^ df df di^ 
da dxdy dx dy 
dx df 

dy 



(7) 



This result can also be written in the following deter 
minant form 

dip dip 

dx^ dy 
dx^ dy 



du 
dx 



d£ 
dy 



More generally, let w = ^ (a?, y, 2), where ir, y, s, are con 
nected by two equations 

/i(^, y> ^) = o, A{ix!, y,z)=o, 
then, as in the preceding case, we have 



and also 



du _ d^ d<p dy dip dz 
dx dx dy dx dz dx^ 

dfx dfxdy dfx dz ^ 
dx dy dx dz dx ' 

dx dy dx dz dx ' 
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Henoe, we get 










dtp dtfi di^ 
dx* dy* dz 




dA df, df. 




dx* dy* dz 




dfi dfi dfz 


du 


dx* dy* dz 


dx 




#1 df. 






dy* dz 






df% dfz 






1 


dy* dz 





(8) 



This result admits easily of generalization. 

102. Euler's Theorem of Homogeneous Functions. — If 



where 



u = AxPy^ + BxP'y^' + Cx^'y^'' + &o. 
^ + g' = y + / = y + /' = &o. = w, 



to prove that 



du du 
x-z- + y-T- = ^w. 
dx dy 



(q) 



du 
Here x— = Apx^y^-^Bp'x^y^ + &Q. 

CvX 

y ^- = AqxP y^ ■{■ Bg" x^ y^ ■{■ &0. 
ay 

.\ x-^ + y J--- A{p + q)xPy^-{-B{p'-¥^xP'y^' -^Sic. 

= nAx^y^ + nBxI'^y^ + &o. = nu. 

Hence, if « be any homogeneous expression of the n'* 
degree in x and y, not involving fractions, we have 

du du 

x-r- + y-T- = ^^« 
dx dy 
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Again, suppose « to be a homogeneous function of a 

fractional form, represented by — ; where ^1, ^ are homo- 

geneous expressions of the «^* and m*^ degrees, respectively, 
in X and y, then from the equation 

92 

, du dx ^^ dx 

we have -7- = , . , > 

ax ((pi) 

dtp I d<p2 
1 ^^ „ fl?y ^^ d^ 

dy^ (0^P ' 

accordingly we get 

du du _ ^ V dx ^ dy ) ^ \ dx ^ dy , 
dx dy (^2) 

but, by the preceding, 

- du du W01 02 - fn6i 62 

hence ^-r + y^- = ^/ xo 

fl?ir ^ fl?y (02)* 

= (n - m) — = (w - w) w : 

02 

which proves the theorem for homogeneous expressions of a 
fractional form. 

This result admits of being established in a more general 
manner, as follows. 

It is easily seen that a homogeneous expression of the n'* 
degree in x and y, since the sum of the incfices of x and of y 
in each term is w, is capable of being represented in the 
general form of 
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Accordingly, let u = af^<p(-] = ofv^ 

where f? = ^ f — 

Then -=- =naf^^^v + af^-r-, 

ax ax 

du dv 
dy dy' 

multiply the former equation by x^ and the latter by y, and 
add, 

., du du ^ ^f dv dv\ 

then ar-T- + V-— = nx'^v + x*^{x-r + y-r- • 

dx ^ dy \ dx ^ dyj 

But (by Ex. 3, p. 113), 

dv dv 
dx dy 

TT du du ^ 

Hence x-z- + y-r- = nsf^v = nu, 

da dy 

which proves the theorem in general. 
In the case of three variables, x, y, z, 

suppose u = Ax^y^z^, then we have 

a?— = ApxPy^:2fy y-j- = Aqx^y^z*"^ ^T ^ Arx^ypify 

if 

du du du .. N « ^ - / ^ 

^''X—-¥y—+z— = A{p-\-q + r)xPy9z''=[p^-q-\-r)u) 

and the same method of proof can be extended to any 
homogeneous function of three or more variables. 

Hence, if t« be a homogeneous function of the n'* degree 
in Xy y, Zy we have 

du du du / V 

dx ^ dy dz 
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It may be observed that the preceding result hdds also 
if w be Q, fractional or negative nimiber, as can be easily seen. 

This result can also be proved in general, by the same 
method as in the case of two variables, from the considera- 
tion that a homogeneous function of the w** degree in a?, y, s 
admits of being written in the general form 

or in the form 

u = af^(l>{Vy w)y where t? = -, and w ^-. 

Proceeding, as in the former case, the student can show, 
without difficulty, that we shall have 

du du du 

a?^-+V-7-+s-^ = nu. 
dx "^ dy dz 

Another proof will be found in a subsequent chapter, along 
with the extension of the theorem to differentiations of a 
higher order. 

Examples. 

Verify Euler's Theorem in the following cases by direct differentiation : — 

a?' + y^ du du cw 

I. f* = r^; prove x 7- + y 3- = — • 

(a: + y)i dx ' dy 2 

x^ + ««*y + hy^ du du 

a,x^-\-b',y^ dx dy 

. , «' — y* du du 

3. w = Bin-i-- ^, „ a'3- + yT" = °- 

x^ +y^^ dx "^ dy 

(a^—y^\ du du 

103. Theorem. — ^If ?7'= t^o + ^1 + t*2 + . • • + «*••> 

where Uq is a constant, and Wi, W2, . . • «^n> ar© homogeneous 
functions of x, y, z^ &c., of the ist, 2nd, . . . w^* degrees, res- 
pectively, then 

dU dXT dXT . . 

ana ay az 
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For, Vy Xioler's Theorem, we have 

dUr dUr dUr o 

dx ^ dy dz ' 

sinoe Ur is homogeneous of the r^^ degree in the yariables» 
Cor. If J7 = o, then 

dTT dXI dTT , ^ , ^ 

a? ^ + y 3" + '^T' * • * "^ "" {^'•>-i + 2W,»^+... -\-nuo}. (12) 

ThisfoUows on subtracting 

nt^o + nui + . . . + nUn = o 

from the preceding result. 

104. Bemarks on Euler's Theorem. — In the application of 
Euler's Theorem the student should be careful to see that the 
functions to which it is applied are really homogeneous 
expressions. For instance, at first sight the expression 

sin"^ ( 15 — i ) °^gtt appear to be a homogeneous function in 

X andy ; but if the function be expanded, it is easily seen that 
the terms thus obtained are of different degrees, and conse- 
quently, Euler's Theorem cannot be directly applied to it. 

However, if the equation be written in the form —, — ^ 

= sin «, we have, by Euler's formula, 

d sm u d sin u sin u 

X h y = , 

dx dy 2 



O' «^sw a? — + y:7- = ^ , 



du du\ sin u 



, du du tan u i ^ + y 

nenoe ^ t'^Vt ~ 



dx ^ dy 2 2 ^/[oi^ + y^f - (a; + y)** 
When, however, the degrees in the numerator and th& 
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•denominator are the same, the function is of the degree zero, 
And in all such cases we have 

du du 
dx ^ dy 



hx 



//pj _|_ -j/iX X ■\' y 
For example, sin~M -7 — --: ), tan"^ -^ e^, &o., may be 

treated as homogeneous expressions, whose degree of homo- 
geneity is zero. The same remark appUes to all expressions 

which are reducible to the form ^f- ) 5 as already shown in 

Ex. 3, Art. 96. 

105. If ic = r cos 6, y = r sin 6, 

to prove that xdy - ydx = r^dO. (13) 

In Ex. I, Art. 96, we foimd 

dx = cos Qdr - r sin QdO^ 
similarly dy = sin Qdr + r cos Odd, 

Hence xdy = r cos sin Odr + r* oos*6rf0, 

ydx = r cos 9 sin Qdr - r* sin' OdO^ 
.*. xdy - ydx = r* dO. 

106. If X and y have the same values as in the last, to 
prove that 

{dxy + {dyY = (dry + r" [dd)\ (14) 

Square and add the expressions for dx, dy, found above, 
and the required result follows immediately. 

The two preceding formulae are of importance in the theory 
of plane curves. 

107. // t^ = flar* + hy'^ + cz^ + 2fyz + igzx + zhayy^ 

to find the condition among the constants that the same values of 
J?, y, z should satisfy the three equations 

du du du _^' 

dx ^ dy ^ dz ' 
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Here -j- = zax + 2hy+ igz = o, 

-7- = 2hx + 2by+ ifz = o, 
dy if J ^ 

du ^ 

— = igx + 2jy + 2cz== o. 

Henoe, eliminating x^ y, z between these three equations, 
the required condition is 

abc - qf^ - bg^ - ch^ + 2fgh = o ; 
or, in the determinant form, 



a h g 
h b f 
9 f c 



= o. 



The preceding determinant is called the discriminant of the- 
quadratic expression, and is an invariant of the function ; it 
also expresses the condition that the conic represented by the 
equation « = o should break up into two right lines. (Sal- 
mon's Conic Sections, Art. 76.) 

The foregoing result can be verified easily from the latter 
point of view ; for, suppose the quadratic expression, w, to be 
the product of two linear factors, X and Y\ 



or 



11 = XF, 



where X=lx + iny -\-nZy Y= tx + vfiy + n'^. 



then 



dx dx dx 



— -X— Y — 
dy " dy dy 

*f = X— F— 
dz dz dz 



in'X-\- mYj 



= n'X + nY. 
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Here the expressions at the right-hand side become zero for 
the values of ir, yzy which satisfy the equations X=o, 1^=0, 

or Ix + my + nz = o, tx •\- niy + v!z = o. 

Hence in this case, the equations 

du du du 

are also satisfied simultaneously by the same values. 

We shall next proceed to illustrate the principles of partial 
differentiation by applying them to a few elementary ques- 
tions in plane and spherical triangles. In such cases we may 
regard any three* of the parts, a, 6, c, -4, -B, (7, as being ind^ 
pendent variables, and each of the others as a function of the 
three so chosen. 

io8. Equation conxiecting the Variations of the three 
Bides and one Angle. — If two sides, a, d, and the contained 
angle, (7, in a plane triangle, receive indefinitely small incre- 
ments, to find the corresponding increment in the third side c. 

We have c' = a* + J* - lah cos C 

.*. cdc= {a-h Qos C) da-\- {h - aoG^ C) db -^ah ^m CdC^ 
but a = ft cos (7 + c cos 5, i = a cos (7 + c cos -4. 

Hence, dividing by c, and substituting csin jB for b sin C, 
we get 

dc = cos JBda + cos Adb + a sin BdC. (15) 

Otherwise thus, geometrically. 

By equation (2), Art. 97, we have 

dc = -=-da+-:p:db+ -rpidC. 
da db du 



* The case of the three angles of a plane triangle is excepted, as they are 
'CquivaleBt to only two independent data.^ 
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dc 
Now, in the detennination of -7- we must regard b and C as 

constants; accordingly, let us sup- 
pose the side CB, or o, to receive a 
small increment, BB^ or Aa, as in the 
figure. Join AB^ and draw B^B per- 
pendicular to ABp produced if neces- 
sary ; then, by Art. 37, AB^ = AD B^ 
when BB^ is infinitely small, neglect- , 
ing infinitely small quantities of the 
second order. Fig. 4. 

Hence 

Ae = AB'-AB=AJ)-AB=^BBy 

dc T -x i! ^^ ^^ -n 

.'. -7- = limit of -— = -=r=v = COS B. 
da Aa Bn 

. . efc 

Similarly, ^ = cos -4 ; which results agree with those arrived 

«t before by differentiation. 

dc 
Again, to find -^. Suppose the angle C to receive a 

small increment A (7, represented by 
BCB^ in the accompanying figure, 
take CB> = CjB, join Aff^ and draw 
jB2> perpendicular to Aff. 

Then » 

Ac * AS-AB^SB (in the limit) 

= BB cos ASB = BS sin ABC (q.p.) Fig. 5. 

Also, in the limit, BS = JB'(7sin BCB^ = aAC. 

Hence ^ = limiting value of — ^ = a sin 5 ; 

the same result as that arrived at by differentiation. 

In the investigation in Fig. 5, it has been assumed that 
AlB - AD is infimtely small in comparison with BB \ ox \Xi^\> 
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AB- AT) 

the fraction ^^r — vanishes in the limit. For the proof 

of this the student is referred to Art. 37. 

When the hase of a plane triangle is calculated from the 

observed lengths of its sides, and the magnitude of its vertical 

angle, the result in (15) shows how the error in the computed 

value of the base can be approximately found in terms of the 

small errors in observation of the sides and of the contained. 

angle. 

dC 
108. To find -7-3 when a and are considered Constant. — 

dA 

In the preceding figure BAB^ represents the change in the 

angle A arising from the change A (7 in (7; moreover, as tha 

angle A is diminished in this case, we must denote BAS by 

- A-4, and we have 

^ A BAA ABAA cAA 

sin AffB cos B cos B' 

Also BS^aAC, 

dC AC .. ,, -. ... c . ,. 

.-. ^ = ^ (in the limit) = - ^^^. (,6) 

This result admits of another easy proof by differentiation.. 
For a sin 5 = i sin -4 ; 

hence, when a and h are constants, we have 

a QOsBdB = b 00s AdA ; 

also, since -4 + -B + (7 = tt, we have 

dA + dB + dC= o. 

Substitute for dB in the former its value deduced from th& 
latter equation, and we get 

{a co&B + b QOsA) dA = - a oosBdC; 

or cdA = - a 00s BdC^ as before. 
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1 10. Sqiiiation coxmeetiiifir the Variatioxui of two Sides and 
the opposite Axigles. — ^In general, if we take the logarithmio 
differential of the equation 

aojxB = banAy 

regarding a, i, A^ B, as variables, we get 

da 'dB dh dA . 

a "^tan-B" h "^tan^l* ^^^' 

111. linden's Transformation. — ^The result in equation 
(16) admits of being transformed into 

dA dC 



a oobB c 
but 

c = v^a* + 6* - zab cos C; and a oos £ = y^a' - 6' sinM. 

Hence we get 

dA dC 



y/a* - 6'sin *-4 -s/a* + 6' - zab cos O 

If C7 be denoted bj 180^ ~ 2^1, the angle at A by <pj and 
- by k, the preceding equation becomes 

dtp 2d<l>i id^i 



v^i - A* sin *^ -v/i + 2k cos 2^1 + Ar* ^{i + A)* - 4A; ein *^i 

2 cf^i 



(i+A)v^i-A,'Bm>' 

where h = £^. 

1 + A 

Also, the equation awa.B ='btaa A beoomes 

sin (2j>i - ^) = kan^. 



(18) 



130 Partial Differential Coeffiments. 

The result just established furnishes a proof of Landen^s* 
transformation in Elliptic Functions. 

We shall next investigate some analogous fbrmulfle in 
Spherical Trigonometry. 

112. Belation connecting the Tariations of three Sides 
and One Angle. — ^Differentiating the well-known relation 

cos c = cos a cos i + sin a sin 6 cos (7, 

regarding a and b as constants^ we get 

dc sin a sm b sin C 



dC sin c 



- an a eon B. 




dc 
Again, the value of — when b and C are constants, can 

be easily determined geometrically 
as follows : — 

In the spherical trians^le ABCy 
making a construction similar to that 
of Fig. 4, Art. 108, we have d 

dc £^c BJD "R 

BB^ = Aa, .*. -r = limit of -- = -^7=;^ 

^ da Aa BB: Fig. 6. 

(in the limit) = cos B. 

dc 
Similarly, when a and C are constants^ -^ = cos -4. 

Hence finally, 

dc = cos Bda + cos Adb + sin a sin BdO. (19) 

This result can also be obtained by a process of diffe- 
rentiation. This method is left as an exercise for the student. 

As in the corresponding case of plane triangles, we 
have assumed that AB" = AD in the limit ; i. e., that 



* This transformation is often attributed to Lagrange ; it had, however, been 
previously arrived at by Landen. (See Philosophical Transactions, 177 1 and 
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AS -AD ... 

— - — is infinitely small in comparison with AD in the 

limit. This assumption ma^ be stated otherwise, thus — 
If the angle ^ of a nght-angled spherical triangle be 

very small, then the ratio —7— becomes very small at the 

same time ; where c and h have their usual significations. 

This result is easily established, for by Napier's rules we 
have 

. tan h sin ft cos c 

cos -4 = T = r-: — ; 

tan c cos 6 sm c 

I - cos ^ _ sin c cos J - cos c sin i _ sin (c - 6) ^ 
' * I + cos -4 sin cos ft + cos c sin i sin (c + ft) ' 

or 

• / rx X « -^ • / r\ sin (c- ft) . , ... A 
sm (c - ft) = tan' — sm (c + ft), .'. — . =sm(c+ft) taa — . 

tan — 
2 

But the right-hand side of this equation becomes very small 
along with A^ and consequently - ft becomes at the same 
time very small in comparison with that angle. 

The formula (19) can also be written in the form 

dc da db ^ 

sinasinjB sinatan-B sinfttan-4* ^ ^ 

and the corresponding formulae for the diflEerentials of A and 
B are obtained by an interchange of letters. 

Again, fitom any equation in Spherical Trigonometry 
another can be derived by aid of the polar triangle. 

Thus, by this transformation, formula (19) becomes 

dC = - cos bdA - cos odB + sin A sin bdc, (2 1) 

These, and the analogous f ormulse, are of importance in 
Astronomy in determining the errors in a computed angular* 
distance arising from small errors in observation. They also 
enable us to determine the most favourable positions for 

K 2 
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making certain observations ; viz., those in wHoh small errors 
in obs^ation produce the least error in the required result. 

113. Semarkfl on Partial DifferentiaLB. — ^The beginner 
must be careful to attach their proper significations to the 

• uG da o • 1 rm t 

expressions -z-, ^, &o.y in each case. Thus when a and b 

are constants, we have -77, ~ sin a sin jS; but when A and a 

dO 

are constants, we have -77c = 7 — 7,; these are quite different 

dC tanC/ ^ 

de 
quantities represented by the same expression -^ . 

The reason is, that in the former case we investigate the 
ultimate ratio of the simultaneous increments of a side and 
its opposite angle, when the other two sides are cmisidered as 
constant; while in the latter, we investigate the similar ratio 
when one side and its opposite angle are constant. 

Similar remarks apply in all cases of partial differentia- 
tion. 

When our f ormulse are applied to the case of small errors 
in the sides and angles of a tnangle, it is usual to designate 
these errors by Aa, A6, £^c^ AAy AB^ AC; and when these 
expressions are substituted for day dhj &c. in our formulae 
they give approximate results. 

For instance (19) becomes in this case 

Ac = Aa COS-B+ Aft cos A + A(7sin a sin £; {22) 

and similarly in other cases. 

It is easily seen that the error arising in the application of 
these formulae to such cases is a small quantity 01 the second 
order ; that is, it involves the squares and products of the 
small quantities Aa, Aft, Ac, &c. This will dso appear more 
fully &om the results arrived at in a subsequent chapter. 

114. Theorem. — ^If the base c, and the vertical angle C, of 
a spherical triangle be constant, formula (19) becomes 

da db 

+ =:= o. 



cos^ cos B 
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NoW| Tmting ^ instead of a, ^ instead of b^ and k for 

-; — , this equation becomes 
fan e ^ 



(J Bin A sin jB\ 
Bin a smb J 



+ /:— ii^z^ ^o; (23) 



-/i -A»8in»# y/i-i^sin'i/^ 

where ^ and \p are connected by the following* relation . — 
cos e = cos ^ cos ^ + sin ^ sin </; cos (7, 

or cos c = cos ^ cos ^ + sin ^ sin i/^ \/i - i' sin V. 

115. In a Spherical Triangle, to prove that 

d-a db dc / x 

+ s + TV = Oj (24) 



cos A cos jB cos (7 



sinC 
when —i — IB constant, 
smc 



Let fiin C7 =» A; sin c, and we get 

-^ A cos c - sin-4co8<? , 

dC = 7j- (fc = -. TV tfc ; 

cos C sin a cos G 

substitate this value for dC in (19), and it becomes 

•r> T cos c sin -4 sin 5 - 

de = cos-4a6 + cos Bda + 7; dc ; 

cos (7 

. „ T> 7 / cos c sin-4 sin B\. 

006 -aew + cos Bda = I i ^^ p? 

\ cos O / 



or 

cos A cos £ 



dc\ 



cos C 
ance sin ^ sin jB cos e = cos (7 + cos ^ cos J?. 



* This mode of establishing the connexion between Elliptic FunctionB hf 
«d of Spherical Trigonometry is due to Lagrange. 
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■rr da dh dc 

Hence j + — = + •— ^-7: = o. 

OOS^ COSjB OOSC/ 



Again, since cos ^ = y^i -sin'^ = v^ i - k^ sin* a, &c.,. 
the preceding result may be written in the form 

du db de , . 

-7== + . + . — = o. (25) 

-v/ I - A-* sin* a */ \ -1^ sin* h */ \ -U^ sin* c 

where a, 6, c, are connected by the equation 

cos c = cos a cos i + sin a sin & */ \ - A* sin* c. 

116. Theorem of Legendre. — ^We get from (24) 

cos jB cos Cda + cos ^ cos Cdh + cos jB cos Ade = o, 

or (cos^-sinjBsin C7cosa) dfl + (cos5-sin-4 sin CQOQb)dh 

+ (cos C - sin -4 sin jB cos c) efc = o, 

.'. cos Ada + cos jBrfJ 4- cos Cde 

= 8injBsinCrf(sina) + sin-4MnC7rf(sin6) +sin-4 sin jBrf (sine) 
= A*(sini8inc£^(sina) + sinasinc£^(8in() + sina sin 6ei? (sine)) 

= i^d (sin a sin 6 sin c) ; 

or v^i -k^Em^ada + y^i - Aj* sin *6 cf6 + \/i - A* sin *o(fc 

= £*(;? (sin a sin 6 sin c). (26) 

This furnishes a proof of Legendre's formula for the compa- 
rison of Elliptic Functions of the second species. 

The most important application of these results has place 
when one of the ans^les, O suppose, is obtuse ; in this case 
€0s C is negative, ana formula (25) becomes 

da db dc 



v/i - A* sin *a y^i - ** sin '6 ^1 - ** sin V 
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where the relation oonneoting a, b^ cia 



COS c = ooaa ooab -- eiaami i - A* sin 'c. 
In like manner, equation (26) beoomes in this case, 

v/i - A* sin 'a dla + ^/i -k^ sin* b db 

= >v/i-AJ*sin*o dc-\-¥ d (sin a sin 6 sin c). 

117. If « = ^ (a? + flif, y + )30, where ar, y, o, /3, are inde- 
pendent of iy and of each other ; to prove that 

du du ^du , , 

Let of = x + at^ y' = y + i3^, 

then « = ^ (^>/)> 

- daf dy daf dy ^ 

Also, since ^ is independent of Xj we have 

<?t« _du dx _du J ^^^ _ ^^^ 
i& daf dx dap dy dy'' 

-p.. du _du daf du dy' ^ ef w -. c^w 

dt daf dt ' djf dt dx dy 

In like manner, if x\ y\ z\ be substituted for x-\-afyy-^ 3^ 
2: + 7^, in the equation 

« = ^ (a? + 01^, y + j3^, -3^ + 7^, 

it becomes 11 = ^ (a?', 2^', /) ; 

• du ^du daf du rf/ rfw rf/ ^ 

dx'^ daf dx dj/ dx d/ dx ' 
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dai d/jf iJ 

^ du ^du - du ^du du du^ 
" cfc ~ doT dy " d}/^ dz dd * 

. . du ^ du daf du drf du dJ 
^^^^ dt'dSlt'^'^'di'^'^Tt' 

TT du du ^du du , -.. 

This result can be easily extended to any number of yaiiables. 
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EXAHPLBS. 



I. If « 8 gin-* I - 1 + Bin-* I t I • prove that du « , + , 

(.v\ iitf <Im 

3. Find the conditi<m8 that u^ a function of iP, y, «, should be a function of 
+ y + «. 

du ^du ^du 

' dx" djf" dz 



dy a 

dx " "S 



4. If/(fl« + 6y)=«,find— . „ 



5. If /(») = ^(v)} where tf and f; are each functions of « and y, proye that 

dudv ^ dvdu 
dxdy dx dy 

du du 

6. Find the yalues of «t" + y-r-* when 

dx dy 

(a) u = —5 ^, 

7. IfN = sina« + sin^ + tan-* (- J , prove that 

zdy — yds 
du^a coaaxdx + beoBbydy + — r — ~-. 

y* + «* 

<ftf du du I <^M —logo; 

S. If « s logy« : find -j- and -;-. uifw. — = —z — , -j- = —71 c- 

'^^ * dx dy dx arlogy dy yClogy)* 

a; 

9. If tf = tan-* -, prove that 

(«• + y*) <W = y<fe - xdy, 

10. If flf a y«s, prove that 

du = y«»-* {xzdy + ya logyifo + xy log y&). 
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II. If a 4v a«-y* = y* • prove that 



12. In a spherical triangle, when «, h^ are constant, prove that 

dA \MSiA ^ dC sin (7 

ai^d 



rfJJ tan-B*^ rf5 8in^co6-4* 

13. In a plane triangle, if the angles and sides receiTe small variations, 
prove that 

«AS + d cos AL.G so; a, by being constant, 

cos C^h -h cos^Atf so; 0, ^, being constant, 

tan A^h Si bAC; «, J9, being constant. 

14. The base « of a spherical triangle is measured, and the two adjacent 
base angles A^ B are found by observation. Suppose that small errors dAy dB 
are committed in the observations of A and B ; show that the coiresponding 
error in the computed value of (7 is 

— coaadB — coabdA, 

15. If the base e and the area of a spherical triangle be given, prove that 

, a . b 

ajx*-dB + Bm*-dJ « o. 
22 

16. Given the base and the vertical angle of a spherical triangle, prove that 
the variation of the perpendicular p is connected with the variations of the sides 
by the relation 

sin C€^ » srn<Va + anadbf 

» and s' being the segments into which the perpendicular divides the veitical 
angle. 

17. In a plane triangle, if the sides 0, b be constant, proye that the variations 
of its base angles are connected by the equation 

dA dB 



-\/a«-*»sin2^ V^**-a«8in«i* 

18. Prove the following relation between the small increments in two sides 
and the opposite angles of a spherical triangle, 

da dB dA db 
+ 1 — ^=' 7 + 



tana tan^ tan^ tan 6 

19. In a right-angled spherical triangle, prove that, if ^ be invariable, 
sin ledb = sin ibde ; and itehe invariable, tan ada + tan bidb s o. 



Ilscampks. 



13^ 



20. If « be one of the equal sides of an isosceles spherical triangle, whose 
yeitical angle is yery small and represented b7 d» ; prove that the quantity by 

which either base angle falls short of a right angle is - cos adw. 

z 

31. In a spherical triangle, if one angle C be giyen, as well as the sum of 
the other angles, prove that 



da 



db 



s=0. 



wh(9r» 



Also 



sin a sin b 
22. If all the parts of a spherical triangle vary, then will 

GOB Ada + COS Bdb + cos Cde = kd{k sina emb sine) ; 

sin ^ sin ^ sin (7 



k = 



da 



db 



sma 
dO 



COS A coaB cos (7 



sin^ sintf* 
= tan^ tan^ tan C7 1{ 



(t)- 



These theorems can be transformed by aid of the polar triangle? — M^Cuilaghy. 
Fittaw»hip Examinationy 1837. 

These are more general than the theorems contained in Arts. 115 and 116; 
and can be deduced by the same method, without difficulty. 



23. If « = ^(«* — y'), prove that 



dz 



dz 



dx dy 



o. 



24. If* = -/()» prove that 



dz dz 



o. 



25. If 



A = 



», I, ', 

i3, r, », 

i9', 7», «», 

o^, i3», 7», 8», 



«% 



i prove thi^t 



d^ dA dA dA 
da dfi^ dy^ dB 



26. If 



A = 



*> *> *» *> 

•h fif 7, «, 

v, $", r", 8«, 

«S i3*, 7*, «*, 



, prove thiit 



dA dA dA dA _ 



*> *» *> *> 

«> i9» 7> ^» 

a«, i3», 7», «», 

a», i3», 7", «', 
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dy d» 

27. Find ^ and ^ wh«n «^ y, s are connected liy two equatlona of the 

form 

dk dy dy dz 

^df^4fdp 
ds dy dx dxdy 

" di" ^^_^^ 
dz djf dy dz 

28. Prore that any root of Uie following equation in y :.- 

y* + «y= I, 
aatiBftea the differential equation 



rffy 



rfy» 



d^ 



T;^ + (m-i)*5-5 + (m-3)yT3-o. 



<f«* 



rfa;» 



£te« 



29. How can we ascertain whether an expression sueh as 
admits of heing reduced to the form 

dx dy* 



dp_ d^ 
dy~ dx 



30. If /Z + mr + «^, PX + in»r+ w'Z, r»Z + m^r-^- n'% he suhstitoted 
for d?, y, s, in the quadratic expression of Art 107 ; and if a', b'y «', d^^ ^'^ft he 
the respective coefficients in the new expression, prove that 



^ f / 




a f e 


f V n 


B 0, whenever 


f b d 


^ df if 




9 d c 



= o. 



Til. If the transformation he orthoyonal^ i. e., if «* +y» + f» = X« + F* + ^, 
prove that the preceding determinants are equal to one another* 
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mrOGESSIYE DIFFERENTIATION OF FUNCnONS OF TWO OR MORE 

VARIABLES. 



1 1 8. Successive Farfdal Differentiation. — We have in the 
pxeoedin^ chapter considered the manner of determining the 
partial differential coefficients of the first order in a function 
of any number of variables. 

If ti be a function of x^ y, z, &c.y the expressions 

du du du « 
di' Ty' Tz'^""' 

being also functions of x^ y, z^ &c., admit of being different 
tiated in the same manner as the original function ; and the 

du 

partial differential coefficient of — , when x alone varies,'^is 

denoted by 

d (du\ d^u 

'^\di) ^^ d?' 

as in the case of a single variable. 

Similarly, the partial differential coefficient of -j-j when y 

ax 



alone varies, is represented by 

d fdu\ 
\dx) 



dy' 



or 



dyd£ 



and in general, 



d 



m^n 



U 



dy^daf* 



denotes that the function u is first 



differentiated n times in succession, supposing x alone to 
Tsij, and the resulting function afterwards differentiated m 
times in succession, where y alone is supposed to vary ; and 
amilarly in all other cases. 
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We now proceed to show that the values of these partial 
derived functions are independent of the order in which the 
variables are supposed to change. 

119. If t« be a Function of x and ^^ to prove that 

d fdu\ __ d fdu\ d^u __ d^u / v 

dy\dxj dx\dy/ dydx dxdy^ 

» 

where x and y are independent of each other. 

Let tf = (a?, y), then — represents the limiting value of 

h 

when h is infinitely small. 

This expression being regarded as a function of y, let y 

become y + A;, a: remaining constant ; then — f — j is the 

limiting value of 

hk 
when both h and k become infinitely small. 

diL 

In like manner -z- is the limiting; value of 

dy ^ 

i>{x,y + k)-<t,{x,y) 
k 

when k is infinitely small, hence 3" ( j- ) is the limiting value 

of 

<t>{x + h,y + k) -0(a; + A,y) -j^jxyy+k) +»fey) 

hk 

when both h and k are infinitely small. 

jBince this function is the same as the preceding for all 



The Order of Differentiation ia IndiffierenL 



143 



finite values of h and k, it mil continue to be so in the limit ; 
lienoe we have 



d fdu\ _ d /du\ 
dx\dy) dy\dxj 



In like manner 



d'^u 



d^u 



da^dy dydx^^ 

d^u d^u 
dxdy dydx^ 



d^u 


d d 


du 


d d 


du 


dydx 


dx dy 


dx 


dy dx 


dx 



for by the preceding, 

dfd^u\^ d 
dx\dxdy) dx 

similarly in all other cases. Hence, in general, 

^gt^ d;^^u 
dx^dy^~ dy^dx^' 

Again, in the case of functions of three or more variables, 
by fiinular reasoning, it can be proved that 

d^u dhi ^ 

dzdxdy dxdyd^ 

Hence we infer that the order of differentiation is in all cases 
indifferent^ provided the variables are independent of each 
other. 



Examples 


FOB 


Yeeification. 


..if„=,g). 




verify that 


d*u d^u 
dydx ~~ dxdy 


2. If tt = tan-i /-^ 




jj 


dH d^u 
dy* dx ~ dxdy*' 


3. If f* = sin (<m;*» + ^), 




»» 


d^u d^u 
dx*dy* " dy*dx'i 



120. Condition that Pdx ■{■ Qdy shall be a total Differen- 
tiaL — This implies thai Pdx + Qdy should be the exact 
differential of some fimction of x and y. Denoting this 
function by w, then 

du- Pdx+Qdy^ 
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and, by (i), Art. 95, we must have 



p- 


du 
'dx' 


^ dy' 






dP 

• 


d*u 


dQ d'u 






" djf ' 


dyd^ 


dx dxdy 






ice the reqmred oondition is 


\ 








dP 


dQ 








dy 


dx' 






121. If u be any Function of iT andy, to 


prove 


that 



(') 



|(^w|)-£(^«|) <3> 



where x and y are independent variables. 
Here eaoh side on differentiation becomes 

122. ICore generally, to prove tliat 



d ( dv\ d ( dv\ f V 



dy 

where u and v are both functions of 2, and 2 is a Amotion of 
y> and y. 

For 



but 



d [ dv\ du dv d^v 
dy\ dxj dydx dydx 

du _ du dz dv _ dv dz 
dy dzdy* dx dzdx^ 

d ( dv\ du dv dz dz d^v 
dy\ dx) dz dz dx dy dydx ' 

and la^^'T] ^^ ©'^d^ntly the same value. 
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123. Siller's Theorem of Homogeneous Functions. — In 
Art. 102 it has been shown that 

du du 

where t« is a homogeneous fdnotion of the n^ degree in 
a?andy. 

Moreover, as -r- and -7- are homogeneous functions of 

ax ay 

the degree n - i, we have, by the same theorem, 



d fdu\ d fdu\ , . du 

d fdu\ d fdu\ . . du 

multiplying the former of these equations by x, aad the 
Litter by y, we get, after addition, 

= (n-i)ww. (5) 

This result can be readily extended to homogeneous 
functions of any number of independent variables. 

A more complete investigation of Euler's Theorems will 
be found in Chapter VIII. 

124. To find the Successive Differential Coefficients with 
respect to t^ of the Function 

^{x + atyy-Y^t), 

where x, y, a, j3, are independent of t, and of each other. 

By Art. 1 1 7 we have in this case, where ^ stands for the 
expression ^ (a? + a^, y + /3^), 4 

dt dx ^ dy 
I. 
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-l(S)^<(l) 

This result can also be written in the f oim 

in which (<'3~ + 0j~) ^ sappoeed to be developed in the 
usual manner, and -j^, &c., sabstitnted for [ -7- ) ^, &e. 
Again, to find -r^. 

cP^ _ df(P<^\ d( d -.dV 



~ dtydt")' dtydte'^'^dp) 



( d ^ dVdit ( d ^ d\( d^ adi^\ 

By induction from the preceding it can be readily shown 
that 

O"^ ( d f. d\» 

This expression, when expanded by the Binomial Theorem, 
gives the n** differential coefficient of the fimction in terms 
oi its partial differential coefficients of the n^ order in x and y. 
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Examples. 

dru dh* 
f. If « = 8m(a^y), verify the equation — = —. 

3. If « = sin (y + flwc) + (y ~ ax)*, prove that 

dx^ rfy« 
3. In general, if u =f{t/ + ««) + ^ (y - oj;), prove that 



dht ^dht 

es a* • 

dx* rfy« 



4. If w = y*, prove that 

d*u 



d^u 



^^^ = y-i(i4*logy)=— . 



3. K « = 



«y« 



«« + ^ + C2 



, find the values of 



d*u d*u d*u 

d^* d^* *"^ ^' 



6. If u^ {3fi + y*)i, prove that 



.d^u d^u ^d^u 



= 0. 



7. If w = (a;3 + y3)i^ p^Qye t^^t 

h 2X 

dx* ^ dxdy ' ' dy 



. d^u dht J^u 



4 



8. \iV^Ay^\ iBt/ix + 3(7ya?2 + 2)4^3, prove that 
~dx* dy-i "^ dxdydx dy "^ rfy* <&« -54^ 



ic', - *y, y* 

B, C, D, 



and show that the left-hand side of this equation vanishes when F is a perfect 
cube. 



9. If ti = 



(a;a+y2 + a2)4 



, prove that 

«Pm d!^u d^u 
dx^ dy* dz* 

L 2 



= 0. 
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Lagrange's theorem. 



125. Lagrange's Theorem. — ^Suppose that we are given the 
equation 

z = a + i/i^{z), (i) 

in which x and y are independent yariables, and it is required 
to expand any function of z in ascending powers of y. 

Let the lunotion be denoted by F{z)y or by w, and, by 
Maclaurin's theorem, we have 

yfdu\ rP' fcPiA v** fd^u\ „ , , 

w = tio + ^:r +-^b-2 +••+ — ' TT +<S;c. (2) 

i\ai/Jo 1 . 2 \ay70 1 . 2 . . . n \ay*^ Jo 

where «o, ( t" 1 > <S;c., represent the values of u. -=-j &c., when 

zero is substituted for y after differentiation. 

It is evident that Uo = F{x). 

To find the other terms, we get by differentiating (i) with 
respect to a?, and also with respect to y, 

dz ,f\dz dz , . , , ^dz 

, dz , . dz 

hence Ty' "^ ^"^ 1^' 

Also, since e^ is a function of 2, we have 

du _ du dz du du dz 
dx dz dx^ dy dz dy^ 



cPu 
or 
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hence we obtain 

Again, denoting ^ (z) by Z, we have, by Art. 121, since 
JZia a function of Uy 

Hence also -3^ = -7-7- ( Z*— ), 
Bince X and y are independent variables ; 

dxdy \ dxj \dx) \ dx) 
To prove that the law here indicated is general, suppose 



tiien, smoe |(z«g) = ^(z-^.) = ^Jz- 



««a?\ ay/ aa?\ aa*^ 






we have . "l.^ i ^"^ ) = ^„ ( -^''" ?\, 
daf^^dvX dx dx"\ dxr 



•»^— p-u)"(^"S) <') 
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This shows that if the proposed law hold for any integer 
ti, it holds for the integer n + i ; but it has been found to hold 
forn = 2 and n = 3 ; accordingly it holds for all integral values 
oln. 

It remains to find the values of -p, -j-y &e., when w& 

ay ay^ 

make 3/ = o. Since on this hypothesis Z or ^ (z) becomes 
^ (a*), and— becomes or i^ (a:), it is evident from (3)^ 

(4), (5), (6), that the values of 

du d^u d^u d^^u 

dy" df' df '" dy^' 

become at the same time 



<?• 



{^(aj))-'J'(*)]. 



Consequently formula (2) becomes 



This expansion is called Lagrange's Theorem. 

If it be merely required to expand Zy we get, on making 
F{z) = z, 

I ^ ^ ^ 1 .2 da ^^ ^ ^' 
• ^ *"^{^(^)}» + &o. (8) 



1 . 2 . , . n cfe"' 
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126. Laplace's Theorem. — ^More generaUjy suppose that 
we are given 

^=/{^ + y*(^)). (9) 

and that it is required to expand any function Flz) in ascend- 
ing powers of y. 

Let t = x + y^ (g), then z =f{t)y and we have 

t^x + yf^{f{t)]. (10) 

Also F{z) = F [/{{)] y and the question reduces to the ex- 
pansion of the function F [f{t) ] in ascending powers of y by 
aid of (10) ; accordingly, formula (7) becomes in this case 

F{z) = F[f{t)] ^F[f{x)] +f *{/(^)) r{f{x)] +&c. 



i.2...(7i+i) da^ 



[«{/(^))]»"-P"[/(^)] +&o-(") 



This formula is called Laplaoe^s Theorem, and is, as we 
have seen, an immediate deduction from the Theorem of 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 
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Examples. 

1. Expand s, being given the equation 

« = a + In?. 

Here »^a,y = hf ^(«) =«•, 

und we get, from formula (8), 

2 = a + ia' + 3i«a* + iih^af + &c. 

Lagrange has shown that this expansion represents the least root of the pro 
posed cubicy and that a similar principle holds in like cases. 

2. Given z = a -\- bz*^, find the expansion of z. 

Ana, Zf=a + a*^b + ina^-^ + 7n (xn — i) fl*i-t + &c, 

1.2 ^ 1.2.3 

3. Given 2 a x + ^^, find the expansion of f . 

-4«». « = ar + ytf* + p^^*-h-^— 3«** + — =^ — 4*«*» + &c. 

1.2 1.2.3 

4. « « a + sin r, expand (i) c, (2) sin z. 

(i). -4fw. 2 = a + ^ sin a + , - (sin^a) + ( ■— | (sin'a) + &c. 

I . 2 da I. 2.3\rfa/ ^ ' 

(2). ,, sin 2 = sin a + e sin cos a + -7- (ain^a cos a) + &c 

1 , 2 da 

X 

5. If 2 = a + - (2« - 1), prove that 

2 



2 = a + -.i ^+ ' ^ 

I 2 



I . 2 <to \ 2 j 

1 . 2 . . . n \aa/ \ 2 / 
6. Hence prove that 

(i^2a. + ..)-» = i + --^_-)+_(^]^-_)+... 

jn / dyi d^-i Y • 

1 . 2 ,,,n\da I V 2 / 
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CHAPTER Vin. 

EXTENSION OF TAYLOR's THEOREM TO FUNCTIONS OF TWO 

OR MORE VARIABLES. 

127. Expansion of ^ (a? + A, y + k). Suppose w to be a func- 
tion of two variables a and y, represented by the equation 
tt = ^ (^, y) ; then substituting ^ + A for a?, we get, by Taylor's 
Theorem, 

^{x + h,y)=i>{x,y)-hh — [i, {x,y)] +— — {0(a?,y)) +&c. 
Again, let y become 1/ + A-, and we get 



"^771 ^^*('''^"^^'^'^'^''- ('^ 



But 



d K^ d^ 

^(4?,y + *) = ^(aj,y) + k— [(t>{x,i/)] + — ^2 {* (^»y)) +&C. 

. du k^ d^u a 

= u-h k -— + r-; + &C. 

ay 1.2 ay* 

Also 

• rf , , _., , 6?w rj d^u hk^ d^u p 

And 

A» «P , , „, A' rf« A'A cPu . 
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Substituting these values in (i), we get 
/ T TV* y du . du 

1 . 2 da^ dxdy 1.2 dt^ ' ^ ^ 

128. This expansion can also be arrived at otherwise as 
follows : — Substitute X'\-at and y-\-fit for x and y, respectively, 
in the expression ^ {xyy)y then the new function 

^[x-^at^y^ j3^), 

in which a?, y, o, j3, are constants with respect to f, may be 
regarded as a function of ^, and represented by F{t) ; thus 

(a? + af, y + ^t) = J'CO, 

The latter function F{t\ when expanded by Maclaurin's 
Theorem, becomes by Art. 79, 

+ i^ J-W {fit). (3) 



where J^o) is the value of F{t) when ^ = o, i. e., jP(o) = ^ (a?, y) 
= u ; also JP'(o), &c., are the values of 

dt' dt''^"^' 

when ^ = o ; where ^ stands for ^ (a? + af, y + j3^). 
Moreover, by Art. 1 1 7, we have 



* Since it is indifferent whether we first change x into x-k- h, and afterwards 
obange y into y + Ar, or vice verad ; the expansion given aboye fiimiahes an in- 
dependent proof of the results ariiTedal in. Art 119. 
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but, when ^ = o, ^{x + a^, 2^ + j3^) becomes t*, or -FT[o), and ^ 

becomes a-^- + 6-7- at the sometime. 
dx ay 

Hence 2?"(o) = « J+j3?. 

due ay 

Also, by tiie same Article, 






which, when ^ = o, reduces to 

^ (°) = «'^+^-^^ + /3'^, (4) 

&C. &0. &0. 

These equations may also be written in the symbolio 
form 



^'•'w-("i*f3|)"»- 



Again, f a ~ j w = a** — , &c., since a, j3, are independent 

of a; and y : and hence the general term in the expansion of 
F{t) can be at once written down hj aid of the Binomial 
Theorem. 
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Finally, we have, on substituting h for a^, and k for j3^ 

, , ,. ^du .du h^ d^u -- d^u 
ip{x-\-hyi/-hk) = ti + h— + k— + -j-^ + hk 



d^ dy 1,2 dx^ dxdy 

^* ^^ Wr ^ 7 ^Y^' / /!,: /I7N / N 



1.2 dy'^ n + i \ cfe flfyy 



129. Expansion of 0(a? + A, y + A:, 2 + /). — A function of 
three variables, a?, y, z^ admits of being treated in a similar 
manner, and accordingly the expression 

^ (ir + a^, y + /3^, z + 7^), 

when w is substituted for ^ (a?, y, ^), becomes 

t^ ( d ^d dV . 
i.2\ dx ' dy ' dzj 



or 



^^ »<y > ^ \ dx dy ifizj 

I f.d . d .dV . 
i,2\ dx dy dzJ 

^du ^du ,du K" d^u k^ d^u P dSt 

= u-\-h 1- k — + / 1 1 1 

d^ dy dz \ .zdx^ i .2 dy^ 1.2 dz^ 

dxdy dxdz dydz 

The general term in this expansion, and also the re- 
mainder after n terms can be easily written down. 
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These results admit of obvious generalization for any 
number of variables. 

Also, by making a?, y, z each cypher we have 

♦(*■*• ')-<»)-"(S)/<IV<S). 

I -t-t; I + &C. . . . 



1 . 2 \da;^Jo 



where 1 -r- K ( -^ 1 . . . denote the values which the functions 



fdu\ fdu\ 
\dxjo \dyjo 



du du 1 . 1 

-7-, ^-, . . . assmne on making a: = o, y = o, and s = o. 

ax dy o ^ 

This result may be regarded as the extension of 
Maclauxin's Theorem. 

1 30. Symbolic Expression for preceding Results. — Since 

+ ,- A-7- + A:— + &c. 
\n\ dx dy) 

equation (5) may be written in the shape 

e ^* ^^<^{x,y)^ii{x-vh,y-^k). (?) 

This is analogous to the form given for Taylor's Theorem 
in Art. 67, and may be deduced from it as follows : — 

We have seen that the operation represented by e **' 
when appUed to any function is equivalent to changing x 
into x-vh throughout in the function. 

Accordingly, e ^<^ (a?, y) = ^ (a? + A, y), since y is indepen- 
dent of x. 
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k± 



In like manner, the operation e ^^ when applied to any 
function, changes y into y + A, 



*4- h^ h^ 



.\ e ^ .e *<^{xjy) = e *'^(iP + A, y) = ^(iP + A, y + A), 

,d ^d 
or e ^ ^ (a?, y) = (a? + A, y + A), 

aflBuming that the symbols k— and A— are combined ac- 
cording to the same laws* as ordinary algebraic expressions. 
In an analogous manner we obtain the symbolic formula 

€ ^ '^(ir,2^,2) = 0(ir + A,y + A,z + /). (8) 

131. If in the development (2), cb be substituted for A, 
and dy for kj it becomes 

^ (a? + diT, 2^ + rfy) = ^ + ^ efo + ^ (fy + 

If the sum of all the terms of the degree nin dx and dy 
be denoted by cP*^, the preceding result may be written in 
the form 

6(a? + dir,y + %)=^ + — + — ^ + — ^ + . . . 

^^ 7^ ^/ r J J 2 1.2.3 

+ -r-^ + &c. (10) 
Since e£r, e^y, axe infinitely small quantities of the first 

* That this is the case appears immediately from the equations -^— j-=:r~r» 

axdy dydx 

d^u d^u ^ 

it ^C* 



^^ify dpda^' 
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order, each term in the preceding expansion is infinitely 
small in comparison with tiie preceding one. 

Hence, since ef is infinitely small in comparison with 
d<lf9 if infinitely small quantities of the second and higher 
orders be neglected in comparison with those of the firsl^ in 
accordance with Art. 38, we get 

which agrees with the result in Art. 97. 

132. Elder's Theorems of Homogeneous Functions. — ^We 
now proceed to give another proof of Euler's Theorems in 
addition to those contained in Arts. 102 and 123. 

K we substitute gx for h and gj/ for k in the expansion (5), 
it becomes 



, . ( du du\ 

<^{x^gx,y^gy)^u^g\x—+y—'j 



g^ ( .d'u d'u ^d'uX ^ 



where u stands for ^ [x^ y). 

But <^[x+gx, y-vgy) = 0{(i ^rg)x, (i ^g)y], 

and, if ^ (ir, y) be a homogeneous function of the n** degree 
in X and y, it is evident that the result of substituting {i-\-g)x 
for X and (i + ^)y for y in it is equivalent to multiplying it 
by (i -^gY' Hence, we have for homogeneous functions, 

i^{x-\-gx,y-^gy) = (i +^)*»0(^,y) = (i +^)«w, 



/ N- f du du\ 



where w is a homogeneous function of the n** degree in x 
andy. 



« ___ 

1 6o Extemion of Taylor^ a Theorem. 

Since the preceding equation holds for all values of g, if 
we expand and equate like powers of ^, we obtain 



du du 
dx^^dy 



a? -J- + y— = «w, 



J^u ^ d^u ^ d^u > ^d^u . .. . 

&c. &c. &c. 

The preceding method of demonstration admits of obvious 
extension to the case of a homogeneous function of three or 
more variables. 

Thus, substituting gx for A, gy for h^ gz for /, in formula 
(6) Art. 129, and proceeding as before, we get 

du du du 
^d^u ^d^u ^d^u d^u d^u 



dx^ dy"^ dz^ dxdy dxdz 

d'u , , 
+ 2yz-:r—r = n(n- i)Uy 
dydz ' 

&c. &e. &c. 

These formulae are due to Euler, and are of importance 
in the general theory of curves and surfaces, as well as in 
other applications of analysis. 

The preceding method of proof is taken from Lagrange's 
M^oanique Analytique. 



CHAPTER rS. 

MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARIABLE. 

133. Definition of a Maximnni or a MiniTnuTn. — ^If any func- 
tion increase continuously as the variable on which it depends 
increases up to a certain value, and diminish for higher values 
of the variable, then, in passing from its increasing to its de- 
creasing stage^ the function attains what is called a maximum 
value. 

In like manner, if the function decrease as the variable 
increases up to a certain value, and increase for higher values 
of the variable, the function passes through a minimum stage. 

Many cases of maxima and minima can be best determined 
without the aid of the Differential Calculus ; we shall com- 
mence with a few geometrical and algebraic examples of this 
olass. 

134. Geometrical Example. — To find the area of the greatest 
triangle which can be inscribed in a given ellipse. Suppose the 
ellipse projected orthogonally into a circle ; then any triangle 
inscribecl in the ellipse is projected into a triangle inscribed in 
the circle, and the areas of the triangles are to one another 
in the ratio of the area of the ellipse to that of the circle 
(Salmon's Conies, Art. 368). Hence the triangle in the ellipse 
is a maximum when that in the circle is a maximum ; but in 
the latter case the maximum triangle is evidently equilateral, 
and it is easily seen that its area is to that of the circle as 

v^27 to 4 TT. Hence the area of the greatest triangle in- 
flcribed in the ellipse is 

— , 
4 

where a, h are the semiaxes. 

Moreover, the centre of the ellipse is evidently the point 
of intersection of the bisectors of the sides of the triangle. 

M 
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EXAXPLBS. 



I . ProTe that tlw area of thie greatest dlipse iitKnbed in a giyen triangle is 
^ /= 'area of tlie tziangle). 

1. Find the area of the leaat dl^we uicMMcri bad to a gyren 



3. Place a chord of a giren kiig;th in an dlipae, ao that its distance from the 
enfirre shall be a maximiim. 

The lines joining its extienities to tiie centie nnst he oonjngate diameten. 

4. ^low that the ^ecediDg eoostmctioB is impossible irhen the length of 

the given chotd is > •vs or< ^y/^ ; 'vhcfe m and i are the aemiaxes of the 
ellipaa. PiOTe in this case that if the distance of tiie chord firom the centre be 
a nuzimnm or a minimnm, the chord is paraTlel to an axis of the conre. 

5. A chord of an ellipee passes through a grren point, find vhen die tnang^ 
loKmed hj joining its exticmities to tiie centra is a mazimom. 

135. Algebraic Szamplee of JfaxiTna and Ifiniina. — ^MailJ 
cases of maxima and minima can be Bolyed hy ordinary 
algebra. We shall confine our attention to one simple class 
of examples. 

Iiet/(x) represent the fmiction ivhose maiimnm or mini- 
mmn values are required, and suppose u =/(^)> and solve 
for X ; then the values of ti for whi<^ x changes from real to 
itnagiiuEryy are the solutions of the problem. This method is, 
in general, inapplicable when the equation in ^ is beyond the 
second degree. We shall illustrate the process by a f ew 
examples : — 



I. To diTide a number into two partSi such that their prodnet shall be a 

• 

Let a denote the number, x one of the parts, then 4P (c — 4p) is to be a maxi- 
mum, by hypothesis. 

Here f« = ar(a-r), orx* — ax + nsso; 

•olTing for X we get 



tf P 
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. «« 



accordingly, the maximum value of m is ~, since greater values would make » 
imaginary. 

Mm 

2. To find the maximum and minimum values of the fraction 



»2 + I 



Here u = — — -, or a:'+ i = , ,\ x = — -\- ^^—^ ^-^ i 

In this case we infer that the maximum and minimum values of u are - and 

2 

; and the proposed fraction accordingly lies between the limits - and — - 

2 22 

for all real values of x. 

These results can be also easily shown, as follows. We have in all cases 

(a? + y)« = (a; - y)^ + ^ry. 

Accordingly, if a; + y be given, xp is greatest when a? - y = o, or when a? = y. 
Conversely, if a;y be given, the least value of a; + y is when x = i/. 

Hence, denoting xif by a^, the minimum value of a; + — is 2a, for positive 

values of x. 

Again, it is evident that when a function attains a maximum value, its 
inyerse becomes a minimum, and vice verad, 

X I 

Accordingly, the max. value of r is — , under the same condition. 

X 

3. Find the greatest value of r r-r; . 

"^ ^ (a + x) (b + X) 

(a + a?) (i + ar) . . «* . • • /-r 

^ere- ^ is to be a minimum, or — +a?i8 a min., .*. a?= y^ aL 

X X 

tad the max. value in question is 



4. Find the least value of a tan + d cot 0. Arts, 2\/ ah. 

X -^ d , 

5. Prove that the expression -5 — j^ will always lie between two fixed 

finite limits if a^-^ e*> ab and d^ < 4 0* ; that there will be two limits between 
which it cannot lie if a* + <^ ><>^ and 6' > 4 0^ : and that it will be capable of all 
values if tf» + ^ < od. 

1 36. To find tlie Maxinmm and IffiniTntiTn values of 

aa? + 2bxi/ + cy* 



Jf 2 



/..« • 
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Let u denote the proposed fraction and substitute z for 
- ; when we set 

y 

^ az^ + 2bz •¥ e , . 

or {a - a'u)z^ + 2{b - b'u)z + c - c'w = o. 

Solving for z, this gives 

{a - rt'«^)5r + 6 - 6't* = ± v^(6 - J'w)* - (flj - a'u) {c - c^e^J. (2) 

There are three cases, according as the roots of the equation 

(6'* - fl'c') u^ + (ac' ^cd - ibb") u + b''-ac = o (3) 

are real and unequal, real and equal, or imaginary. 

(i). Let the roots be real, and denoted by a and /3 (of 
which j3 is the greater) ; then, if P - aV > o, we shall have 

[a - du)z + 6 - 6 w = ± v^(y^-aV) (w-a) 0^-/3). 

Here, so long as w is not greater than a, s is real ; but 
when u> a and < P, z becomes imaginary ; consequently, the 
lesser* root (a) is a maximum value of t* ; in like manner, it 
can be easily seen that the greater root (/3) is a TTn'niTnnTn, 

Accordingly, when the roots of the denominator, a^x^ + zb'x 
-h (f =Oy are real and unequal, the fraction admits of all pos- 
sible, positive, or negative values, with the exception of those 
which lie between a and /3. 

If either a' = o, or c' = o, the radical becomes 



and, as before, the greater root is a minimum, and the lesser 
a maximum, value of il 



* In general, in seeking the maximum or minimum values of y from the 
equation, ff=<t> («), if for all values of y between the limits a and i3, the cor- 
responding values of x are imaginary, while z is real when y = a, or t/ = fi ; 
then it is evident that the lesser of the quantities, a, iS, is a maximum, and 
the greater, a minimum, value of y. This result also admits of a simple geo- 
metrical proof, by considering the curve wHose equation is y = ^ (^r). 
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(2.) When a = j3, the expression under the radical sign, 
is positive for all values of w, and consequently u does not 
admit of either a maximum or a minimum value. 

(3.) When the roots a and /3 are imaginary, the expres- 
sion under the radical sign is necessarily positive, and u in 
this case also does not admit of either a maximum or a 
m in imum value. 

Hence, in the two latter cases, the fraction denoted by u 
admits of all possible values between + 00 and - 00 . 

In the preceding, the roots of the denominator are sup- 
posed real ; if they be imaginary, i. e., if 6'* - aV < o, we 
nave 

(a -a'u)z + b- Vu = ± ^{ad - b"') {u - a) (/3 - u). 

It is easily seen that z is imaginary for all values of u 
except those lying between a and /3. Accordingly, the 
greater root is a maximum, and the lesser, a minimum 
value of u. 

Hence, in this case, the fraction represented by u lies 
between the limits a and j3 for all values of x, 

137. Quadratic for determining z. — ^Again, the value of ^ 
oorresponding to a maximum or a minimum value of u^ must 
satisfy the equation 

{a - a'w) z -{- b-b'u =^ o. 

Substituting for w in (i) its value derived from this latter 
equation, we obtain the f oUowiag quadratic in z : 

(flS' - ba') z^ + z {ac' - ca") + be' - eV = o. (4) 

This equation determines the values of e, which correspond 
to the maximum and minimum values of u. It can be easily 
seen that if the roots of equation (3) are real, so also are those 
of (4) ; and vice versd. 

The student wiU observe in the precediag investigation 
that when u attains a max. or a min. value, the corresponding 
equation in z, obtained from (2), has equal roots. This is, 
as will be seen more fully in the next Article, the essential 
criterion of a max. or a min. value, in genoiai. 
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Find the max. or min. values of «* in the following cases : — 



Examples. 

«' + !«+ II 5 

1. USS-- ^fw. tt= 2,a max., tt = 7 amin. 

«' + 4x+io 6 

' ar' - af + I 2 — 2X 

2. « = — = I + 



X^ -V X— I «* + «—! 

l-X , . _. »^-\-X' I . 

-^ IS a max. or a mm., according as is a mm. or a max., i. e. 

** + «C— I 1 — X 

I 

as a; IS a max. or a mm. 

i-x 

.*. a; = o, or X = 2 ; the former giyes a max., the latter a min. solution. 



We now proceed to a general investigation of the condi- 
tions for a maximnm and minimum, by aid of the principles 
of the Differential Calculus. 

138. Condition for a MaxiTmini or ICiniintun. — If the in- 
crement of a variable, a?, be positive, then the corresponding 
increment of any function, /(a?), has the same sign as that 
oi f{x)y by Art. 6 ; hence, as x increases, /(ir) increases or 
diminishes, according as/^{x) is positive or negative. 

Consequently, when f{x) changes from an increasing to 
a decreasing state, or vice versdj its derived function, j{x), 
must change its sign. Let a be a value of x corresponding 
to a maximum or a minimum value of f{x) ; then, in the 
case of a maximum we must have for smaJl values of A, 

f{a) >f{a + A), and /(«) >f{a - h) ; 

and, for a Trn'm'TrmTn ^ 

f{a) <f{a + A), and f{a) <f{a - h). 
Accordingly, in either case the expressions 
f{a + h) -f{a), and /{a - h) -f{a). 
have both the same sign. 
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Again, by formulsB* (29) Art. 75, we have 
f{a + h) -f{a) = hf{a) + —/'{a + 9h) 

/{a - h) -/(«) = - h/{a) + -^ /'(« - ej,). 

Now, when h is very small, and /"(a) finite, the second 

term in the right-hand side in each of these equations is very 

small in comparison with the first, and hence /{a + h) -f{a) 

and f{a - h) - f{a) cannot have the same sign unless 

f{a) = o. 

Hence, the values of x which render f{x) a maximum or a 
minimum are in general roots of the derived equation f^(x) - o. 

This result can also be arrived at from geometrical 
considerations ; for, let y = f{x) be the equation of a curve, 
then, at a point for which the ordLaate y attains a maximum 
or a minimum value, the tangent to the curve is evidently 
parallel to the axis of x\ and consequently, f^{x) = o, by 
Art. 10. 

Moreover, if x be eliminated between the equations 
f[x) = u and f^{x) = o, the roots of the resulting equation in 
u are, in general, the maximum and minimum values oif{x). 

Qiis is the extension of the principle arrived at in Art. 134. 

Again, since/' {a) = o, we have 



f{a - h) -/(«) = ^/'{a - eji) 



>- (5) 



* In the investigation of maxima and minima given above, Lagrange's form 
of Taylor's Theorem has been employed. For students who are imaoquainted 
witli this form of the Theorem, it may be observed that the conditions for a 
maximum or minimum can be readily established from the form of Taylor's 
Series, given in Art. 54, viz., 

Ac + A) -/(») = */(») + —/"(«) + r-T-;/"'W + *<>• ; 

1.2 1.2.3 

for when h is very small and the coefficients /'(a), /"(a), &c. finite, it is evident 
that the sign of the series at the right-hand side depends on that of its first 
term, and hence all the results arrived at in the above and thi^ sv]^^%c^<^t^ 
Artides can be readily established. 
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But the expressions at the left-hand side in these equations 
are both positive, for small values of A, when f'\{a) is 
positive ; and negative, when f\a) is negative ; therefore 
f{a) is a maximum or a minimum according as f\a) is negative 
or positive. 

If, however, /"(a) vanish along with /'(a), we have, by 
Art. 75, 

Hence it follows that, in this ease, f{d) is neither a 
maximum 'nor a minimum, unless /"'(flj) also vanish; but if 
/"'(a) = o, then /(a) is a max. when f^\a) is negative, and a 
TniTiiTnum when/^^(fl5) is positive. 

In general, let /('*)(a^ be the first derived function that 
does not vanish ; then, if w be odd, /(a) is neither a max. nor 
a min. ; if n be even, f{a) is a max. or a min. according as 
y («+!)(«) is negative or positive. 

The student who is acquainted with the elements of the 
theory of plane curves will find no difficulty in giving the 
geometrical interpretation of the results arrived at in this 
and the subsequent Articles. 

Examples. 

I. u = asixi.x ■\-hQQSx» 

Here the max. and min. values are given by the equation 

du a 

3- = a cos «— i sin « = o, or tan ar = — • 
ax 

Hence, the max. value of u is v »* + **, and the min. is — v a* + ^. This is 
also evident independently, since u may be written in the form 

V a* + i* sin ix + o), 

h 

where tan o = — . 



a 
2. M = « — sina;. 



, , . du d^u . d^ 

In this case ■— =i-cos«, -— 7: = 8ina?, -r-recosar. 

dx dx^ dx* 
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Accoromgly, 11 -j- = o, we have -— - = o, and — - = i. 

ax ax^ dx^ 

Consequently, the function a; — sin a? does not admit of either a maximum or a 
minimum value. 

This result can also be easily seen from geometrical considerations. 

3. tt = cos a; + d cos 3d;, a and h being both positive. 

Here -r- = — « sin as - 2d sin 2a7, 

dx 

d^u 

-— - = — a cos a? — 40 cos 2a?. 

dx^ 

The max. and min. values are given by the equation sin a; + 26 sin 2a; = o : 

.*. we have, (i) sin a; = o, or (2) cos x = — -. 

The simplest solution of (i) is a; = o, in which case 

d^u 
« = « + *, j^=:-a-4J; 

consequently, this gives a max. solution. 

Again, let a; = ir, and we have u = b — a, -r-r = a — 4b; consequently this 

l^ves a max., or a min. solution, according as a is < or > 46. 

d^u 
If a = 43, we get x = ir, -—■ = o. 

dx" 

On proceeding to the next differentiation, we have 

d^ 

— = a (sin a? + 2 sin 2a;) = o, when x='k. 

d^u 
Again, -r-^ = a (cos a? + 4 cos 2a;) = 3a. Consequently the solution is a 

minimum in this case. 

Again, the solution (2) is impossible unless a be less than 4b, In this 

case, i. e. when a < 4b, we easily find -—5 positive, and accordingly this gives a 
min. value of «, viz., — ^7 — i. 

139. Application to national Algebraic Expressions. — 
Suppose f{x) a rational function containing no fractional 
power of a?, and let the real roots of /'(a?) = o, arranged in 
order of magnitude, be a, j3, 7, &c., no two of which are 
supposed equal. 

Then f{x) = {x-a) {x-fi) (^-7) . . . 

and /'(a) = (a-/3)(a-7) . . . 

tut by hypothesis, « - A « "" 7> ^^-y ^© ^ •posiJLrj^ \ V^iiRfc 
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f'{a) is also positive, and consequently a corresponds to a 
TnininniTn value oif(x). 

Again /'(^) = (3 - «) (/3 - 7) •• • 

here j3 - a is negative, and the remaining factors are positive ; 
hence /''(jS) is negative, and/(j3) a maximum. 
Similarly, ^(7) is a minimum, &c. 

140. ICaxiina and ICinima Values occur alternately. — We 
have seen that this principle holds in the case just considered. 

A general proof can easily be given as follows : — Suppose 
f{x) a maximum when x^ a^ and also when a? = i, where b is 
the greater; then when x = a -\- h^ the function is decreasing, 
and when a? = & - A, it is increasing (where ^ is a smaU inore- 
ment) ; but in passing from a decreasing to an increasing 
state it must pass through a minimum value ; hence between 
two maxima one minimum at least must exist. 

In like manner it can be shown that between two minima 
one maximum must exist. 

141. Case of Equal Boots. — ^Again, if the equation /'(«) 
, = o has two roots each equal to a, it must be of the form 

f'{x)={x-ay4>{x). 

In this case/" (a) = o,/'" {a) ^2-i^j (a), and accordingly, 
from Art. 138, a corresponds to neither a maximum nor a 
minimum value of the function /(a?). 

In general, '^f\^) have n roots equal to a, then 

f\x)^{x-aY^iJ{x). 

Here, when n is even, /(a) is neither a max. nor a min. solu- 
tion ; and when n is odd, /(a) is a max. or a min. according 
as )/» (a) is negative or positive. 

142. Case wliere/'(ir) = 00. — ^The investigation in Art* 
138 shows that a function in general changes its sign in pass^ 
ing through zero. 

In like manner it can be shown that a function changes 
sign, in general, in passing through an infinite value ; i. e., if 
^ (a) = 00 , (o - A) and (a + A) have in general opposite 
signs, ioT small values of h. 



u 
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For, if u and - represent any function and its reciprocal, 
they have necessarily the same sign ; because if u be positive, 
is positive, and if negative, negative. 
Suppose Wi, u%^ Uz^ three successive values of u^ and 

Thenif W2 = o; by Art. 138, Ux and t^ have in general 
opposite signs. 

Hence, if ~ = cx), — and — have also opposite signs ; and 
Vt til u^ 

we infer that the values of a which satisfy the equation /'(a?) 

= C30 may furnish maxima and nunima values of/ (x). 

143. We now return to the equation 

f{x) = {x-ayxl^{x), 

in which n is supposed to have any real value, positive, nega- 
tive, integral, or fractional. 

In this case, when x = a,f\x) is zero or infinity according 
as n is positive or negative. 

To determine whether the corresponding value of /{x) is 
a real maximum or minimum, we shall investigate whether 
/'(a?) changes its sign or not ds x passes through a. 

When x = a + h,f(a + A) = A**;// (e? + A), 

„ x^a- h,f{a -h)={ -hy-^ {a-h\ 

now, when h is infinitely small, )/» (a + A) and ;// (a - A) be- 
come each idtimately equal to yp{a): and therefore /'(a + h) 
and/' (a - h) have the same or opposite signs according as 
( - i)" is positive or negative. 

(i). If n be an even integer, positive or negative,/' (u?) does 
not change sign in passing through a, and accordingly a cor- 
responds to neither a maximimi nor a minimum. ^oVutVoTi. 
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(2). If n be an odd integer ^ positive or negative,/' [a + h) 
4ind/' [a - h) have opposite signs, and a corresponds to a real 
maximum or minimum. 

2r *.^ 

(3). If n be a fraction of the form ± — , then ( - i) 7 

Jr 



r 



= 1 ^ = I, and a corresponds to neither a max. nor a min. 

(4). If n be of the form ± ^ ' , then ( - i) * "r" = (- i) * p 

is imaginary Up be even, but has a real value (- i) when p 
is odd. In the former case,/' [a - h) becomes imaginary ; in 
the latter, /'(a + h) and /'(a - h) have opposite signs, and /(a) 
is a real maximum or minimum. 

Thus in all cases of real max. and min. values the index n 
must be the quotient of two odd numbers. 



EXAHPLES. 
X. / (x) = <M?» + ^hx + e. 

Here f (x) = 2{ax + i) = o, hence x = . 

And is a max. or a min. value of ax'^ + 2bx + e, according as a is nega- 
tive, or positive. 

a /(«) = 2a;' — if** + 36a? + 10. 

fix) = 6(a;« - 50? + 6) = 6(x - a) (or- 3). 
(i.) Let a; = a ; then/"(af) is negative ; 
hence/ (2) or 3S is a maximum. 

(a). Let « = 3 ; then/" («) is positive ; 
hence /(3) or 37 is a minimum. 

It is evident that neither of these values is an ahsolute TnaTimum or mini- 
mum ; for when « = 00 , f(x) = so , and when a? = — 00 , /(») = — 00 ; accord- 
ingly, the proposed function admits of all possihle values, positive or negative. 

Again, neither + 00 nor — 00 is a proper maximum or minimum value, because 
for lar^e values of 9^f{x) ctrnztuntly increases in one case, and constantly dimi- 
niabea m the other. 
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It is easily seen that as x increases from - 00 to + 2,/ {x) increases from — 00 
to 38 ; as a; increases from 2 to 3, f{x) diminishes from 38 to 37 ; and as 2; in- 
creases from 3 to 00 , / f:r) increases from 37 to oo . When considered geome- 
trically, the preceding inyestigation shows that in the curve represented by the- 
equation 

y = la^ - 153^ + 36a; + 10, 

the tangent is parallel to the axis of x at the points ar = 2, y s 38 ; and x = 3, 
y = 37, and that the ordinate is a maximum in the former, and a minimnm ii^, 
the latter case, &c. 

3. /(a;) = a + bi^x — e'^^ Am, a? = c. Neither a max. nor. a min.. 

4. f{x) = i + <j(a; - a)i ■{' d{x - a )^. 
Sabstitute a + A for x, and the equation becomes 

/(a + A) = i + ch^ -h dhi ; 
also /{a -h) = b-{-cki + dh^, 

but when h is yery small h^ is small in comparison with h^, and accordingly^ 
^ is a Tnim'Tniim or a maxJmnm value off(x) according as <; is positive or nega- 
tive. 

5. f{x) = 5«6 + 123^ - isx^ - 40*3 ^ i^-j.2 ^ 5oa. + 17, 

Ans, x=±i gives neither a max. nor a min. ; a? = — 2 gives a min. 

(aj-i)(aj-6) 

6. -^ -. Let a; - 10 c= «, and the fraction becomes 

X— 10. 

(g + 9)(g + 4 ) ^^ . ^, . 36 
,or« + 13 + — . 

z z 

The maximum and minimum values are given by the equation i - — = o. 

z^ 

.*. « = ± 6» and hence a; = 16 or 4; the former gives a min,, the latter a max.. 
yalae of the fraction. 

(a; + 1)3 

If a; * iif{x) is neither a max. nor a min. ; if a; *= — 5, f(x) is a max. 

(x •{■ I )* 
Again, the reciprocal function ~ — • is evidently a max. when a; «- — i ;. 

for if we substitute for ar, — 1 + A, and - i — A, successively, the resulting values 
are both negative ; and consequently the proposed function is a Tm'Tn'Trmni in this 
case. 

This fanushes an example of a solution corresponding to /\x) =<m . ^^^ 
Art. 142. 



Hence /'{x) = )^ , ^(3 C^ + s)- 
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144. We shall now return to the fraction 



,'«t2' 



aV + 2 b' an/ + c'y 

the max. and min. values of which have been already considered 
in Art. 136. 

Write as before the equation in the form 



where z 



z\a - a'u) + 2z[b - Vu) + (c - c'u) = o, 

X 

y 

du 



Differentiate with respect to s, an,d, as — = o for a max. 

az 

or a min., we have 

z{a- du) + (ft - Vu) = o. 

Multiply this latter equation by z^ and subtract from the 
former when we get 

z[b - Vu) + (c - c'u) = o. 

Hence, eliminating z between these* equations, we obtain 

[a - a'u) [c - c'u) = (6 - Vu)\ 

•or u^dc' - V^) '-u{ac'+cd - 2bb') + (ac - b") « o, (3) 

the same equation (3) as before. 
The quadratic for ^, 



z\ab' - bd) + z[a(f - cd) + be' - cV = o, 



(4) 



is obtaiiied by eliminating u from the two preceding linear 
equations. 

This equation can also be written in a determinant form, 
^s follows: — 

I - z -J* 



a 



d V 



= o. 
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It may be observed that the coefficients in (3) are tw- 
variants of the quadratic expressions in the numerator and 
•denominator of the proposed fraction, as is evident from the 
principle that its maximum and minimum values cannot be 
altered by linear transformations. 

This result can also be proved as follows : — 

_ aX^ + 2bXY -^ cY^ 
^^ ""' dX'^ zVXY^ c'Y-^' 

where X, Y denote any functions of x and y ; then in seeking 
the maximum and minimum values of u we may substitute 

X 

z for -=, when it becomes 

az^ + 2hz + c 
u = 



/ y 



aV+ 2b'z+ d 

and we obviously get the same maximum and minimum values 
for t/, whether we regard it as determined from the original 
fraction or from the equivalent fraction in z. 

Again, let X, Y be linear functions of x and y, 

i. e.X= Ix + myy Y= fx + m'y, 

then u becomes of the form 

Aai^ + 2Bxy + Cy^ 
^V + 2B'xy + Cy ' 

where A, B, C7, A\ -B', C, denote the coefficients in the trans- 
formed expressions ; hence, since the quadratics which deter- 
mine the max. and min. values of u must have the same roots 
in both cases, we have 

AC-B' = X{ac- b% AC + CA'- 2BS^ X {ac' + ca^ - 2bb\ 

A' a- -B'^ = A (aV - V% Q.E.D. 

It can be seen without difficulty that 
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We shall Illustrate the use of the equations (3) and (4) by 
appljdng them to the following question, which ooours in the 
determination of the principal radii of curvature at any point 
on a curved surface. 

145. To find the Maxiwia and Minima Values of 
r cos'a + 2s cos a cos /3 + ^ cos*/3, 
where cos a and cos /3 are connected hy the equation 

(i +_p') QO^^a + 2pq cos a cosj3 + (i +$'*) cos'/3 = I, 
and Py qj r, s, t are independent of a and /3. 

Denoting the proposed expression by u and substituting 

p cos a , 

z for Tj, we get 

cos j3 

rz^ + 28Z + t 
u = 



(i + p^)z'^ + 2pqz + (i + q^y 



The maximum and minimum values of this fraction, by 
the preceding Article, are given by the quadratic 

u^[i -\-p^ + q^} + u[{i +q^)r-2pq8 + {i+p^)t}+rt-8^ = o; (6) 

while the corresponding values of z or ^ are given by 

s'{(i -{- p'^)s - pqr] + z[{i +p^)t - (i + q^)r] 

+ [pqt - (i + qy) = o * (7) 

The student will observe that the roots of the denominator 
in the proposed fraction are imaginary, and consequently, the 
values of the fraction lie between the roots of the quadratic 
(6), in accordance with Art. 136. 



♦ Lacroiz, Dif. Cal., pp. 575, 576. 
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146. !D» find tlie Mltxiimini and MLnunum Bftdins Vector 
of the Ellipse 

a^ + 2bxy + cy^ = i. 
(i). Suppose the axesreotangxilar ; then 

r* = ar* + y'*iatobea maTnTmiTn or a minimum. 

Let - = ^, and we ffet 

y 



2'+ I 



r^ = 



az^ + zbz + c 



Hence the quadratic which determines the maximum and 
TniniTnnin distances from the centre is 

r^(ac - 6*) - r^ (a + c) + I = o. 

The other quadratic, viz., 

ba^ - {a-c)xy - by^ = o, 

gives the directions of the axes of the curve. 

(2.) If the axes of co-ordinates be inclined at an angle w^ 
then 

r^ - a^ ■¥ y^ -^ ixy cos ai 

S* + 2S COS (u + I 



a^ + 2 fe + c 

and the quadratic becomes in this case 

r* (ac - i'*) - r* (a + c - 2 J cos cu) + sin^ w = o, 

the coefficients in which are the invariants of the quadratic 
expressions* forming the numerator and denominator in the 
expression for r*. 

The equation which determines ihe directions of the axes 
of the conic can also be easily written down in this case. 



* Salmon's Conic Sections, Arte. 155, 159.' 
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of 



147. To investigate the Maximiini and MiniTnnTn Values 



Substituting z for -, and denoting the fraction by u, we have 

a^ + 3J2' + 3CS + rf 
aV + 36V + 3c'2 + flf* 

Proceeding, as in Art. 144, we find that the values of u and 2 
are given by aid of the two quadratics 

as' + 26s + c = {d^ + 2 J's + c') w, 

fe' -i- 2CZ + d=^ {b'z^ + 2C'2 + <f ) w. 

Eliminating u between these equations, we get the following 
biquadratic in s : — 

z' {aV - b(fj + 2z' {ac' - ca') -\- z^ad' -- a'd + s{bc' - cb")] 

+ 2Z {bd' - db") + {ciT - c'd) = o. (8) 

Eliminating z between the same equations we obtain a 
biquadratic in Uy whose roots are the maxima and minima 
values of the proposed fraction. Again, as in Art. 144, it 
can easily be shown that the coefficients in the equation in u 
are invariants of the cubics in the numerator and denominator 
of the fraction. 

148. To cut the Maximum and MiniTnuTn Ellipse from a 
Bight Cone which stands on a given circular base. — Liet jiD 
represent the axis of the cone, and 
suppose BP to be the axis major of 
the required section, its centre, a, J, 
its semi-axes. Through and P 
draw LM and PBy parallel to £0. 
Then BP = za^ b^ = LO . OM 
(Euclid, Book iii., p. 35) ; but LO 

= ^, Oif = i^^ ... j2 ^ l^BC.PR. 

2 2 4 

Hence BP^ . PR is to be a maximum 

or a minimum. ^^'g- 7- 
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Let L BAD = a, PBC= 0, BC ^ c. 

^^ -r. -r. -r. ^Slll BCP C COS U 

Then BP = BC— 



Bin BPC cos(«-a)' 

PP - j^pSmPBR _ ceos(0 + a) 
" Bin PJRB " cos(fl-a)' 

COs(0 + a) . 

•'• ** = — TTTi — T IS a max. or a mm. 

oos^(O-a) 

-_- du smzO - 2Bm 2a . n 

Hence -^ = — --^-^ — r— = o, .-. sm 28 = 2sm 2a. 

au cos (a - a) 

The solution becomes impossible when 2 sin 2a > i ; i. e. if 
the vertical angle of the cone be > 30°. 

The problem admits of two solutions when a is less than 
15°. For, if 01 be the least value of derived from the 

equation sin 2O = 2 sin 2a ; then the value — 0i evidently 

gives a second solution. 

Again, by differentiation, we get 

d?^U 2COS20 , - . ^ . . 

:^2 = — Uh — \> (when sm 20 = 2sm 2a) ; 
d0^ cos*(0-a) ^ 

this is positive or negative, according as cos 2O is positive or 
negative. Hence the greater value of corresponds to a 
TnaYimum section, and the lesser to a minimum. 

In the limiting case, when a = 15°, the two solutions 
<K)incide. However, it is easily shown that the corresponding 
section gives neither a max. nor a min. solution of the 
problem. For, we have in this case = 45° ; which value 

gives -^3 = o. On proceeding to the next differentiation, we 

find, when = 45°, 

d^u _ - 4 _ ^4 

W" " cos* (45° -a) " " '9 ' 

Hence the solution is neither a max. nor a min. 
When a > 15°, both solutions are im^^omkiX^. 

N 2 
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149. The prinoiple that when a fanetion is a max. or 
a min. its reciprocal is at the same time a iniTiiTninn or a 
maximimi, is of frequent use in finding such solutions. 

There are other considerations by which the determina- 
tion of maxima and minima values is often facilitated. 

Thus, whenever ti is a max. or a min., so also is log (t^)^ 

unless u vanishes along with —. 

Again, any constant may be added or substracted, i. e. if 
f{3c) be a max., so also i&f{x) ± c. 

Also, if any function, u^ be a maximum, so will be any 
positive power, of w, in general. 

150. Again, if z = f{u)y then dz = f(u)du^ and conse- 
quentiiy s is a max. or a min. ; either (i) when du = o, i. e. 
when u is a max, or a min. ; or (2) whenf'{u) = o. 

In many questions the values of u are restricted, by the 
conditions of the problem,* to lie between given limits; 
accordingly in such cases any root of f{ii) = o does not 
furnish a real max. or min. solution^ unless it lies between 
the given limiting values of u. 

We shall illustrate this by one or two geometrical 
f^xamples. 

(i). In an eUipsey to find when the rectangle under a pair of 
rotyuf/ate diameters is a max. or a min. Let r be any semi- 
diamotor of the ellipse, then the square of the conjugate 
semi-diameter is represented by a^-\-b^- r^^ and we have 

u = r^ (a' + J' - r'), a max. or a min. ; 

here -7- = 2 (a' + 6* - 2r^) r. 

dr 

Accordingly the max. and min. values are, (i) those for 
which r is a max. or a min. ; i. e. r = a, or r = ^ ; and, (2) 
those given by the equation 

r (fl' + J* - 2r^) = o. 



* See Cambridge Mathematical Journal, vol. iii., p. 237. 
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or r = o, and r = J — — . 

The solution r = o is inadmissible since r must lie between 
the limits a and h: the other solution corresponds to the 
equiconjuffate diameters. It is easily seen that the solution 
in (2) is the maximum, and that in (i) the Tninimum value 
of the rectangle in question. 

151. As another example, we shall consider the following 
problem :* — 

CHven in a plane triangle two sides (a, b) to find tlie 
maximum and minimum values of 

A 

cos — 

2 



where A and c have the usual significations. 

Squaring the expression in question, and substituting x 
for (5, we easily find for the quantity whose max. toid imn. 
Tallies are required, the following expression : 

I 2h a^-h^ 
X a? x^ ^ 

neglecting a constant multiplier. 

Accordingly, the solutions of the problem ar6 — (i) thfe 

maximum and minimimi values of a?, i. e. a + 6 and a-h. 

du 
{2) the solutions of the equation — , i. e. of 

OnXi 

I ^ 4S 3(«'-y) _p 

X^ Q? X*- * 

or x^ + ^bx - 3 (a^ - b^) = o, 

whence we get x = \/^a^ + b^ - 26 ; 

neglecting the negative root, which is inadmissible. 

Again, if J > a, ^/^a^ + b^ - 2 J is negative, and accordingly 
in this case the solution given by (2) is inadmissible. 

* This problem occurs in Astronomy, in finding when a planet appears 
Inightest ; ihe orbits being supposed circular. 
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H a > by \i remains to see whether v^3a* + 6* - 2b lies 
between the limits a + b and a-b. It is easily seen that 

v^3fl' + V - 26 is > a - 6 ; the remaining condition requires 
a + 6 > \/zd^ + 6* - 2J, 



or a + 36 > v/3«' + b^y 

or a' + tab + 96* > 3a' + 6% 

i. e. 46' + 3aJ > a', 

46^ + 3«* + ^ > -V, .-. 2J + — > — , 
10 10 44 

or finally i>-. 

We see accordingly that this gives no real solution unless 
the lesser of the given sides exceeds one-fourth of the 
gre ater . 

When this condition is fulfilled, it is easily seen that the 
corresponding solution is a maximum : and that the solutions 
corresponding to a? = a + 6, and a: = a ~ J, are both minima 
solutions. 

152. ICazima and Minima Values of an Implicit Function. 
— ^Suppose it be required to find the max. or min. values of 
y from the equation 

f{xy y) = o. 

DifferentiatiQg, we get 

du du dy 

dx dy dx ' 

where u represents /(a?, y). But the max. and min. values of 

dii 
y must satisfy the equation ;/ = o; accordingly the maximiun 

and TTTiTiiTmiTn values are got by combining* the equations 

-— = o, and w = o. 
due 



♦ This result is evident also from geometrical considerations. 
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153. MaxJTmiTn and MiniTmiTn in case of a Function of 
two dependent Variables. — ^To determine the maximnTn or 
TniTn'nfmTn values of a function of two variables, x and y, which 
are connected by a relation of the form 

f{xy y) = o. 

Let the proposed function, 0(ir, y) be represented by u ; 
then by Art. loi, we have 

d(^ df d<p df 
du dx dy dy dx 
dx df 

dy 

But the maxima and minima values of u satisfy the 

du 

equation ;t- = o, hence the values of x and y derived from 
ax 

the equations /(iT, y) = o and 

d^ df dijt df 
dxdy dy dx ' 

famish the solutions required. To determine whether the 
solution so determined is a maximum or a minimum it is 

necessary to investigate the sign of — . We add an 

example for illustration. 

154. Given the four sides of a quadrilateral, to find when its 
area is a maximum. 

Let «, b, c, d be the lengths of the sides, the angle 
between a and J, xfj that between c and d. Then a6 sin + 
cdBiaxjj is a max.; also a^+ b^ - 2a6co80 = c^ + d^- 2cdoo&\py 
being each equ^l to the square of the diagonal. 

Hence ab cos 6 + ed cos «/» -j^ = o, for a max. or a min. ; 

dtp 

also ab sin (ft - cd sin. xfj-j-y 

.'. tan tp + tarn// = 0, or <p + xfj = 180°. 
Hence the quadrilateral is inscribable in a oitcIq. 
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That tiie fiolution aixived at is a maximum is evident from 
geometrioal considerations; it oan also be prored to be^soby 
aid of the preceding prindples. 

For, substitute , . , instead of -7^, and we get 

cdBmxjj d<p ° 

du a J sin (^ + yL) 
df sin i/' * 

TT d^u ah cos (tb +il) f d\L\ , . . . 

Hence 3-= = 7-^ — ^ 1 + -t" + a term which 

d(p^ sun// \ d<pj 

vanishes when + ;// = 180° ; and the value of -7- becomes 

d<^ 

in thifi(»se 

ab ( aV 



I +r3, 



sim//\ cdj 
which being negative, the solution is a maximum. 



Examples, 183 



Examples. 

1 . Prove that a sec + 3 cosec d is a mininnim when tan d = X/ -. 

^ a 

2. Find when 4J:' — i5a;2 4. iix — I isa maximum or minimum. 

Ana. a; = ^, a max., a; = 2, a min. 

3. If a and h he such that /(a) =f{b)i show that /(a;) has, in general, a 
max. or a min. yalue for some value of x between a and b. 

4. Find the value of x which makes 

sin X . cos X 



coB^{6o°-x) 
a maximum. Ans. x = 30°. 

If ^fl+fW t, ^ ^„i„^ ,j,„^ immediately that ^^ is a minimmn. 

8111 X 

6. Find the value of cos a:, when — is a maximum. 

'V/ 5 -4 cos a? 

Ans, cos a; = - — Y ■. 

6 

7. Fmd when is a maximum. ,, a; = — . 

V 4+5^* ^ 

8. Apply the method of Ex. 5 to the expression -^ -. 

9. What are the values of x which make the expression 

23^ - 2ia;' + 36a? - 20 

a maximum or a minimum P and (2) what are the maximum and minimum 
values of the expression F Ans, a; = i, a max. ; a; = 6, a min. 

10. u 3= x*^(a — a;>. Ans. x = , a maximum* 

^ ' m + #1 

11. Given the angle (7 of a triangle; prove that sin* .4 + sin* ^ is a 
maximum, and cos*^ -f cos^i? a minimum, when A = B. 



12. Find the least value of a^' + Jr*«. Ana. z^/ab. 

«3- 



(^ + ^^(* + ^> ,-, .= ty^. 



(a — a;) (6 - a?)* 
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9fm Smgk Variabk, 



^ai |«e«>-«'. 



15. ■s^eoii 



17- T. 



or a iiuiTiiniiin» 



c = cot jr. 



t« — X> IS 



^ ' ll + M 




its ncBaiad 



itsbtaeift 



so. GiTcn one a&^ A ci a ri^ht mgVJ sfiherical tziaBgle, find when the 
betveen tbe sides viudi mBtara it is a Baximnm. 



« — i is a maziminB, -^r = i- 



Here taa«eo8^ = tan (; and 

Henee we find tan i = ^/tmjl 

This ^uestioQ admits of anocher easj Kdntian ; fiir as in Art. 1 12, ve haye 

sin (<•-(> ^ ^A 

= tan' - , 

8in(ci^i) 2' 

eonseqnentl J sin (e — I) beeomes a ma-r^wwi along with sin (« + (), since A is 
constant ; and hence « — 6 is a iw-riwrnwi when c -r ^ = 90"*. 

This problem occors in Astronomy, in fiwHing when the part of the equation 
of time which azises from the obliquity of the ecliptic is a m^Timnm- 

21. Prore that the problem, to deecnbe a circle with its centre on th& 
circumierence of a giren dide, so that the length of the arc iatercepted within 
the given circle shall be a maTimnm, is redacible to the eolation of ^e equation 
#scot9. 

22. A perpendicular is let &11 from the centre on a tangent to an ellipee, find 
when the intercept betireen the point of contact and the foot of the perpendicular 

if a max. Prore that/? = v^o^, and intercept = a — ^. 

23. A semicircle is described on the axis-major of an ellipse ; draw a lin& 
from one extremity of the axis so that the portion intercepted between the 
circle and the ellipse shall be a nfiaTim nfn. 

24. Draw two conjugate diameters of an ellipse, so that the sum of tbe 
perpendiculars from their extremities on the axis-major shall be a TnaTiTtintn- 

25. Through a point on tbe produced diameter AB of a semicircle draw a 
secant OBK^ so that the quadrilateral ABRB: inscribed in the semicircle shall 
be a maximum. 

26. If sin ^' « h sin if/, and i^ + »[/«= a, where a and h are constants, proye 
that cosif' cos ^' is a maximum when tan^ ^ = tan 4^ tanifr'. 
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27. Find the area of the ellipse 

ax'* + 2hxy •\- by* ^ c 
in terms of the coefficients in its equation, by the method of Art. 146. 



(i) for rectangular axes. Am. 



ire 



\/ab-h* 



/ V - ,,. ire sin « 

(2) for oblique. 



\/ab — h* 

28. A triangle inscribed in a given circle has its base parallel to a given lin& 
and its vertex at a given point, find an expression for the cosine of its vertical 
angle when ths area is a maximum. 

29. Find when the base of a triangle is a minimum, being given the vertical 
angle and the ratio of one side to the difference between the other and a fixed 
line. 

30. Of all spherical triangles of equal area, that of the least perimeter is- 
equUateraL 

31. Let w^ + ic^ — 3aa;w = o ; determine whether the value a? = o gives u a 
maximum or minimum. Ana, Neither. 

32. Show that the maximum and minimum valties of the cubic expression 

as^ + 3ia;2 + 3«» + d 
are the roots of the quadratic 

a«aS - 2Qz + A = o, 
where G = a^d- ^abo + il^y and A = a^rf* + ^a<^ + 4^3* - 3^^ - Sabcd, 

33. Through a fixed point within a given angle draw a line so that the- 
triangle formed shall be a minimum. The line is bisected in the given point. 

34. Prove in general that the chord drawn through a given point so as to 
cut off the minimum area from a given curve is bisected at that point. 

35. If the portion, AB, of the tangent to a given curve intercepted by two 
fixed lines, OA, OB^ be a minimum, prove that FA = NB : where F is the 
point of contact of the tangent, and iV'the foot of the perpendicular let faU on 
the tangent from 0, 

36. The portion of the tangent to an ellipse intercepted between the axes ia 
a minimum ; find its length. Ana, a-\-b. 



( i88 ) 



CHAPTER X. 

MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MOKE IN- 
DEPENDENT VARIABLES. 

155. Maxima and Mfnixna for two Variables. — ^In acoordance 
with the principles estabhshed in the preceding chapter, if 
(^9 y) ^^ ^ maximum for the particular values, x^ and y^ 
of the independent variables, x and y^ then for all small 
positive or negative values of h and k^ <p (xq, yo) must be 

freater than {xq + hy yo + k) ; and for a Tniniynum it must 
e'less. 
Again, since x and y are independent, we may suppose 
either of them to vary, the other remaining constant ; 
accordingly, as in Art. 138, it is necessary for a maximum 
or minimum value that 

^ = o,and^ = o; (i) 

omitting the case where either of these fimctions becomes 
infinite. 

156. Z<agrraiige'8 Condition. — ^We now proceed to con- 
sider whether the values f oimd by this process correspond to 
real maxima or minima, or not. 

Suppose ij?o, yo to be values of x and y which satisfy the 

equations 

du J du 

-7- = o, and -7- = o, 
dx dy 

and le* -4, -B, C be the values which -7^, -7— r? -t\ assume 

ax axdy ay 

when Xo and y^ are substituted for x and y ; then we shall 

have 

^(^0+ A, ^0+ k) - 4>[xo, yo) = {Ah^+ iBhk + Ck^) + &c. (2) 
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But when h and k are very small, the remainder of the^ 
expansion becomes in general very small in comparison with 
the quantity Ah^ + 2Bhk + Ck^; accordingly the sign oi 
^ {xq + a, yo + A) - {xo, po) depends on that of 

Ah^ + 2Bhk + C/F, 1. e. of ^ ■ — 7-^ -. 

A 

Now, in order that this expression should be either always 
positive or always negative for all small values of h and A^ 
it is necessary that AC - £^ should not be negative ; as, if 
it be negative, the numerator in the preceding expression 
would be positive when k = o, and negative when Ah + JBk = o^ 
Hence, the condition for a real maximum or minimum i^ 
that AC should not be less than ^, or 

(Pu (Pu f (Pu Y 

dx^ dy'^ \dxdy) ' 

and, when this condition is satisfied, the solution is a maxi* 
mum or a minimimi value of the f imction according as the 
sign of A is negative or positive. 

If jB* be > -4(7 the solution is neither a maximum nor a 
Tninimiim. 

The necessity of the preceding condition was first estab- 
lished by Lagrange,* by whom also the corresponding condi- 
tions in the case of a function of any number of variables 
were first discussed. 

Again, if -4 = o, JB = o, C = o, then for a real maximum 
or minimum it is necessary that all the terms of the third 
degree in h and k in expansion (2) should vanish at the 
same time, while the quantity of the fourth degree in h and k 
should preserve the same sign for all values of these quan- 
tities. See Art. 138. 

The spirit of the method, as well as the processes em- 
ployed in its application, will be illustrated by the following 
examples. 

157. To find the position of the point the sum of the 
squares of whose distances from n given points situated in 
the same plane shall be a minimum. 

* Th6orie des Fonctions. Deuxidme Fartie. Ch. onzv^m^. 
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Let the co-ordinates of the given points referred to 
reotangular axes be 

(«i, hi), {02, S2), {oz, 63) . . . {an9 K)f respectively ; 
{x, y) those of the point required ; then we have 

+ {x-any+iV-hnY, 
a minimum. 

du ' . . 

cue 

du 

-T- ^y-hi+y-h^ ...+y-'bn-- ny-[hi-¥ 62+.. . + Jn) = o. 

-_ fl^i + fl2 + • • • + fl^n Ji + 62 + • • . + ^n 

Hence x = , y = . 

n n 

and the point required is the centre of mean position of the 
n given points. 

From the nature of the problem it is evident that this 
result corresponds to a minimum. 

This can also be established by aid of Lagrange's con- 
dition, for we have 

dx'^ ' dxdy ' dy'^ 

In this case AC - E^ \& positive, and A also positive; 
and accordingly the result is a minimuTn. 

158. To find the Maximum or Mininnmn value of the ex- 
pression 

aoi?' + hy^ + ihxy + igx + 2fy + c. 

Denoting the expression by u, we have 

I du 

- -7- = hx-\-oy +/ = o. 
2dy 
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Multiplying the first equation by a?, the second by y, and 
subtracting their sum from the given expression, we get 

^^gx-^fy + c, 

whence, eliminating x and y between the three equations, 
we obtain 

a h g 

h h f . (3) 

g f c 

This result may also be written in the form 



u[ah-h^) = 



d\ 
where A denotes the discriminant of the proposed expression. 

Hence, U ab-h^ be positive, the foregoing value of u is a 
max. or a min. according as the sign of a is negative or 
positive. 

If A' > ab, the solution is neither a maximum nor a 
mmimum. 

The geometrical interpretation of the preceding result is 
evident ; viz., if the co-ordinates of the centre be substituted 
for X and y in the equation of a conic, u = o, the resulting 
value of u is either a maximum or a minimuTn if the curve 
be an ellipse, but is neither a maximum nor a minimum for 
a hyperbola ; as is also evident from other considerations. 

159. To find the Maxima and Minima values of the 
Praction 

00^ + by^ + 2hxy + igx + ify + c 

a'si^+Vy'^-^ iKxy-^- i^x-k-ify + d' 

Let the numerator and denominator be represented by 
^1 and ^2 ; then denoting the fraction by w, we get 

01 = U^2 • • • \/*j 
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Differentiate with respect to x and y separately, then 



d<l>i du 



d^2 d(l>] 



dx dx^^ dx^ dy dy 
but for a max. or a min. we must have 



du d62 

(p2+ tl 



dy' 



du du 

dx ^ dy 

Hence, the required solutions are given by the equation* 
ax + hy -h g = u^a'x + h'y + /), 
hx + by -hf = u {h'x + b'y +/'). 

Multiplying the former by x, the latter by y, and subtracting^ 
the sum from the equation (a), we get 

gx-hfy + c = u{g'x+/y + c'). 
These equations may be written 

(a - du)x + (^ - Ku)y -\- g- g'u = o, 
{h-h'u)x+ ib-Vu)y -vf-fu = o, 
{g -^u)x+ {f-f'^)y + c-du = o. 



Eliminating x and y, we get the determinant 



a-a'u h-Ku g - ^u 
h-h'u b-Vu f-fu 
g - /^^ /-/«* c - c'u 



= o. 



(4) 



The roots of this cubic equation in u are the maxima and 
minima required. 

This cubic is the same as that which gives the three 
systems of right lines that pass through the points of 
intersection of the conies 0i = o, 02 = o.* 



♦ Salmon's Conic Sections, Art. 370. 
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The cubic is written by Dr. Salmon in the form 

AV + ev + ew + A = o, (5) 

where A, A' denote the discriminants of the expressions ^1 and 
^2, and 9, 8' are their two other invariants. 

On the proof of the property that the coefficients are in- 
variants, compare Art. 144. 

The cubic reduces to a quadratic if either the numerator 
or the denominator be resolvable into linear factors ; for in 
this case either A = o, or A' = o. 

If both the nimierator and denominator be resolvable into 
factors, the cubic reduces to the linear equation 

e'w + e = o, 

and has but one solution, as is evident also geometrically. 
160. To find the Maxima or Minima Vahies of x^ + y^ -\- ^, 

where axi^ + by* + cz^ + 2hxy + igxz + ifzy = i . 

X XI 

Let u^Q? -\-y'^ + z'^\ substitute x' and }/ for - and -, and 

z z 

we have 



x'^ + y'=* + I 



= o. (6) 



ax"^ + bt/"^ + c + 2kx''j/ + igaf + 2/y' " 
Accordingly the cubic of formula (4) becomes in this case 

a -vT^ h g 

h b-vr^ f 
g f e-ur' 

This is the well-known cubic* for determining the axes of 
a surface of the second degree in terms of the coefficients in 
its equation ; when expanded it becomes 

tr» - (a + b-hc)u-^ -\- {ab -h be + ac -f* - f-h*)tf^ 
+ (fl/^ + 6/ + cA' - abc - 2fgh) = o. 



• See Salmon's Geometry of Three Dimensions, 3rd ed., Art. 82. 

O 
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i6i. Application of Lagrange's Condition. — ^In applying 
tUs condition to the general case of Art. 159, we write the 
equation in the form 

01 = W02> 

from which we get, on making -r- = o, and -7- = 0, 

•^ = "-^ + *» ^«' 

dxdy dxdy ^^ dxdy ' 
d^<^i ep02 d^u 

Hence 

»•■ IS ^ - (^)l = " i'« - «"") (» - ''») - (* - *'««• 

Accordingly, the sign oi AC - JS^ is the same as that of 
the quadratic expression 

{ab - h^) - [aV + J«' - 2hh') u + [ciV - A'>^ (7) 

where w is a root of the cubic (4) or (5). 

If A2 represent the determinant in (4), the preceding 

quadratic expression may be written in the form —r^, 

CvC 

Again, Uiy U2, Uz representing the roots of the cubic (4) ; a, 
/3, those of the quadratic (7) ; if Ui be a real maximum or 
Tnim'Tnum value of u we must have (wi - a) (wi - /3) [a'V - A'^) 
a positive quantity. 

Accordmgly, if ciV - U^ be positive, Ui must not lie be- 
tween the values a and j3. Similarly for the other roots. 
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If all the roots of the cubic lie outside the limits a and j3, 
they correspond to real maxima or minima, but any root 
which lies between a and j3 gives no max. or min. 

In the particular case discussed in Art. 160 the roots of 
the cubic (6) are all real, and those of the quadratic 

a-u'^y h 

= o are interposed between the roots of the 
hj J - w^ 

<5ubic. (See Salmon's Higher Algebra, Art. 44). Accord- 
ingly, in this case the two extreme roots f un^sh real maxima 
and minima solutions, while the intermediate root gives 
neither. This agrees with what might have been anticipated 
from the properties of the Ellipsoid ; viz., the axes a and c 
are real maximum and minimum distances from the centre to 
the surface, while the mean axis b is neither. 

It would be unsuited to the elementary nature of this 
treatise to enter into further details on the subject here. 

162. Maxima or Minima of Functioxis of tliree Variables. — 
Next, let w = [x, y, z)^ and suppose Xq^ yo, Zq to be values of 
■^> y> 'Sr, which render u a maximum or a m in imum ; then if 
-a?, ?/, z be independent of estch other, by the same reasoning as 
before, it is obvious that Xoj yo, -2^0' must satisfy the three 
-equations 

du du _ du _^ 

dx ^ dy ^ dz ^ 

omitting the case of infinite values. 
Accordingly we must have 

^ {^0 +hfPo + fc,Zo-{-l)-(p {xo, t/of ^0) = A + B + C 



1.2 1,2 1.2 

+ Fkl + Ghl + Hhk + &c. 

where -4, J5, £7, Fy G, iT, are the values that 

d^u d^u d^u d^u d^u d^u 
dx^^ dxf"^ dz^^ dydz* dxdz^ dxdy 

respectively assume when aro, y©, ^ are substituted for 4?, y, z 
in them. 

o 2 



or 
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Now, in this, as in the case of two independent variables^ 
it is necessary for a real maximum or minimum value that 
the preceding quadratic fimction should be either always 
positive or always negative for all small real values of A, ky 
and/. 

Substituting al for A, and /3/ for ky and suppressing the 
t>oflitive factor Pj the expression becomes 

Aa^ -^JB(i^+C+2F(i-^2Ga-^ 2Sapy (8) 

A]^a^^ 2a (^2^] + 5/3^ + 2F(i + C. 

Completing the square in the first term, and multiplying by 
Ay we get 

{Aa-\-Sfi + Oy-^{AB-S')^^ + 2{AF-GE)(5 + {AC-G^l 

Moreover, since the first term is a perfect square, in order 
that the expression should preserve the same sign, it is neces- 
sary that the quadratic 

{AB - M') j3^ + liAF" CE)[i + AC- G' 

should be positive for all values of /3 : hence we must have 

AB-E'> o, (9) 

and {AB - H^) {AC'-G^)> {AF - GE)\ 

or A[ABC + 2FGE -AF'-BG'- CH') > o, (10) 

i.e., A and -A taust have the same sign, A denoting the dis^ 
cnminant of the quadratic expression (8), as before. 

Accordingly, the conditions (9) and (10) are necessary 
that iTo, poi Zq should correspond to a real maximum or mini- 
mum value of the function w. 

When these conditions are fulfilled, if the sign of A be 
positive, the function in (8) is also positive, and the solution 
is a minimimi ; if -4 be negative, the solution is a maximum. 

163. Haziina and Minima for any nxunber of Variables. — 
The preceding theory admits of easy extension to functions 
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of any number of independent variables. Tbe values which 
give maxima and minima in that case are got by equating 
to zero the partial derived functions for each variable sepa- 
rately, and the quadratic function in the expansion must 
J)re8erve the same sign for all values ; i. e., it must be equiva- 
ent to a number of squares, multiplied by constant coefficients, 
having each the same sign. 

The number of independent conditions to be fulfilled in the 
case of n independent variables is simply n - i , and not 2* - i , 
as stated by some writers on the Differential Calculus. A 
simple and general investigation of these conditions will be 
given in a note at the end of the Book. 

1 64. To investigate the HEaximum or TWinimum Value of 
the Expression 

Oix^ + ly^ + cz"^ + zlixy + zgxz + zfyz + ipx + iqy + irz + d. 

Let u denote the function in question, then for its maxi- 
mum or minimum value we have 

— = 2(ax + hy + gz-vp) =0, 



du 
dy 

du 
dz 



= 2{1ix + hy -\-fz + 2') = o, 
= 2{gx+fy+ cz +r) = 0; 



lience, adopting the method of Art. 158, we get 

u =px + gy + rz -\- d. 
Eliminating x, y, z between these four equations, we obtain 



*• "^ y Jf 




a h g 


h b f q 


= « 


h b f 


9 f r 




9 f c 


p g r d 







. . . d^u d^u , o 

Agam, smce ^ = 2fl, ^, = ^6, &c., 



igS Maxima or Minima for two or more Variables. 



the result is neither a maximum nor a minimimi imless 



a h 
h b 



be positive, and 



a h g 
h b f 

g f c 



has the same sign as a^ 



The student who is acquainted with the theory of surfaces 
of the second degree, will find no diflSculty in giving the geo- 
metrical interpretation of the preceding result. 

165. To find a point such that the sum of the squares of 
its distances from n given points shall be a Minimum. — ^Let 
(a, J, c), (cCy Vy (!\ &c., be the co-ordinates of the given points 
referred to rectangular axes ; a?, y, Zy the co-ordinates of the 
required point ;/then 

{x - aY + (y - bY + (^ - cf 

is equal to the square of the distance between the points 
(a, J, c) and (a?, y, z). 

Hence 

+ &c. = S(a; - aY + ?(y - b^ + %z - c)\ 

where the summation is extended to each of the n points* 
For the maximum or minimimi value, we have 



= 2^[x-a) = 2nx - 22a = o. 



= 2S(y-6) = 2wy -226= o, 



du 
dx 

du 
dy 

-7- = 22(2 - c) = 2nz - 22c = o, 
dz ^ 

_'2a 26 2g ^ 

n ^ n n 

L e., o'o, yo, Zo are the co-ordinates of the centre of mean posi- 
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tion of the given points. This is an extension of the result 
established in Art. 157. 

. . (Pu cPu cPu (Pu ^ 

^^^' ^=^«' rf^=^«' d?"'''' -^r°'^'- 

The expressions (10) and (11) are both positive in this case, 
and hence the solution is a Tnin i Tnum. 

It may be observed with reference to examples of maxima 
and minima, that in most cases the circumstances of the prob- 
lem indicate whether the solution is a maximum, a minimum, 
or neither, and accordingly enable us to dispense with the 
labour of investigating Lagrange's conditions. 
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Examples. 

Find Uie TnaTinniTP or minimum yalues, if any such exist, of 

ax-^-by -V e , c ^- s/ a^ + ** + <?» 

I. : « Am. ^^^-^ • 

a^ + y •* + 1 2 

3. «* + y* - a?" + «^ - y«. 

(a), d; = o, y s o, a maximum. 

(/8). x = y = ± -» a minimum. 

(7). a? = - y = ± -1 — , a minimum. 

2 

4. flKC* + iary + dz^ + Ixz-^- myz. 

X ssy ss zisOf neither a maximum nor a minimum. 

a a 

5. If u^aa^y* — «*^*— afiy^^ prove that a? = -, y = -, makes f« a maximum. 

2 3 

6. Prove that the value of the minimum found in Art. 16c is the -th part of 

n 

the sum of the squares of the mutual distances hetween the n points, taken two 
and two. 

7. Find the maximum value of 

{ax + by-^cz)e -^'^^'Vi ("2 + Ji + Z2)* • 

8. Find the values of a; and y for which the expression 

(fl'ia? + *iy + <?i)«+ («2a; + % + C2)' + . . . + (on* + 6i.y + tfn)* 
becomes a minimum. 
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CHAPTEE XI. 

METHOD OF UNDETERMINED MULTIPLIERS APPLIED TO THE 
INVESTIGATION OF MAXIMA AND MINIMA IN IMPLICIT 
FUNCTIONS. 

1 66. Hethod of Undetermined Hnltipliers. — ^In many cases 
of maxima and minima the variables which enter into the 
function are not independent of one another, but are con- 
nected by certain equations of condition. 

The most convenient process to adopt in such cases is 
what is styled the method of undetermined* multipliers. We 
shall illustrate this process by considering the case of a func- 
tion of four variables which are connected by two equations 
of condition. 

Thus, let w = (iTi, a?2, ^3, i^O, 

where iCi, a?2, a?3, x^ are connected by the equations 

Fx{xi^ a?2, a?3, oci) = o, F2{xiy ir„ 1^3, ^^4) = o. (i) 

The condition for a maximum or a minimum value of u 
evidently requires the equation 

rf0 - d6 . d(b . d6 ^ 

-T- dxx -\- -^ dxz -V -^ dx^ -^ —- axi = o. 

axi 0x2 dXi 0x4, 

Moreover, the differentials are also connected by the rela- 
tions 

dF, ^ dFi ^ dFi ^ dFi ^ 

-r: — axi + —r— dx^ + — — dxz + -^— oo?* = o, 

dxx dx2 0x3 aXi 

dF2 ^ dFi ^ dFi ^ dFi ^ 

-7— dxi + -7 — dxt + -7— dxs + -7— dXi = o. 

ctxi ax2 dxz dXi 

Multiplying the first of the two latter equations by the arbitrary 

* This method is also due to Lagrange. See M6c Anal.^ tomft 1.^ \. *w 
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quantity Xi, the other by X2, and adding their sum to the pre- 
ceding equation, we get 

'rf^ . dF, . dFA . fd<l> . dFi . dFA , 
.dxi dxi dxij \dx2 dx% dxij 



/d6 . dFi 

-f(:7-+Xi-r- + 
.0X3 aXi 



. dF2\ , fd<t> . dF, . dF^\ , 
dxzj \aa?4 da'i dx^^J 



As Xi, X» are completely at our disposal, we may suppose 
them determined so as to make the coefficients of c^i and dx^ 
vanish. Then we shall have 

'di^ . dFi . dF,\. fd<t> . dFi . dF,\. 

-y-'+Xi — + A2 -7— ]dX3-h[-y- -\-Xi — — + A2 -r- dXi = O. 

jixz dxz dx^l \dxi dx4, dx^J 

Again, since we may regard x^^ Xi as independent vdHableSy 
and Xiy X2 as dependent on them in consequence of the equa- 
tions (i), it follows that the coefficients of dx^ and dx^ in the 
last equation must be separately zero ; consequently, we must 
have 

d(h . dFi . dFz 
-^ + Xi -z— + X2 -7— = o, 
(1X2 axz 0X3 

dd> . dFi . dFz 
;/-+Xi-T— + X2-7— = 0. 
dXi dXi dxi 

These, along with equations (i) and 

d6 . dFi . dF2 
-^+Xi--^— + X,-T- = o, 
dxi dxi dxi 

dfh . dFi , dFr, 
-f-'+Xi -T-- + Xa -J— = o 
dxz dXi dXi 

are theoretically sufficient to determine the six unknown 
quantities, ^1, Xiy x^, ^4, X], X2 ; and so to furnish a solution 
of the problem in general. 

This method is especially applicable when the functions 
JFj, Fgj &o., are homogeneous; for if we multiply the preceding 
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differential equations by a?i, a?2, oihy ix^i, respectively, and add, 
we can often find the result with facility by aid of Euler's 
Theorem of Art. 103. 

There is no diflSculty in extending the method of undeter- 
mined multipliers to a function of n variables, Xi, aj^, ajg, . . . 
Xnf the variables being connected by m equations of condition 

JPi = o, JL = O, JP3 = o, . . . i^« = o, 

m being less than n ; for if we differentiate as before, and 
multiply the differentials of the equations of condition by the 
arbitrary multipliers, Xi, X2, . . . Xm respectively ; by the same 
method of reasoning as that given above, we shall have the n 
following equations, 

axi dxi axi 

di^ ^ dFi . dFm 

dx2 dxi ' 0X2 



d(t> dFi . dFm_ 

~~: — + Ai —; — + • . • 4" Am f — 0» • 

dXn dXn dXn 

These, combined with the m equations of condition, are theo- 
retically sufficient for the determination of the w + n unknown 
quantities 

Xiy •^2, • • • Xfiy Ai, A2, ... Am* 



Examples. 

T. To find the triangle of maximum area inscribed in a given circle. 
Let jS denote the radius of the circle. A, B^ C, the angles of an inscribed 
triangle, u its area; then 

dbe 

U = -r;r- =s 25' siu A tOIi. B SOI C. 

45 

Also -4 + J?+ C= i8o% .', dA + dB-^dC=o 

and, taking logarithmic differentials, we get 

cot Ad A + cot BdB + cot CdC = o, 
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and consequently tan A = tan B = tan C\ hence A^ B ^C^s 60** ; 
and therefore the triangle is equilateral. 

2. Find a point such that the sum of the squares of the perpendiculais drawn 
from it to the sides of a given triangle shall he a minimum. 

Let Xf y, z denote the perpendieulars : a^b^e the sides of the triangle, then 

«s«'+y^ + 2*istohea minimum, 

also ax -^by -^ ez — douhle the area of a triangle = 2A (suppose). 

.*. xdx + ydy + safe = o, adx + bdy + «fe = o, 

.*. X = Xff, y = \h^z=i\e\ multiplying these equations hy a, b^ e, respectdyely, 
and adding, We ohtain 

ax + by + €S^\ (a2 + 4« + c2), or \=: -^-^^—^, 
' 2Aa 2Ab 2A0 

vhich determine the podcion of the point. The minimum sum is ohyiously 

3. Similarly, to find a point such that the sum of the squares of its distances 
from four given planes shall he a minimum. Suppose A^ B, C7, i> to represent 
the areas of the faces of the tetrahedron formed by the four planes ; ar, y, «, w, 
the perpendiculars on these faces respectively ; then, as in the preceding example, 
we have 

Ax + ^y + Oz-\- Dw = three times the volume of the tetrahedron = 3 F (suppose), 

and « = «* + y2 4 e* + w*, a minimum. 

.'. xdx + ydy + zdz -{- wdw = o, 

Adx + Bdy + Cdz + Ddw == o, 
hence x = \A, y = KB, z = \C, w — \D ; 



and proceeding as before we get u = 



^« + -B2 + C*-^ D^ 



4. To prove that of all rectangular parallelepipeds of the same yolume the 
•cube has IJie least surface. 

Let Xy y, z represent the lengths of the edges of the parallelepiped ; then, if 
A denote the given volume, we have 

xyz 3= Af and xy -{■ xz '\- yz 9l. minimum. 

.'. yzdx + xzdy + xydz = o, 

{jf -^^ z) dx -^^ {x -k- z) dy -^ {x + y) dz = o, 
hence y« «= A (y + «), ars = x (« + «), xyts\ (« + y) ; 

from which it appears immediately that « s y s «. 



Application to Surfaces. 
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167. To find the Maximum and Minimum Values of 

aa^ + bj/^ + cz^ + zhxy + 2gxz + 2fi/Zf 

where the variables are connected by the equations 

Lx + My -h Hz = Oy and x^ + t/^ + 2^ = i. 

In this case we get the following equations : 

ax + hy + gz -^ XiL + \^ = o, 

hx + by +fz + \iM+ X^y = o, 

gx +fy + cs + XiiV + X.^ = o. 

Multiply the first by x, the second by y, the third by ^, and 
add ; then 

u + Aa = o, or A2 = - t^. 
Hence [a- u) x + hy + gz + \iL= o, 

hx -\- (b - u) y +fz + Aiif = o, 

gx +fy + {c - u) z + AiiV^ = o, 

Lx + My + JVs = o ; 

eliminating a?, y, z, and Ai, we get the determinant equation 



-M, 


h, 


9, 


L 


h, 


b - iiy 


f, 


M 


ff. 


f, 


c - u, 


N 


L, 


M, 


JV. 






= o. 



(2) 



The roots of this quadratic determine the maximimi and 
minimum values of u. 

The preceding result enables us to determine the principal 
radii of curvature at a given point on a surface whose equa- 
tion is given in rectangular co-ordinates. 



2o6 
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Again, the term independent of t/ in this determinant is 
evidently 

Oy h, g, L 
h, i, /, M 

Oy fy ^ ^ 

Z, Jf, Ny O 

and the coefficient of t«' is Z' + JT + IP. Accordingly, the 
product of the roots of the quadratiq (2) is equal to tiie frac- 
tion whose numerator is the latter determinant, and denomi- 
nator i' + -3P + N*. Prom this can be immediately deduced 
an expression for the measure of curvature* at any point on a 
surface. 



* Salmoo*8 Geometry of three Dimensions, Art 295. 
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Examples. 

1. Find the minimum value of 

a;» + jc" + jc» + . . . + xt?, 

1 3 s 

where xi^ X2, . * - Xn are subject to the condition 

a\Xi + ct2X2 + . . . + dt^n = ^» An», -^ 

2. Find the maximum value of 

XP yi ZTy 

where the variables are subject to the condition 

ax + bf/+ ez = k, 

3. If tan - tan — = m, find when sin — m sin ^ is a maximum. 

2 Z 

4. Find the maximum value of (« + 1) (y + i) (2 + i), where a^hvc^ — A, 



27 log a . log d . log e ' 



5. Find the volume of the greatest rectangular parallelepiped inscribed in 
the ellipsoid whose equation is 

«' y^ a* . % ahe 

-• + z. + -o = I. ^dm. 



6. Find the max. or the min. values of ti, being given that 

H - a'^x'^-v h'^y'^ + <?V, a;2 + y2 ^ ^2 = i^ and /x + my + ftz = o. 
Proceeding by the method of Art. 167, we get 

a^x + \x + fil- Oj b^y + Xy + /iw = o, <?'2 + \« + /itn = o. 
Again, multiplying by ar, y, z, respectively, and adding, we get x = - u. 

Hence, the required values of u are the roots of the quadratic 



m* «* 



14 — a* u — b^ u^(^ 



s o. 
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a^ y2 2« 

7. Given -5 + li + -j = i, and Ix ■\^ my ■{■ nz = o, find when j?« + y' + g^ is a 
a^ 0* c* 

maximum or minimum. Proceeding, as in the last example, we get the quadratic 

+ TZ. + : = O. 



This question can he at once reduced to the last hy substituting in our equations 
ax, bi/j and cz, instead of x, y, z. 

8/ Inscribe in a given circle a triangle, having two of its sides in a given 
ratio, and such that the sum of the third side and the perpendicular on it from 
the opposite angle shall he a maximum. 

9. Divide the quadrant of a circle into three parts such that the sum of tho 
products of the sines of every two shall be a max. or a min. ; and determine 
which it is. 

10. Of all polygons of a given number of sides circumscribed to a circle the 
regular polygon is of minimum area ? For, let ^1, ^, ... ^n be the external 
angles of the polygon, then its area can be easily seen to be 

r« ( tan^ + tan^ + . . . + tan ^ ) , 
\ 2 2 2 / 

where ^1 + ^ . • . •*■ ^n = 2ir. 

Hence ^1 = ^ = ^3 = • • • = <Pn» 

11. Of all polygons of a given number of sides circumscribed to any closed 
oval curve which has no singular points, that which has the minimum area 
touches the curve at the middle point of each of the sides. 

1 2. Given the ratio sin ^ : sin i|^, and the angle 6, find when the ratia 
8in(^ + 6) : sin (t|/ + 0) is a maximum or a minimum. 

13. Required the dimensions of an open cylindrical vessel of given capacity^ 
so that the smallest possible quantity of materia] shall be employed in its construc- 
tion, the thickness of the base and sides being given. 

Ana, Its altitude must be equal to the radius of its base. 

14. Show how to determine the maximum and minimum values ofx^-iy*-{-z^ 
subject to the conditions 

(ic* + y« + z*y = a'ix'i + biy* + ch'i, 

Ix -^ my + nz = o. 

15. Of all triangular pyramids having a given triangle for base, and a giTeo 
altitude above that base, find that whose surface is least. 
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OHAPTEE XII. 



ON TANGENTS AND NORMALS TO CURVES. 



1 68. Equation of tlie Tangent. — If (a?, y), (a?i, ^i), be the 
co-ordinates of any two points, P, Q, taken on a curve, and 
if (X, T) be any point on the 
Kne which joins P and Q ; then ^ 
the equation of the line PQ is 



r-y = (x-^) 







N M 



If now the point Q be taken ^ 
infinitely near to P, the line PQ ^'f- ^• 

becomes the tangent at the point P,.and, as in Art. lo, we 
have for its equation 



F-, = (!-,) I 



(0 



where X, T are the co-ordinates of any point on the line, 
and a?, y those of its point of contact. 

For example, to find the equation of the tangent to 
the curve 

Taking the logarithmic differentials of both sides, we get 

^ dy ^ n^ 
' ' dx mx^ 

and the equation of the tangent becomes 

nX mY 

+ = w + n. 



n mdy 

X y dx ' 



X 



y 
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If we make X = o, and F = o, separately, we get x 

tn •¥ n 
and y for the lengths of the intercepts made by the 

tangent on the axes of x and y, respectively. This result 
furnishes an easy geometrical method of drawing the tangent 
at any point on a curve of this class. 

If m = I, n = I, the preceding equation represents a 
hyperbola ; if m = 2, and w = - i, it represents a parabola. 

169. If the equation of the curve be of the form 
f{x^ y) = o, and if f{xy y) be denoted by w, we have from 
Art. 100, 

du 
dy dx 
dx du^ 

dy 

and hence the equation of the tangent becomes 

The points on the curve at which the tangents are 
parallel to the axis of x must satisfy the equation — = o ; 
they are accordingly given by the intersection: of the curve, 
u = Of with the curve whose equation is — = o. The y co- 

uX 

ordinates at such points are evidently in genei'al either 
maxima or minima. 

Similar remarks apply to the points at which the tangents 
are parallel to the axis of y. 

To find the tangents parallel to the line y = mx + n. The 
points of contact must evidently satisfy 

du du 

-y + m-^ = o. 
dx dy 

The points of intersection of the curve represented by 
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this equation with the given curve are the points of contact 
of the system of parallel tangents in question. 

The results in this and in the preceding Article evidently 
apply to oblique as well as to rectangular axes. 

Examples. 

1. To find the equatioii of the tangent to the ellipse 

And the required equation is 

|(X-^) + |(r-y) = o, 
xX yY «2 y» 

2. Find the equation of the tangent at any point on the cunre 

— 4. ^ = I. Ans. + -^ — = I. 

3. If two curves, whose equations are denoted hy w = o, w' = o, intersect in 
a point {Xy y), and if a» be their angle of intersection : proye that 

du du* di( du 

dx dy dx dy 

tan 0) = "i"^"^— ■■^■^«"", 

dudu* dudu 
dx dx dy dy 

4. Hence, if the curves intersect at right angles^ we must have 

du du* du d%f 
dx dx dy dy 

5. Apply this to find tLe condition that the curves 



J*. .,2 



should intersect at right angles. Am* a* — i« = aC^ - J'*. 

P 2 
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170. Equation of the Normal. — Since the normal at any 
point on a curve is perpendicular to the tangent, its equation, 
when the co-ordinate axes are rectangular, is 

dy 



or 



Y-y X-x 



du 
dy 



du 
dx 



(3) 



Examples. 



I. Find the equation of the normal at any point {x^ y) on the ellipse 






Ans, = «« - ^2 

X y 



2, Find the equation of the normal at any point on the curs'e 



ytn = ax**. 



Ans. nTy + mXx = ny^ + mx^. 



171. Subtangent and Subnormal. — In the accompanying 
figure, let PT represent the y 
tangent at the point P, PN 
the normal ; OMy PM the 
co-ordinates of P; then the 
lines TM and MN are called 
the subtangent and subnormal 
corresponding to the point P. 




Fig. 9. 



To find the expressions for their lengths, let = Z. PTMy 



then 



PM ^ dy 
TM=^^'"f^di' 


dy 




dx 




My./£. 
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The lengths of PT and PN are sometimes called the 
lengths of the tangent and the normal at P: it is easily 
seen that 



^^-»'J-*(i)'' ^^- 



4 * (i; 



dy 
dx 



Examples. 

1. To find the length of the suhnormal in the ellipse 

— + — = I 

Here ^^ = "7.* = 

the negative sign signifies that MN is measured from M in the negative 
direction along the axis of x, i. e. the point iV lies between M and the centre ; 
as is also eyident &om the shape of the curve. 

« 

2. Prove that the subtangent in the logarithmic curve, y = a*, is of constant 
length. 

3. Prove that the suhnormal in the parabola, y^ = ima:, is equal to m, 

4. Find the length of the part of the normal to the catenary 



X X 






intercepted by the axis of x. Am, — . 

5. Find at what point the subtangent to the curve whose equation is 

a 
is a maximimi. Ana, x = -, y = «. 

2 



172. Perpendicular on tlie Tangent. — Jjetp be the length 
of the perpendicular from the origin on the tangent at any 
point on the curve 

F{^, y) = Cy 
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then the equation of the tangent may be written 

Xcoscii + Yaiaw =py 

where oi is the angle which the perpendicular makes with 
the axis of x. 

Denoting F{xy y) by w, and comparing this form of the 
equation with that in (2), and denoting the common value of 
the fraction by A, 

du du du du 

. dx dv dx dy ^ 

cos 01 sm 01 p 

du du 

J dx dy 

end © = —J" 



S\dxJ ■*■ \dy^ 



CoR. If F(x, y) be a homogeneous expression of the n'* 
degree in x and y, then by Euler's formula, Art. 102, we have 

du du 

dx ^ dy ' 

and the expression for the length of the perpendicular 
becomes 

nc 




173. In the curve 



dx) "^ \dy, 



— + — = I 



to prove tliat 

jp"»-i = {a cos a>)"*"^ + (b sin w)"^^ (5) 



m m 
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Bj Ex. 2, Art. 169, the equation of the tangent is 

, J- - -= I • 

oomparing this with the form 

Xcosdi + Fsinoi =py 

cos 01 af^^ sin 01 ^^ 



we get 



or 



jf> a"*' p J*"' 



'a cos a)\"*~^ _ ^ /J sin w\*^^ _ y 



Hence, substituting in the equation of the curve, we obtain 
the result required. 

1 74. I1OCU8 of Foot of Perpendicular in the Bame Ourre. — 
Xiet X, Y be the co-ordinates of the point in question, and 

X . Y 

we have evidently, cos w = — , sin w = — ; substituting these 

values for cos oi and sin oi in (5), it becomes 

tn ffi tti 

(X' + F*)^^ = (a X)^^ + (J Yy^\ 

since ^^ = X* + ]P. 

175. Anotlier form of tlie equation to a tangent. — If the 
equation of a curve of the n** degree be written in the form 

where Un denotes the homogeneous part of the w** degree in 
the equation, u^^ that of the {n - i)^*, &c. ; then, by Cor. 
Art. 103, we have 

X-^ + y^ = - [Un^i + 2Un-i + &C. . . . + fltto). 
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Hence the equation of the tangent in Art. 169 becomes 

X-^ + Y^ + W«_i + 2Un-2 + . . . + WWo = o ; (6) 

ax ay 

an equation of the {n - i)** degree in x and y. 

176. Number of Tangents from an external point. — To 
find the number of tangents which can be drawn to a curve 
of the n** degree from a point (a, j3), we substitute a for X, 
and /3 for Y in (6), and it becomes 

« -? + i3 -^ + Ut^i + 2w^2 + . . . + wwo = o. (7) 

dx ' ay 

This represents a curve of the (n - i)** degree in x and y, 
and the points of its intersection with the given curve are the 

Eoints of contact of all the tangents wmch can be drawn 
:om the point (a, /5) to the curve. Moreover, as two curves 
of the degrees n and n - i intersect in general in. n{n- 1) 
points, real or imaginary (" Sahnon's Conic Sections," Art. 
214), it follows that there can in general be w(n - i) real or 
imaginary tangents drawn from an external point to a curve 
of the w** degree. 

If the curve be of the second degree, equation (7) 
becomes 

d(h r\ddt 
a ^ + j3 ^ + Wi + 2Wo = o, 

an equation of the first degree, which evidently represents 
the polar of (a, j3) with respect to the conic, 
in the curve of the third degree 

equation (7) becomes 

dih r^dfb 

ax ay 

which represents a conic that passes through the points of 
contact of the tangents to the curve from the point (a, /3). 

This conic is called the polar conic of the point. For the 
origin it becomes 

tfj + 2Ui + 3t«o = o. 
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177. Number of Normals which pass through a given 
Point. — ^If a normal pass through the point (a, /3), we nmst 
have from (3), 

, .du ^ .du 

This represents a curve of the vf^ degree which intersects the 
given curve in general in n^ points, real or imaginary, the 
normals at which all pass through the point (a, j3). 
For example, the points on the ellipse 

!- — = I 

a" cr 

at which the normals pass through a given point (a, /3), 
are determined by the intersection of the ellipse with the 
hyperbola 

xy {or - Jr) - c^ay- b'^jix. 

For the modification in the results of this and the pre- 
ceding article arising from the existence of singular points on 
the curve, the student is referred to Salmon's "Higher 
Plane Curves," Arts. 66, 67, iii. 

178. Differential of the Arc of a Curve. Direction of the 
Tangent. — If the length of the arc of a curve, measured from 
a fixed point A on it, be denoted by s, then an infinitely 
small portion of it is represented by ds. Again, if 0' repre- 
sent the angle QPL (fig. 8)^ we have 

, PL , . . QL 
cos = -p^, and sm " PQ ' 

-- but in the limit, PL = dx, QL = di/^ and PQ = ds^* and also (j/ 
becomes PTX, or (fig. 9). 



* In Art. 38 it has "been proved that the difference between the length of an 
infinitely small arc and its chord is an infinitely small quantity of the third 

order in comparison with the length of the chord; i. e. ^-r is infinitely 

small of the second order, and therefore this fraction yanishes in the limit. 
•T BxcPQ 
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Hence 



dx . dy 



(8) 



squaring and adding, we get 

'^Y (^ - 

dsj \dsj 

Hence, also, we have 

ds^ = da^ -^ di/^y 
and therefore 



(9) 



ds 



=J 






(lO) 



On account of the importance of these results, we shall 
give another proof, as follows : — 

Let, as before, PR be the tangent to the curve at the 
point P, 

OM=x, PM^y, Y 

MN^ PL = Aa?, QL = Ay, 

/.PTX=i>y arcPQ = As. 

Then if the curvature of 
the elementary portion PQ 
of the curve be continuous, 
we have evidently the line 

PQ<€iTQPQ<PIt+QB; T M N 

Fig. lo. 




or 



\/ A^* + Ay^ < As< Ax sec i^ + Ay-Ax tan^. 



. / /AyV As Ay . 

' - /i+T^ < -— <seo0 + — ^- tan 6. 
V \AxJ Ax ^ Ax ^ 



Again, in the limit --^ = -^ = tan A, and /i + ( t^ ) 
^ ' Ax dx ^ \ \AxJ 
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becomes /i + (;/) or sec 0; accordingly each of the pre- 
ceding expressions converges to the same limiting value, and 

we have — = /i + f;/ ) 5 which establishes the required 

result. 

179. Polar Co-ordinates. — The position of any point in a 
plane is determined when its distance from a fixed point 
called SLpole, and the angle which that distance makes with a 
fixed line, are known ; these are called the polar co-ordinates 
of the point, and are usually denoted by the letters r and 0. 
The fixed line is called the prime vector ^ and r is called the 
radius vector of the point. 

The equation of a curve referred to polar co-ordinates is. 
generally written in one or other of the forms, 

r = /(0), or F[r, 0) = o, 

according as r is given explicitly or implicitly in the terms of 9. 
Also, if be positive when measured above the prime vector, 
it must be regarded as negative when measured below it. 

180. Angle between Tangent and Radius Vector. — ^Let O 

"be the pole, P and Q two near points 

on the curve, PM a perpendicular on 

OQ, OP = r, POX = 0, and ;/. the angle 

between the tangent and radius vector. 

PM PM 

Then tan OOP = ^, sin OQP = ^, 

cos OQP = -yr^ : but in the limit when 

Q and P coincide, the angle OQP Fig. n. 

becomes equal to 1//, and* 

QM dr PM rd9 , ^, 

-f^rpz = 3-, -757. = -3—, at the same time ; 

PQ ds FQ ds 

. dr . . rdO , , rdd , . 

or cos^ = -, sm^ = -^. taii,^ = — . (ii) 

* These results can be easily established irom Art. 3S. 
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Also 



ds 



dr 
ds 



= I. 



(12) 



Hence, also, we can determine an expression for the 
differential of an arc in polar co-ordinates ; for, since 

we get, on proceeding to the limit, 

ds 
dr 



=i 



I + 



r^dB' 



dr 



,2 y 



or 



fife = /i + 



i 



r^dO' 



dr 



,2 



dr. 



(13) 



These results axe of importance in the general theory of 
curves. 

i8i. Application to the Logarithmic Spiral. — The curve 

whose equation is r = a* is called the logarithmic spiral. In 

this curve we have 

, . rdd I 

tan yp = —7— = , . 

dr log a 

Accordingly, the angle between the radius vector and the 
tangent is constant. On account of this property the curve 
is also called the equiangular spiral. 

182. Polar Subtangent and Subnormal. — Through the 
origin let ST be drawn perpendicular s 
to OPy meeting the tangent in T, and 
the normal in 8. The lines OT and 
OS are called the polar subtangent and 
subnormal, for the point P. To find 
their values, we have 



OT = OP tan OPT = r tan;/^ = 



r'dO 
dr * 



0S= OPtanOP/S = r cot^ = 



dr 
dd' 




Also^'if 



u = -y OT = - -— . 
r dv, 



> 



(14) 
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Again, if OiV be drawn perpendicular to PjT, we have 

fir 

PJS^ = OPcosiP = r— . (15) 

as 

183. Szpression for Ferpendicular on Tangent. — A& 
before, let p = Olf, then 

. , r'dO 

I _ da^ dr^-\- rhlO^ dr"^ i 
hence -^ = -^j^, = ^,^^, = j^, + ^. 



or 



?=-(S)' (■') 



The equations in polar co-ordinates of the tangent and 
the normal at any point on a curve can be found without 
difficulty : they have, however, been omitted here as they 
are of little or no practical advantage. 



Examples. 

I. To find the length of the perpendicular from a focus on the tangent to an 
ellipse. 

The focal equation of the curve is 

r = — ^ 7-, or w = —. --; 

i—eooBd a(i-tf-) 

du e sin 
hence 



dd a{i^e^)* 

I i+c«-2tfcosO_ I /?a \ 
•'• pi ~ a2(i-c«)'* ~ a2 (I - e'^) W " / * 

2. Proye that the polar suhnonnal is constant in the curve r s otf. 
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184. Inverse Curves. — If on any radius vector OP, drawn 
from a fixed origin 0, a point JP^ be taken such that the 
rectangle OP . OP" is constant, the point P^ is called the 
inverse of the point P; and if P describe any curve, P^ 
-describes another curve called the inverse of the former. 

The polar equation of the inverse is obtained immediately 
from that of the original curve by 

substituting — instead of r in its 

r 

equation ; where k^ is equal to the 

<}onstant OP . OP". 

Again, let P, Q be two points, 

-and jP, Q' the inverse points ; then 

since OP . OP" = OQ . OQf, the 

four points P, Q, Q', P', lie on a 

circle, and hence the triangles 

OQP and OP'Q^ are equiangular. 




Fig. 13. 



PQ OP OP.OQ OP.OQ 



PQ[ OQf OQ.OQf 



k' 



(17) 



Again, if P, Q be infinitely near points, denoting the 
lengths of the corresponding elements of the curve and of its 
inverse by ds and ds , the preceding result becomes 



r* 



ds = rrrds\ 



(18) 



185. Direction of the Tangent to tlie Inverse Curve. — 
Let the points P, Q belong to one curve, and P', Q' to its 
inverse ; then when P and Q coincide, the lines PQ, P'Q' 
become the tangents at the inverse points P and P' ; again, 
since the angle SPP^ = the angle SQ'Q, it follows that the 
tangents at P and P^ form an isosceles triangle with the 
line PP". 

By aid of this property the tangent at any point on a 
curve can be drawn, whenever that at the corresponding 
point of the inverse curve is known. 

It follows immediately from the preceding result, that if 
two curves intersect at any angle, their inverse curves intersect at 
the same angle. 
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186. Equation to the Inverse of a g^iven Curve. — Suppose 
the curve referred to rectangular axes drawn through the 
pole 0, and that x and y are the co-ordinates of a point P 
on the curve, X and Y those of the inverse point V ; then 

X" OP"" OF^ " X*+ r^' similarly y" X^+ Y''' 
hence the equation of the inverse is got by substituting 

¥x - l^y 

and 



x'^ •\- y^ Q^ ■\- y'^ 

instead of a? and y in the equation of the original curve. 

Again, let the equation of the original curve, as in Art. 
1 74, be 

Un + «^,t_i + Un-% + . . . + t^ + Wi + t^o = O. 

When -r and , , are substituted for x and y, m» 

ixr-\-y^ or + y^ 

l,ecomes evidently ''""» 



(aj=* + yy 
Accordingly, the equation of the inverse curve is' 

k^'^Un + k^'^hin-i {^ + y^) + k'^'-^Un-z {x'' + y^ + . . . 

+ Wo (^^ +y^)'* = o. (19) 

Por instance, the equation of a conic is of the form 

U2 + Ui -\-Uo= o ; 

hence, that of its inverse with respect to the origin is 

khh + k^Ui {x^ + y^) + ih (p^ + vY "= o, 

which represents a curve of the fourth degree of the class 
called " bicircular quartics.'' 

If the origin be on the conic the absolute term Uq vanishes, 
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and the inverse is the curve of the third degree repre- 
sented by 

k^th + Ui[a^ + y^) = o. 

This curve is called a " circular cubic." 

If the focus be the origin of inversion, the inverse is a 
curve called the Lima9on of Pascal. The form of this curve 
■will be given in a subsequent chapter. 

187. Pedal Curves. — If from any point as origin a per- 
pendicTilar be drawn to the tangent to a given curve, the locus 
of the foot of the perpendicular is called i\i.Q pedal of the curve 
with respect to the assumed origin. 

In like manner, if perpencficulars be drawn to the tan- 
gents to the pedal, we get a new curve called the second pedal 
of the original : and so on. With respect to its pedal, the 
original curve is styled the^rs^ negative pedal, &c. 

1 88. Tangent at any Point to the Pedal of a given Curve. — 
Let ONj ON^ be the perpen- 
diculars from the origin 
on the tangents drawn at two 
points P and Q on the given 
curve, and T the intersection of 
these tangents, join NN' ; then 
since the angles ONT and 
ON'T are right angles, the 
quadrilateral ON N'T is inscrib- 
able in a circle, 

.-. lON'N=l OTN. 

In the limit when P and Q coincide, L OTN= L OPNy 
and NN' becomes the tangent to the locus of N; hence the 
latter tangent makes the same angle with ON that the 
tangent at P makes with OP. This property enables us 
to draw the tangent at any point N on the pedal locus 
in question. 

Again, if ^ represent the perpendicular on the tangent at 
N to the first pedal, from similar triangles we evidently have 

r -—y* 
P 
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Hence, if the equation of a curve be given in the form 

r =/(i?), that of its ^x^ijpedal is of the form "^ = f {p)y in 

which j9 and ^' are respectively analogous to r andj9 in the 
original curve. In like manner, the equation of the next pedal 
can be determined, and so on. 

189. Keciprocal Polars. — If on the perpendicular Olf a 
point P' be taken, such that OP" . Olf is constant {k^ sup- 
pose), the point P' is evidently the pole of the line PiV with 
respect to the circle of radius k and centre ; and if all the 
tangents to the curve be taken, the locus of their poles is a 
new curve. We shall denote these curves by the letters A 
and jB, respectively. Again, by elementary geometry, the 
point of intersection of any two lines is the pole of the line 
joining the poles of the lines.* Now, if the lines be taken as 
two infinitely near tangents to the curve A, the Kne joining 
their poles becomes a tangent to JB ; accordingly, the tangent 
to the curve JB has its pole on the curve A. Hence A is the 
locus of the poles of the tangents to JB. 

In consequence of this reciprocal relation, the curves^ and 
JB are called reciprocal polars of each other with respect to the 
circle whose radius is k. 

Since to every tangent to a curve corresponds a point on 
its reciprocal polar, it follows that to a number of points in 
directum on one curve correspond a number of tangents to its 
reciprocal polar, which pass through a common point. 

Again, it is evident that the reciprocal polar to any curve is 
the inverse to its pedal tvith respect to the origin. 

We have seen in Art. 1 80 that the greatest number of tan- 
gents from a point to a curve of the n^ degree is n (n - i) ; 
hence the greatest number of points in wmch its reciprocal 
polar can be cut by a line is n (/i - i), or the degree of the 
reciprocal polar is n (n - i). For the modification in this re- 
sult, arising from singular points in the original curve, as well 
as for the complete discussion of reciprocal polars, the student 
is referred to Salmon's " Higher Plane Curves." 

As an example of reciprocal polars we shall take the curve 
considered in Ait. 173. 

* Townsend^B "Modem Geometry," vol. i., p. 210. 

Q 
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If r denote the radius vector of the reciprocal polax cor- 
responding to the perp^idioular^ in the proposed curve, we 
have 

A* 

T 

Substituting this value for p in equs^on (5), we get 

fn m fit 

— J =(acosw) +(6sinii») , 

2m m m 



or ^m-i = [ax)'^-^+ {by)"'-^y 

which is the equation of the reciprocal polar of the curve re- 
presented by the equation 

^m Jm 

In the particular case of the ellipse, 

+ — = <L 

a' b' ' 
the reoiprooal polar has for its equation 

A* = aV + 6y . 

The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section (Z7) of all the tangents to a given curve 
A, we shall get a new curve B ; and it can be easily seen tis 
before that the poles of the tangents to B are situated on the 
curve A, Hence the curves are said to be reciprocal polars 
with respect to the conic U. 

It maybe added, that if two curves have a common point, 
their reciprocal polars have a common tangent ; and if the 
curves touch, their reciprocal polars also touch. 

For illustrations of the great importance of this " principle 
of duality," and of reciprocal polars as a method of investi- 
gation, the student is refeired to Salmon's Conies, ch. xv. 



On the Curve r^ = c^ cos mO. 21^ 

We next proceed to illustrate the preceding "by discussing 
a few elementaay properties of the curves which are comprised 
under the equation r^ = a^ cos m9. 

190. Pedal and Keciprocal Polar of r^ = a*" cos m^. — 
"We shall commence by finding the N 

angle between the radius vector and 
the perpendiculpj on the tangent. / ^^^^\.p 

Li the accompanying figure we 

have tan TON^ cot OFN^ - ~. 

rm 

Fig. 15. 

But m log r - m log a + log (cos fnff) ; 

dr 

hence —77: = - tan mQ. 

rad 

* 

and accordingly Z POIf = md. (20) 

^+1 




Again p = ON = r cos m9 = 



a«» ' 



or r^''^ = a^p. (21) 

The equation of the pedaly with respect to 0, can be im- 
mediately found. 

For, let L AON = w, and we have 

ti> = (m + i) &. 

m 

Also, from (21), 



ry" I p\tn^i 



Hence, the equation of the pedal is 



9ft 9ft . 

f m 



p =a cos — — . (22) 

Consequently, the equation of the pedal is got by substi- 

tutinff instead of m in the equation of the curve. 

° m-hi ^ 

Q 2 
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By a like substitution the equation of the second pedal is 
easily seen to be 

md 



2W+1 Jim + i ^^„ 

r =a cos 



2tn + I 
And that of the n'* pedal 

m m 



mO 



r =a COS . (23) 

mn +1 ^ ^ 

Again, from Art. 184, it is plain that the inverse to the 
curve r^ = a*^ cos mO^ with respect to a circle of radius or, is 
the curve r^ cos mO = a^. 

Again, the reciprocal polar of the proposed, with respect 
to the same circle, being the inverse of its pedal, is the curve 



r cos = a . (24) 

It may be observed that this equation is got by substitut- 
ing for m in the original equation. 

Accordingly, we see that the pedals, inverse curves, and 
reciprocal polars of the proposed, are all curves whose equa- 
tions are of the same form as that of the proposed. 

In a subsequent chapter the student will find an additional 
discussion of this class of curves, along with illustrations of 
their shape for a few particular values of m. 



Examples. 

I. The equation of a parabola referred to its focus as pole is 

r(i + cos 6) = 2a, 
to find the relation betweeen r and p. 

Here r* cos - = <^, and consequently p^ = ar^ 

2 

ji well'Jinown elementary property of the curre. 
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2. The equation r^ cos 2B = a^ represents an equilateral hyperbola ; prove 
that pr = a^, 

3. The equation r' = a' cos 2d represents a Lemniscate of Bernoulli ; find 
the equation connecting p and r in this case. Ana, r^ = a*p. 

4. Find the equation connecting the radius vector and the perpendicular on 
.the tangent in the cardioid whose equation is 

r = fl (i + cos d). Ans, t^ = ^ap\ 

It is evident that the cardioid is the inverse of a parabola with respect to 
its focus ; and the Lemniscate, that of an equilateral hyperbola with respect to 
its centre. Accordingly, we can easily draw the tangents at any point on either 
of these curves by aid of the Theorem of Art. 185. 

191. Expression for FN. — To find the value of the inter- 
cept between the point of eon- 
tact F and the foot N of the 
perpendicular from the origin 
on the tangent at P. 

Leti? = ON, io = z.NOA, 

FN^t', then z.]SrTJSr'=LNON' 

= Acu,al80 SN'=^TS sin STiV": 

8N' 
••. TS = - — :rrp-^, ; but in the 
sin NON 

limit, when PQ is infinitely small, -: — ^^^ ,.,. becomes -^ , 

and TS becomes PiV or t. 

■■■'-%■ <^=) 




Also OF'^ON^+FN^ 



" -"' * (IT- ^"> 



192. To prove that 



ds dt , V 



On reference to the last figure we have 

ds .. .. .FT^TQ dt _. .^ ^QN'-FN 

■y = Imiit of , -J- = hmit of ;: 

aa> Aa> ci(jj Aa> 
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but Pr+ TQ - ON' + PN= TN^ TN\ 

ds dt .. ., .TN-^TN' y ..fSN 
henoe -; r =liimt of = lunit 01 — — 

= ON=p; 

ds^ dt^ 
dm dia 

This result is of importance in the Integral Calculus, in 
€0!nnexion ^th the rectification of curves. 

If -p be substituted for /, the preceding fonnula becomes 

rf« d^p , ^. 

This shape of the result is of use in connexion with curva- 
tuie, as mil oe seen in a subsequent chapter. 

193. Directioii of Konnal in Vectorial Co-ordinates. — ^In 
aome oases the equation of a curve can be expressed in terms 
of the distances from two or more fixed points or focL Such 
distances are called vectorial co-ordinates. For instance, if 
Ti^ tt denote the distances from two fixed points;, tbe equation 
Ti + Ti « coni^« represents an ellipse, and n ~ r, = const., a 
hypovbola. 

Again, tbe equation 

n + wrt- const. 

iqpiiesents a curve called a Cartesian oval. 
Also, the equatiooi 

n Tj « const. 

r>?pre«sents an oval of Cassini, and so on. 

The direction of the nonnal at any point of a curve, in 
swb c^se^ c«a)L bei^dihr Gained bv^a sreometzical constnicw 
t»o«u 
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For let 

F (n, ra) = const. 
te the equation of the curve, where 

then we have 

dF dri dF dr^ ^ 
drx ds dvi ds 

Now, if FT be the tangent at P, then by Art. 1 80 we ha\ e 

-^ = COS )//!, — * = COS )/^2, where yfji = L TPFi, \p%^ L TPF^. 
as as 

^ dF , dF , f s 

Hence -j^ cos ^i + -7- cos \f>2 = o. (2g) 

cti*i ar% 

Prom any point R on the normal, draw RL and RM 
respectively parallel to F^P and PiP, and we have 

PL : LR = sinPP-3f : sin RPL = cos ypz : - cos 1//1 

dF dF 

Accordingly, if we measure on PPi and PPg, lengths 

dF dF 
PL 4iiid PM^ which are in the proportion of -7— to ^r-f then 

tt/*i ar% 

the diagonal of the parallelogram thus formed is the normal 

required. 

This result admits of the following generalization : — 
Let the equation of the curve* be represented by 

F (ri, ^2, ^3, . . . rn) = const. 

* The theorem given ahove is taken from Poinsot's ** Elements de Statique,*' 
NeuTi^me Edition, p. 435. The principle on which it is founded was, however, 
given by Leibnitz (''Journal des Savans,*' 1693), and was deduced from 
mechanical considerations. The term resultant is borrowed from mechanics, 
and is obtained by the same construction as that for the resultant of a number 
of forces acting at the same point. Thus, to find the resultant of a number of 
lines Pa, Pi, Fc, Fdj . . . issuing from a point P, we draw through a a right 
line aP, equal and parallel to Fb, and in the same direction ; through 3, a right 
line BCf equal and parallel to Pc ; and so on, whatever be the number of lines : 
Uien the Ime PJ2, which closes the polygon, is the resultant in question. 
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where n, r2, . . . rn denote the distances from n fixed points. 
To draw the normal at any point, we connect the point with 
the n fixed points, and on the joining lines measure off 
lengths proportional to 

dF dF dF dF ^. , 

1-9 -7- 5 -,— , ... 3— respectively ; 
dn dr2 dn dvn ^ ^ 

then the direction of the normal is the resultant of the lines 
thus determined. 

For, as before, we have 

dF dri dF dr^ dF dvn _ 

dri ds drz ds ' ' ' dr^ ds 

TT dF , dF . dF , . . 

Hence -7- cos )//i + — cos ;//2 + ... -7^ cos \pn = o. (30) 
w/*i ar2 O/Tfi 

TWT dF , dF , dF 

JNOW, -7- cos iLi, -7— cos U/2, ... -7— COS U/«, 

dvi dvz drn 

are evidently proportional to the projections on the tangent 
of the segments measured off in our construction. Moreover, 
in any polygon, the projection of one side on any right line 
is manifestly equal to the sum of the projections of all the 
other sides on the same line, taken with their proper signs. 
Consequently, from (30), the projection of the resultant on 
the tangent is zero ; and, accordingly, the resultant is normal 
to the curve ; which establishes the theorem. 

It can be shown without difficiilty that the normal at any 
point of a surface whose equation is given in terms of the 
distances from fixed points can be determined by the same 
construction. 

Examples. 

1. A Cartesian oval is the locus of a point, P, such that its distances, PJf, 
\PM*f from the circumferences of two given circles are to each other in a constant 
ratio ; prove geometrically that the tangents to the oval at F, and to the circles 

' at M and M', meet in the same point. 

2. The equation of an ellipse of Cassini is rr^ = aby where r and r' are the 
distances of any point P, on the curve, from two fixed points, A and P. If O 
be the middle point of -4P, and P-^the normal at P, prove that L APO = I BPN. 

3. In the curve represented by the eq^uation r^ + T'^ = a^, prove that the 
norma} divides the distance between the foci in the ratio of r2 to n. 
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194. In like manner, if the equation of a curve be given 
in terms of the angles 0i, 62, . . . On which the vectors (Sawn 
to fixed points make respectively with a fixed right line, the 
direction of the tangent at any point is obtained by an analo- 
gous construction. 

For, let the equation be represented by 

F(0i, 02, . . . On) = const. 
Then, by difEerentiation, we have 

dF dd, dF d02 dF dOn 

dOi ds dOi ds ' ' ' dOn ds 

Hence, as before from Art. 1 80, we get 

1 dF . , I dF . , 1 dF , , , , 

— -3- sm )//! + — :7^sm 1^2+ . . . + — --ZTT- sm xpn = o. (31) 
n ddi rg dOz Tn ddn 

Accordingly, if we measure on the lines drawn to the fixed 
points segments proportional to 

1 dF j^ dF I dF 

and construct the resultant line as before, then this line will 
be the tangent required. The proof is identical with that of 
last Article. 

195. Curves Symmetrical with respect to a Line, and 
Centres of Curves. — It may be observed here, that if the 
equation of a curve be unaltered when y is changed into - y, 
then to every value of x correspond equal and opposite values 
of y ; and, when the co-ordiaate axes are rectangiilar, the 
curve is symmetrical with respect to the axis of x. 

In like manner, a curve is symmetrical with respect t9 
the axis of y, if its equation remain unaltered when the sign 
of X is changed. 

Again, if, when we change x and y into - x and - y, re- 
spectively, the equation of a curve remains imaltered, then 
every right line drawn through the origin and terminated by 
the curve is divided into equal parts at the. origin. This 
takes place for a curve of an even degree when the sum. at 
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the indices of x and y in each term is even ; and for a 
curve of an odd degree when the like sum is odd. Such a 
point is called the centre* of the curve. For instance, in conies, 
when the equation is of the form 

aa^ + ihxr/ + by* = c, 

the origin is a centre. Also, if the equation of a cubicf b6 
reducible to the form 

^3 + «i = o, 

the origin is a centre, aud every line drawn through it is bi- 
sected at that point. 

Thus we see that when a cubic has a centre, that point 
lies on the curve. This property holds lor all curves of an 
odd degree. 

It should be observed that curves of higher degrees than 
the second cannot generally have a centre, for it is evidently 
impossible by transformation of co-ordinates to eliminate the 
requisite number of terms from the equation of the curve. 
For instance, to seek whether a cubic has a centre, we substi- 
tute JT + a for X, and Y -^ (i for y, in its equation, and equate 
to zero the coefficients of X^y XYsjid Y^, as well as the abso- 
lute term, in the new equation ; as we have but two arbitrary 
constants (a and j3) to satisfy four equations, there will be 
two equations of condition among its constants in order that 
the cubic should have a centre. The number of conditions is 
obviously greater for curves of higher degrees. 



• For a general meaning of tile word " centre," ad applied to curves of higher 
degrees, see ChasW "Aper^u Historique/' p. 233, note. 

t This name has heen given to curves of the third degree hy Dr. Salmon, in 
his ** Higher Plane Curves," and has heen generally adopted by subsequent 
-yriters on the subject. 
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Examples. 

I. Find the lengths of the subtangent and subnormal at any point of the 
curye 

yn = a^-^x, Ans. nx, 



nx 



2. Find the subtangent to the curre 



nx 



Xvnyn -- flW+n, A.n$, . 



m 



3. Find the equation of the tangent to the curve 

x^ = a^y\ Ana. — = 3- 

^ X y 

4. Show that the points of contact of tangents from a point (a, iS) to tho 
cunre 

are situated on the hyperbola (m + «) a?y = n^x + may, 

5. In the same curve prove that the portion of the tangent intercepted be- 
tween the axes is divided at its point of contact into segments which are to each 
other in a constant ratio. 

6. Find the equation of the tangent at any point to the hypocycloid, a:i + j/* 
= ai ; and prove that the portion of the tangent intercepted between the axes is 
of constant length. 

7. In the curve ar» + y» = a", find the length of the perpendicular drawn 
from the origin to the tangent at any point, and find also the intercept made by 
the axes on the tangent. 

Ans. p = — ; intercept =s. 



8. If the co-ordinates of every point on a curve satisfy the equations 

a; = c sin 20 (i + cos 20), y = c cos 20 (i — cos 26), 

prove that the tangent at any point makes the angle with the axis oix. 
9. The co-ordinates of any point in the cycloid satisfy the equations 

a; = a (0 - sin 6), y = a (i - cos 0), 
prove that the angle which the tangent at the point makes with the axis of y 

e 

is -. 

2 
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dy 

Here -7- = -^ = cot - . 

dx dx 2 

de 

10. Prove that the locus of the foot of the perpendicular from the pole on 
the tangent to an equiangular spiral is the same curve turned through an angle. 

11. Prove that the reciprocal polar, with respect to the origin, of an equi- 
angular spiral, is another spiral equal to the original one. 

12. An equiangular spiral touches two given lines at two fixed points, prove 
that the locus of its pole is a circle. 

13. Find the equation of the reciprocal polar of the curve 

r* cos - = aiy 
3 

a 

with respect to the origin. Ans, The cardioid ri = a* cos - . 

14. Find the equation of the inverae of a conic, the focus heing the pole of 
inversion. 

15. Apply Art. 184, to prove that the equation of the inverse of an ellipse 
with respect to any origin is of the form 

2ap = OFi . pi + OF^ . f)g, 

where JFi and F^ are the foci, and p, pi, p2 represent the distances of any point 
on the curve from the points 0, /i and /g, respectively; /i and/g being the 
points inverse to the foci, Fi and F2. 

16. The equation of a Cartesian oval is of the form 

r + A;r' = a, 

where r and r^ are the distances of any point on the curve from two fixed points, 
and a, k are constants. Prove that the equation of its inverse with respect to 
any origin is of the form 

a/>i + i3p2 + 7/>3 = o, 

where pi, p2t p3 are the distances of any point on the curve from three fixed 
points, and a, fi, y are constants. 

17. In general prove that the inverse of the curve 

api + fip2 + 7f>3 = o, 
with respect to any origin, is another curve whose equation is of similar form. 

iS, If the radius vector, OF, drawn from the origin to any point P on a 
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curve be produced to Pi, until TPx be a constant length; proye that the normal 
at Pi to the locus of Pi, the normal at P to the original curve, and the perpen- 
dicular at the origin to the line OP, all pass through the same point. 

This follows immediately from the value of the polar subnormal given in 
Art. 182. 

19. If a constant length measured from the curve be taken on the normala 
along a given curve, prove that these lines are also normals to the new curve 
which is the locus of their extremities. 

20. In the ellipse -— + rr- = i, if a; = a sin A, 

ds / 

prove that — = ^'v ^ - ^* sin*^) . 

21. If <2« be the element of the arc of the inverse of an ellipse with respect 
to its centre, prove that 

■ 

,„ a VI — <f2 sin'A , , «• - i« 

d»-h^ — -^ r— -^ d^y where n = — - — . 

22. If m be the angle which the normal at any point on the ellipse 

sP t/' 

— + ^ = I makes with the axis-major, prove that 

a^ 0* 

, i« d(a 

d8= — 



a (i — c* sin2w)f* 



23. Express the differential of an elliptic arc in terms of the semi-axis major^ 
/i, of the confocal hyperbola which passes through the point. 






24. In the curve r»» = a"» cos md, prove that 

ds a 

de" ^* 
cos"* mO 

25. If P (x, y) = o be the equation to any plane curve, and ^ the angle be- 
tween the perpendicular from the origin on the tangent and the radius vector to 
the point of contact, prove that 

dF dF 

y X 

dx dy 

tan ^ = jTi J 73* 
^ dF dF 

dx dy 
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CHAPTEE Xin. 

ASYMPTOTES. 

1 96. Intersection of a Cimre and a Bight Line. — ^Before enter- 
ing on the subject of this chapter it will be necessary to con- 
sider briefly the general question of the intersection of a right 
line with a curve of the n^* degree. 

Let the equation of the right line be y = /uo? + v, and sub- 
stitute /xic + V instead of y in the equation of the curve ; then 
the roots of the resulting equation in x represent the abscissae 
of the points of section of the line and curve. 

Moreover, as this equation is always of the n^^ degree, it 
follows that e/cery right line meets a curve of the n** degree in n 
j[)oint8, real or imaginary, and cannot meet it in more. 

If two roots in the resulting equation be equal, two of the 
points of section become coincident, and the line becomes a 
tangent to the curve. 

Again, suppose the equation of the curve written in the 
form of Art. 175, viz. : 

Un + Unr-i + Un.2 + . . . + «2 + t^i + t^o = O ; 

then, since Un is a homogeneous function of the n*^ degree in 
^ and y, it can be written in the form ^**/o ( - ) ; similarly 

Un^i = af^-' /i (f ), u^, = af^-' f, (^^, &c. 

And accordingly, the equation of the curve may be written^ 

^/o (f) H- ^y. (f) + ^% (f) + &C. = O. (I) 

Substituting /ix + - for -, in this, it becomes 
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Or, expanding by Taylor's Theorem, 



1.' 



+/.(/u)} +&o.=o. (2) 

The roots of £his equation determine the points of section in 
question. 

We add a few obvious oonaLusions from the results axrived 
at above : — 

1°. Every line must intersect a curve of an odd degree in 
at least one real point ; for every equation of an odd degree 
has one real root. 

2^. A tangent to a curve of the n*^ degree cannot meet it 
in more than n - 2 points besides its point of contact. 

3°. Every tangent to a curv« of an odd degree must meet 
it in one other real point besides its point of contact. 

4°. Every tangent to a curve of the third degree meets 
the curve in one other real point. 

197. Definition of an Asymptote. — ^An asymptote is a 
tangent to a curve in the limiting portion when its point of 
contact is situated at an infinite distance. 

1°. No asymptote to a curve of the n** degree can meet it 
in more than w - 2 points distinct from that at infinity. 

2°. Each asymptote to a curve of the third degree inter- 
sects the curve in one point besides that at infinity. 

198. Method of finding the Asymptotes to a Curve of the 
n^^ Degree. — ^If one of the points of section of the line y =fxx + v 
with the curve be at an infinite distance, one root of equa- 
tion (2) must be infinite, and accordingly we have in that* 
case 

/o(i")=0. (3) 

* This can be easily established by aid of the reciprocal equation ; for if we 

substitute - for a; in equation (2), the resulting equation in z wUl have one root 

zero "when its absolute term vanishes, i. e., when /o(/u) = o ; it has two roots 
zero when we have in addition i/o'Cm) +/1O*) = o > *"id so on.} 
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Again, if two of the roots be infinite, we have in addition 

v/o'(iu) +Mtx) = o. (4) 

Accordingly, when the values of fi and v are determined 
so as to satisfy the two preceding equations, the corres- 
ponding line 

meets the curve in two points in infinity, and consequently 
is an asymptote. (Salmon's " Conic Sections," Art. 154.) 
Hence, if /ii be a root of the equation /o(/z) = o, the line 

Jo Kfxi) 

is in general an asymptote to the curve. 

If fi{ii) = o and /o(a«) = o have a common root (/i, 
suppose), the corresponding asymptote in general passes 
through the origin, and is represented by the equation 

y = fiix. 

In this case w» and t^n-i evidently have a common factor. 

The exceptional case when /o'(iu) vanishes at the same 
time will be considered ih a subsequent Article. 

To each root of /o(m) = o corresponds an asymptote, and 
accordingly, every curve of the n*^ degree has in general n 
asymptotes^ real or imaginary. 

From the preceding it follows that every line parallel 
to an asymptote meets the curve in one point at infinity. 
This also is immediately apparent from the geometrical 
property that a system of parallel lines may be considered 
as meeting in the same point at infinity — a principle intro- 
duced by Desargues in the beginning of the seventeenth 
century, and which must be regarded as one of the first 
important steps in the progress of modem geometry. 

Cor. No line parallel to an asymptote can meet a curve 
of the n'* degree in more than (n - i) points besides that 
at infinity. 

Since every equation of an odd degree has one real 
root, it follows that a curve of an odd degree has one real 
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asymptote, at least, and has accordingly an infinite branch 
or branches. Hence no curve of an odd degree can be a 
closed curve. 

For instance, no curve of the thii'd degree can be a 
finite or closed curve. 

The equation /o (ju) = o, when multiplied by oif^^ becomes 
Wn = o ; consequently the n right lines, real or imaginary, 
represented by this equation, are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the case in which a root of /o {fi) = o either vanishes or is 
infinite ; i. e., where the asymptotes are parallel to either 
co-ordinate axis. This case will be treated of separately in 
a subsequent Article. 

If all the roots of /o (fc) =0 be imaginary the curve has 
no real asymptote, and consists of one or more closed 
branches. 

Examples. 
To find the asymptotes to the following curyes : — 

1. y3= ax^ -V a?. 

Substituting /xo: + v for y, and equating to zero the coefficients of a^ and x^y 
separately, in the resulting equation, we obtain 

^3-1 =0, and 3/aV = a ; 

a 
,'. fi = J, y = -; 

3 

hence the curve has but one real asymptote, yiz., 

a 

y = * + -. 
3 

2. y* — «* + lax^y = b'^x^. 
Here the equations for determining the asymptotes are 

fi* — I =0, and 4/iV + lafi = o ; 

accordingly, the two real asymptotes are 

a . a 

V = X — , and y + x 4- - = o. 
22 

3. «3 + 3«2y - xf/^ - 3y3 + aj* - 2a?y + 3y* + 4» + 5 = o- 

» 3 ' 3 

Am, y + -+- = o, y ^ x-\--y y+a;»-. 

3 4 4 a 
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199. Case in wluch Un = o represents the n Asymptotes. — 
If the equation of the curve contain no terms of the (n- i)'* 
degree, that is, if it be of the form 

the equations for determining the asymptotes become 

/o {]fi) = o, and v/o' (ju) = o. 

The latter equation gives v = o, unless /(/(ju) vanishes along 
with/o(ju), i. e., unless /o(ju) has equal roots. 

Hence, in curves whose equations are of the above form, 
the n right lines represented by the equation Un - o are 
the n asymptotes, unless two of these lines are coincident. 
This exceptional case will be considered in Art. 202. 
The simplest example of the preceding is that of the 
hyperbola 

ax^ + ihan^ + by^ = c, 

in which the terms of the second degree represent the 
asymptotes (" Salmon's Conic Sections," Art. 195). 

Examples. 

Find the asymptotes to the curyes 

1. :jy-«^y = fl*(a: + y) + i3. ^„,. » = o, y=o, a;-y = o. 

2 . ;/ _ ^ - ^2ar. AfiB, There is but one real asymptote, viz., y - a; = o. 

3. ^ - y* = a'^xy + iV- -4w«. fl; + y = o, x-y =^ o, , 

200. Asymptotes parallel to the Co-ordinate Axes. — Sup- 
pose the equation of the curve arranged according to powers 
of X , thus 

a^ + {an/ + &)i»~-^ + &c. = o ; 

then, if ao = o and <7iy + & = o, or y = — , two of the roots 

of • the equation in x become infinite ; and consequently the 
line aiy + & = o is an asymptote. 
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In other words, whenever the highest power of x is 
wanting in the equation of a curve, the coefficient of the 
next highest power equated to zero represents an asymptote 
parallel to the axis of x. 

If flTo = o and ft = o, the axis of x is itself an asymptote. 

If x^ and af^^ be both wanting, the coefficient of af^"^ re- 
presents a pair of asymptotes, real or imaginary, parallel to 
the axis of x ; and so on. 

In like manner, the asymptotes parallel to the axis of y 
can be determined. 

Examples. 

Find the asymptotes in the following curves •: — 

1. y'^x — ay* = a^-\- ax^ + ^'*. Am, x — a^ f/ = x-\- a, y + a?4a = o. 

2. y (a;2 - ^bx-{- ib'^) -a?- ^ax^ + «3. « = d, a? « 2^, y + 3a = a; + 3^. 

* 

3. «V = a^{^^ + V^)' x = ±a, y = ± a. 

4. x'^y- = ar{x- - y-). y + « = o, y-a = o. 

5. if a — yH = .r^. The only real asymptote is a? = «. 

201. Parabolic Branches. — Suppose the equation /o(ju) = o 
has equal roots, then /o'(iui) vanishes along with /o(/Le), and 
the corresponding value of v found from (5) becomes infinite, 
unless /i(ju) vanish at the same time. 

Accordingly, the corresponding asymptote is, in general, 
situated altogether at infinity. 

The ordinary parabola whose equation is of the form 

{(xx + ^yY = Ix + my + w, 

furnishes the simplest example of this principle, having 
the line at infinity for an asymptote. (" Salmon's Conic 
Sections," Art. 254.) 

Branches of this latter class belonging to a curve are 
called parabolic, while branches having a finite asymptote 
are called hyperbolic, 

202. From the preceding investigation it appears that 
the asymptotes to a curve of the n** degree depend, in 
general, only on the terms of the n** and the (ii - \Y^ ^'^^^^^'^^ 

n 2 
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in its equation. Conseqnentlv, ad curres tchieh hare tJie 
mtne terms of the tico hi*jhe»t def/ree^ hate generally the same 
amfmptoies. 

There are, however, exceptions to this rule, one of which 
win he considered in the next Article. 

203. Parallel Aaymptotes. — ^We shall now consider the 
case where f^iji) = o has a pair of roots eqnal to /ii, suppose, 
and where /i(^i) = o, at the same time. 

In this case the coefficients of jt* and x^^ in (2) both 
vamsh independently of v, for the root /ii ; we accordingly 
infer that all lines parallel to the line y = fiix meet the curve 
in two points at infinity, and consequently are, in a certain 
sense, asymptotes. There are, however, two lines which are 
more properly called by that name ; for, substituting /ii for pL 
in (2), the two first terms vanish, as already stated, and the 
coefficient of j?*"* becomes 



v' 



/o"(/li) -i- vfiijli) +/2(/tll). 



I . 2 

Hence, if vi and Vi be the roots of the quadratic 



V* 



fo'iii.) + v/i'Oli) ^A{fi^) = o, (6) 



I . 2 

the lines y = jiiX + vi, and y = fiix + vs, 

are a pair of parallel asymptotes, meeting the curve in three 
points at infinity. 

If the roots of the quadratic be imaginary, the corres- 
ponding asymptotes are also imaginary. 

Again, if the term w^-i he wanting in the equation, and 
if /o(/i) = o have equal roots, the corresponding asymptotes 
are given by the quadratic 



v' 



1 . 2 



/o"(/il) +/2(/Ul) = O. 



In order that these asvmptotes should be real, it is 
neoessary that/2(/Lei) and/o"(jui) should have opposite signs. 

There is no difficulty in extending the preceding in- 
vestiffation to the case where /o(^) = o has three or more 
equcd roots. 
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Examples. 

Here /oW = (i +/■*)« (i + /u + /i2), /iOa)=o, /2W=-aV; 

accordingly, vi = «, 1^2 = — «, 

and the corresponding asymptotes are 

y + 3: - a = o, and y + a: + a = o. 
The other asymptotes are evidently imaginary. 

2. x^{x-v y)2 + 2ay2 (a, + y) ^_ 3^2^^ ^ ^Sy - q. 

Here /oM =(!+/>*?, /iW = 2^(1+/'*), /2W = 8aV; 

.-. /ii = - I, /o"(mi) = 2, /i'0*i) = 2a, /zOO = - 8«2, 
and the corresponding asymptotes are 

y + ar — aa = o, and y + a: + 4a = o. 

204. If the equation to a curve of the n*^ degree be of 
the form 

(y + ax + (i) ^1 + ^2 = o, 

where the highest terms containing x and t/ in <pi are of the 
degree w - i, and those in 02 are of the degree w - 2 at most, 
the line 

p + ax + fi = o 

is an asymptote to the curve. 

For, on substituting -ax-fi instead of y in the equation, 
it is evident that the coefficients of af^ and af*^^ both vanish ; 
hence, by Art. 198, the line y + ao? + /3 = o is an asymptote. 

Conversely, it can be readily seen that if y + a.r + /3 be an 
asymptote to a curve of the n*^ degree its equation admits of 
being thrown into the preceding form. 

In general, if the equation to a curve of the n*^ degree 
be of the form 
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where ^2 contains no term higher than the {n -2)*^ degree, 
the lines 

y + Oi^ + /3i = o, y + 02^ + j32 = o, . . . y + nnX + /3n = o 

are the n asymptotes of the curve. 

This foUows at once as in the case considered at the 
commencement of this Article. 

For example, the asymptotes to the curve 

xj/[x-\-y + ai) (a? + y + r?2) + biX + b>y - o 
are evidently the four lines 

a? = o, y - Oy x + y -\-ai- Oy x + y + ciz = o. 

If the^ curve be of the third degree, 02 is of the first, and 
accordingly the equation of such a curve, having three real 
asymptotes, may be written in the form 

{y + aiX+[ii){y-\-ai^-\-ji2){y + a3fc-h(53) + lx + my + n = o. (8) 

Hence we infer that the three points in which the asymp^ 
totes to a cubic meet the curve lie in the same right line, viz., 

Ix + my + w = o. 

The student will find a short discussion of a cubic with 
three real asymptotes in a subsequent Chapter. 

205. To prove that, in general, the distance of a point 
in any branch of a curve from the corresponding asymptote 
diminishes indefinitely as its distance from the origin increases 
indefinitely. 

If y + ax + ^ = o be the equation of an asymptote, then, 
as in the preceding Article, the equation of the curve may be 
written in the form 

(ij + ax + /3) 01 + 02 = O, 

where 02 is at least one degree lower than 0i in a? and y. 
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Hence y + a^ + /3 = - ^, 

and the perpendicular distance of any point (a?o, y^ on the 
curve from the line ^ + aa? + j3 = ois 

yo + 0^0 + jS 




>v/i +a^ 

where the suffix denotes that Xo and t/o are substituted for x 
and y in the functions 0i and 02. 

Now, when iTo and t/o are taien infinitely great, the value 
of the preceding fraction depends, in general, on the terms 
of the highest degree (in x and y) in ^i and 02 ; and since the 
degree of 02 is one lower than that of 0i, it can be easily 

seen by the method of Ex. 7, Art. 89, that the fraction — 

becomes, in general, infinitely small when x and y become 
infinitely great. Hence, the distance of the line y + aa? + j3 
from the curve becomes infinitely small at the same time. 

It is not considered necessary to go more fully into this 
discussion here. 

The subject of parabolic and other curvilinear asymptotes 
is omitted as being unsuited to an elementary treatise. 
Moreover, their discussion, unless in some elementary cases, 
is both indefinite and unsatisfactory, since it can be easily 
seen that if a curve has parabolic branches, the number of its 
parabolic asymptotes is generally infinite. The reader who 
desires full information on this point, as well as the discussion 
of the particular parabolas called osculating, is referred to a 
paper by M. Pliicker, in liouville's Journal, vol. i., p. 229. 

206. Asymptotes in Polar Co-ordinates. — If a curve be 
referred to polar co-ordinates, the directions of its points at an 
infinite distance from the origin can be in general deter- 
mined by making r = 00, or t^ = o, in its equation, and solving 
the resulting equation in 0. The position of the asymptote 
corresponding to any such value of is obtained by finding 
the length of the corresponding polar subtangent, i.e., by 

dB 
finding the value of -7- corresponding to u = o. 

aic 
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It should be observed that when --z- is positive, the 

asymptote Kes above the corresponding radius vector, and 
when negative, below it ; as is easily seen from Art. 182. 

If we suppose the equation of the curve, when arranged 
in powers of r, to be 

f^MB) + t^Vi{9) + . . . + rfn-i{e) +M0) = o, 
the transformed equation in uh 

consequently, the directions of the asymptotes are given by 
the equation 

fo{0) =0. (10) 

Again, if we differentiate (9) with respect to 0, it is easily 

du 

dO 
by the equation 



du 

seen that the values of -^ corresponding to u = o are given 



/.(0)J+/o'W = O, (") 

provided that none of the functions 

MB), MB), . . . M9) 

become infinite for the values of Q which satisfy equation (10). 

Consequently, if a be a root of the equation /o(0) = o, the 

curve has an asymptote making the angle a with the prime 

vector, and whose perpendicular distance from the origin is 

It is readily seen that the equation of the corresponding 
asymptote is 

rsin(a-0) + '^ = o. 

This method will be best explained by applying it to one 
ortwodementaxj Examples. 
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Examples. 

I. Let the curve be represented by the equation 

r = asece + b tan 0. 

008 



Hero u = 



a + baine' 



When $ = - , wc have w = o, and - _ = 



2 ' dd a + b 

Accordingly, the corresponding polar subtangent is a + b, and hence the line 
perpendicular to the prime vector at the distance a + b from the origin is an 
asymptote to the curve. 

Again, u vanishes aho when = — , and the corresponding value of the 

polar subtangent is a — ^ ; thus giving another asymptote. 

2. r = aBeotnd + b tan m$, 

coamd 



Hero u — 



a + ^ sin md' 



_,, IT - . du —m 

\\ hen — — , we have tt = o, and -r- = r, 

2m' ' dd a + b* 

whence we get one asymptote. 

, 37r . du m 

Again, when $ = ^^, u = o, and -— = r, 

^ V 2m* dd a -a 

which gives a second asymptote.' 

On making $ = — , we get a third asymptote, and so on. 

2fn 

It may be remarked, that the first, third, . . . asymptotes all touch one 
fixed circle ; and the second, fourth, &c., touch another. 

3. Find the asymptote to the curve 

r2 sin {0 -a) -\- ar sin (d - 2a) + a^ = ©. 



207. Asymptotic Circles. — In some curves referred to 
polar co-ordinates, when 6 is infinitely great the value of r 
tends to a fixed limiting value, and. a^^oxdiu^^ ^Jcl'^ ^^xr5l^ 
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approaches more and more nearly to tlie circular form at the 
same time : in such a case the curve is said to have a 
circular asymptote. 

For example, in the curve 

- 1^ 

so long as Q is positive r is less than «, a being supposed 
positive ; but as Q increases with each revolution, r con- 
tinually increases, and tends, after a large number of 
revolutions, to the limit a ; hence the circle described with 
the origin as centre, and radius a, is asymptotic to the 
curve, which always lies inside the circle for positive values 
of 0, Again, if we assign negative values to 0, similar 
remarks are applicable, and it is easily seen that the same 
circle is asymptotic to the corresponding branch of the 
curve ; with this difference, that the asymptotic circle lies 
mthin the curve in the latter case, but outside it in the 
former. The student will find no difficulty in applying this 
method to other curves, such as 



aB aO' 



r = -t: ; r, r = 



+ sintf' 0^ + tr' O + sintf 



a(0 + cos0) ^ 
o, r = — ,7— -r-^, &c. 
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Examples. 

Find the equations of the asymptotes to the following curves : — 

1. y{Bfi — x'^) = b'^{2x-\-e), Ans, y = o, a; + a = o, x — a = o, 

2. ar* — a^y + a^x^ -\-b* = o. a; + y = o, a? - y = o, a; = o. 

3. a;* - a:2y2 + a;2 + 2/2 - ^2 = o. x-i =0, x+i =0, a:-y = o, a: + y = o. 

4 . (a + a:)2 (^2 - a;2) = a;2y2. a: = o. 

5. (a + a;)2(32 + x^) = a;2^2^ a: = 0, y = a; + «, y + a; + a = o. 

6. a:3y _ 2a;2^2 ^ ^.^3 -. ^2^2 ^ ^2^2^ x = 0, y = o, a: — y = 4: v a2 ^ ^2. 

7. a;3-4a-y2_3a:2+ iixy- i22/2+8a?+ 2^+4 = o. 

-4«5. a? + 3 = o, a? - 2y = o, a: + 2y = 6.. 

8. a;2?/2 _ flra?(a: + 2/)2 — 202^2 _ ^4 _ q. a? + 2« = o, a; — a = o. 

9. If the equation to a curve of the third degree he of the form 

U3 + U1 + U0 = o, 

the lines represented hy W3 = o are its asymptotes. 

10. If the asymptotes of a cubic be denoted by o = o, i8 = o, 7 = 0, the 
equation of the curve may be written in the form 

a$y = Ja + Bfi + Cy, 

1 1. In the logarithmic curve 

X 

y = «^ 

prove that the negative side of the axis of x is an asymptote. 

1 2. Find the asymptotes to the curve 

rcosMd = a, 

13. Find the asymptotes to 

r cos m6 = acosnB. 

14. Show that the curve represented by 

x^ + abt/ — axi/ = o 
has a parabolic asymptote, a^ -\- bx + b^ = ay. 



do 


di 


di 


di 


d2 


dz 


Cq 


Cl 


Cz 
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15. Find the circular asymptote to the curve 

_ad ■\- h 
~ e + a' 

16. Find the condition that the three asymptotes of a cubic should pass 
through a common point. 

Let the equation of the curve he written in the form 
«o + 3M + 3*iy + 3^o«'* + 6<^'y + yiU^ + d^ai^ + 3<fiaj2y ^ id^xy^ + dzy^ = o, 
then the condition is 



= o. 



This result can he easily arrived at by substituting x + a and y + iS instead 
of X and p in the equation of the cubic, and finding the condition that the part 
of the second degree in the resulting equation should vanish. See Art. 204. 

17. "When the preceding condition is satisfied show that the co-ordinates, 
a and jB, of the point of intersection of the three asymptotes, are given by the 
equations 

_ Cidi — Codi _ Codi — eido 

dodz — d^ ' d^4i — d^ 

18. If from any point, 0, a right line be drawn meeting a curve of the «** 
degree in -Ri, -R2, . . . J?n, and its asymptotes in n, r2, . . . r«, prove that 

OUx + 0Ii2 + . . . Oltn = Ori + (9r2 + . . . Or„. 

N.B. — The terms of the «'* and («— i)** degrees are the same for a curve 
and its asymptotes. 

Tg. If a right line be drawn through the point («, 0) parallel to the asymptote 
of the cubic {x — a)^ — x^y = o, prove that the portion of the line intercepted by 
the axes is bisected by the curve. 

20. If from the origin a right line be drawn parallel to any of the asymptotes 
of the cubic 

y(fla;2 + 'xhxy + %* + zgx + 2/y + c) - x^ = o, 

show that the portion of this line intercepted between the origin and the line 
^x -^fy + (J = o is bisected by the curve. 
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CHAPTEE XIY. 

MULTIPLE POINTS ON CURVES. 

208. In tlie foUowing elementary discussion of multiple- 
points of curves the method given by Dr. Salmon in his 
"Higher Plane Curves" has been followed, as being the- 
simplest, and at the same time the most comprehensive 
method for their investigation. The discussion given here is. 
to be regarded as merely introductory to the more general 
investigation in that treatise, to which the student is referred 
for fuller information on this as well as on the entire theory 
of curves. 

We commence with the general equation of a curve of 
the n*^ degree, which we shall write in the form 

+ Joa? + biy 

+ c^'^ + Cixy + c^y^ 

+ &c. + &c. 

+ 4a^ + hof^'^y + &c. + hy'^ = o, 

where the terms are arranged according to their degrees in 
ascending order. 

When written in the abbreviated form of Art. 175, the 
preceding equation becomes 

Wo + Wi + ^2 + • • • + w«-i + Un = o. 

We commence with the equation in its expanded shape, 
and suppose the axes rectangular. Transforming t»c> ^<5>\sflt 
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co-ordinates, by substituting r cos and r sin. instead of 
^ and y, we get 

Oq + (6o cos + Ji sin 6) r 
+ (^oCOS^0 + CiCO90sin0 + C2sin^6)r^ + . . . 
+ (/oCOs"0 + /iCOS~-^0sin0+ . . .+ /„sin'*9)r~ = o. (i) 

If be considered a constant, the n roots of this equation 
in r represent the distances from the origin of the n points 
•of intersection of the radius vector with the curve. 

If Oo = o, one of these roots is zero for all values of d ; as 
ds also evident since the origin lies on the curve in this case. 

A second root will vanish, if, besides a^ = o, we have 
Jo cos + Ji sin = o. The radius vector in this case meets 
the curve in two consecutive points* at the origin, and is 
consequently the tangent at that point. 

The direction of this tangent is determined by the 
equation 

ho cos + Ji sin = o ; 
accordingly, the equation of the tangent at the origin is 

h^ + hy = o. 

Hence we conclude that if the absolute term be wanting 
in the equation of a curve, it passes through the origin, and 
the linear part (wi) in its equation represents the tangent at 
that point. 

If bo = o, the axis of a; is a tangent ; if Ji = o, the axis 
of y is a tangent. 

The preceding, as, also the subsequent discussion, equally 
applies to oblique as to rectangular axes, provided we sub- 
stitute mr and nr for x and y ; where 

sin (w - 0) - sin 

m = — f , and n = -; ; 

sm 01 sm (o 

to being the angle between the axes of co-ordinates. 

♦ Ttto points which are infinitely close to each other on the same branch of 
-a oarve are said to be consecutive pointa on the curve. 
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From the preceding, we infer at once that the equation of 
the tangent at the origin to the curve 

x^ {x^ + y^) = a{x- y) 

is ^ - t/ = o, a line bisecting the internal angle between the 
co-ordinate axes. In like manner, the tangent at the origin 
can in all similar cases be immediately determined. 

209. Equation of Tangent at any Point. — By aid of the 
preceding method the equation of the tangent at any point 
on a curve whose equation is algebraic and rational can be 
at once found. For, transferring the origin to that point, 
the linear part of the resulting equation represents the 
tangent in question. 

Thus, if f{xy y) = o be the equation of the curve, we 
substitute X + a?i for a-, and T + yi for y^ where (a?i, yi) is a 
point on the curve, and the equation becomes 

f{X + x,, F+y.) = o. 

Hence the equation of the tangent referred to the new axes is 

\dxjx [dyjr ^' 

On substituting x - Xi, and y - yi, instead of X and Y, we 
obtain the equation of the tangent referred to the original 
axes, viz., 

(.-«.)(D,.(y-..)(D.-o. 

This agrees with the result arrived at in Art. 169. 

210. Double Points. — ^If in the general equation of a 
<}urve we have ao = 0, bo = o, bi = o, the coefficient of r is 
zero for all values of 0, and it follows that all lines drawn 
through the origin meet the curve in two points, coincident 
with the origin. 

The origin in this case is called a double point. 
Moreover, if be such as to satisfy the equation 

Co cos'^fl + Ci cos sin + C2 sin*0 = o^ ^"^ 
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the coefficient of r* will also disappear, and three roots of 
equation (i) will vanish. 

As there are two values of B satisfying equation (2), it 
follows that through a double point two lines can be drawn, 
each meeting the curve in three coincident points. 

The equation (2), when multiplied by r^, becomes 

Cffip^ + Cixy + C2y'^ = o. 

Hence we infer that the lines represented by this equa- 
tion connect the double point with consecutive points on the 
curve, and are, consequently, tangents to the two branches of 
the curve passing through the double point. 

Accordingly, when the lowest terms in the equation of a 
curve are of the second degree (^2), the origin is a double 
point, and the equation th = o represents the pair of tangents at 
that point. 

For example, let us consider the Lemniscate, whose equa- 
tion is 

{x^ + i/y = a^{it^-y^). 

On transforming to polar co-ordinates its equation becomes 

r* = a^r^ (cos'd - sin^0), or, r^ = a^ cos 2O. 

Now, when = o, r = ±a, 
and if we confine our atten- 
tion to the positive values of 
r, we see that as increases 

from o to — , r diminishes -^ 
4 

TT 

from a to zero. "When 6 > — 

4 

and < — , r is imaginary, &c., ^^' ' ' 

4 
and it is evident that the figure of the curve is as annexed, 

having two branches. intersecting at the origin, and that the 

tangents at that point bisect the angles between the axes ; the 

equations of these tangents are 

X + y = o, and a? - y = o, 
results whioh agree with the preceding theory. 




r^Vy^ 
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211. Nodes, Cusps, and Conjugate Points.* — The pair of 
lines represented hj U2 = o will be real and distinct, coinci- 
dent, or imaginary, according as the roots of equation (2) 
are real and unequal, real and equal, or imaginary. 

Hence we conclude that there are three kinds of double 
points — 

(i). For real and unequal roots, the 
tangents at the double point are real 
and distinct, and the point is called a 
node; arising from the intersection of V ^^^^'^''Ns^ 

two real branches of the curve, as in 'y^ \Sv 

the annexed figure. ^ ^ ^ \\ 

(2). If the roots be equal, i.e., if ^2 pj , 

be a perfect square, the tangents coin- 
cide and the point is called a cusp : the two branches of the 
curve touching each other at the point. 

These points are distinguished into two classes, according 
as the branches are restricted to one side of the double point, 
or extend to both sides. 

"We shall style the former class single cusps, or cusps 
simply, and the latter double cusps. This class arises from 
the existence of two consecutive cusps. 
Cusps are again subdivided into two 
species, as the two branches lie at oppo- 
site, or at the same side of the common 
tangent. The former are styled cusps 
of the first species^ the latter those of the ^^^* ^°* 

second species. The distinction is exhi- 
bited in the annexed figures. When 
the curve extends at both sides pf the 
double point, it is sometimes called a 
point of osculation ; however, as the ^'^S- *i« 

two branches do not in general osculate each other, we prefer 
to style them double cusps. Cusps are coilQipoints de rebrous- 
sement by French writers. A fuller discussion of the different 
classes of cusps will be given in a subsequent chapter. 



* These have been respectively styled erunodes, spinodea, and amodes, by 
Professor Cay ley. See Salmon's Higher Plane Curves, Art. 38. 

8 
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(3). If the roots of th be imaginary, the tangents are 
imaginary, and the double point is called a conjugate or iso- 
lated point ; the co-ordin£^tes of the point satisfy the equa- 
tion of the curve, but the curve has no real points consecutive 
to this point, which lies altogether outside or inside the curve 
itself. 

It should be observed also that in some cases the origin is 
a conjugate point even when U2 is a perfect square, as will be 
more f idly explained in a subsequent chapter. 

"We add a few elementary examples of these different 
classes for illustration. 



Examples. 

1. y«(fl2 + «2) «= a;»(a2 - x^). 

Here the origin is a node, the tangents bisecting the angles between the axes of 
co-ordinates. 

2. ay* - ar*. 

In this case the origin is a cusp of the first species ; this cunre is called the 
semi-cubical parabola. 

3. y' = «* (a; + a). Ana. The origin is a cusp of the first species. 

4. {y — x^)* = x^. Here the origin is a cusp ; also i/=x^±x^ ; 
hence, when x is less than unity, both values of y are positive, and consequently 
the cusp is of the second species. 

5. b (x* + y2j = ^3. Ans. The origin is a conjugate point. 

6. 3^ - ^axy + y^ = o. 

Ana. The two branches at the origin touch the co-ordinate axes. 

212. Double Points in General. — ^In order to seek the 
double points on any algebraic curve, we transform the origin 
to a point (iCi, yi) on the curve ; then, if we can determine 
values of iCi, j/i for which the linear part disappears from the 
resulting equation, the new origin {sci, y^ is a double point 
on the curve. 
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From Art. 209 it is evident that the preceding condition 
gives 

moreover, since the point (a?i, y^ is situated on the curve, 
we must have 

As we have but two variables, a?i, yi, in order that they 
should satisfy these three equations simultaneously, a con- 
dition must evidently exist between the constants in the 
equation, of the curve, viz., the condition arising from the eli- 
mination of .Ti, yi between the three preceding equations. 

Again, when the curve has a double point (a?i, yi), if the 
origin be transferred to it, the part of the second degree in 
the resulting equation is evidently 

J(Pu\ ( (Pu \ - /d^u\ 



.dx' 



d^u\ , (d'u\ 



Accordingly, the lines represented by this quadratic are 
the tangents at the double point. 

The point consequently is a node, a cusp, or a conjugate 
point, according as 

/ d'u Y . _ /^\ /cPw' 

\dxdy)i ~ [dx'Ji \dy^^ 

It may be remarked here that no cubic can have more 
than one double point ; for if it have two, the line joining 
them must be regarded as cutting the curve in four points, 
which is impossible. 

Again, every line drawn through a double point on a cubic 
must meet the curve in one, and but one, other point ; ex- 
cept the line be a tangent to either branch of the cubic at 
the double point, in which case it cannot meet the curve else- 
where, the points of section beinff two consecutive on one 
branch, and one on the other branch. 

In many cases the existence of double points can be seen 
immediately from the equation of the curve ; a few instances 
are added for the sake of illustration. 

8 2 
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Examples. 

To find the position and nature of the douhle points in the following 
curves. 



I. 



{bx - ey)^ = (a; - ay. 
ah . 



The point x = a, i/^ — , is evidently a cusp 

c 

of the first species, at which bx — et/ = ois the 

tangent, as in the accompanying figure. 



2. 



(y - c)2 = (a; - «)* (a; - *). 




Fig. 22. 



The point a; = a, y = tf, is a cusp of the first 
species if > d, or if a = ^ : hut is a conjugate 
point if a < d. 

3. y« = Of (a; + ay. 

The point y = o, « = -aisa conjugate point. 

z. 2. g 

The points a; = o, y = + a ; and y = o, a; = + «, are easily seen to he cusps. 

213. Parabolas of the Third Degree. — The following 
example* will assist the student towards seeing the distinc- 
tion, as well as the connexion, between the different kinds of 
double points. 

Let y^ = {x - a) {x - b) {x - c) 

be the equation of a curve, where a <b < c. 

Here y vanishes when x = a,GT x = hy ot x ^ c \ accordingly, 
if distances OA = «, OB = b, 00 = c, be taken on the axis of 
^, the curve passes through the points Ay £, and C. 

Moreover, when x < «, y^ is negative, and therefore 

t/ is imaginary 
x>a and< J, y^ is positive, and therefore 

1/ is real. 
x>b and <c,y^i3 negative, and therefore 

y is imaginary. 
x>Cf y^ is positive, and therefore 

y is real; and 
increases indefinitely along with a. 



5? 



>) 



» 



'LacToix, **Cal. Dif.,'* pp. 395-7. Salmon's "Higher CurreB,** Art. 39. 
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Hence, since the curve is sym- 
metrical with respect to the axis of 
Xy it evidently consists of an oval 
lying between A and By and an 
infinite branch passing through 
(7, as in the annexed figure. It 
is easily shown that the oval is 
not symmetrical with respect to 
the perpendicular to AB at its 
middle point. Again, if J = r, 
the equation becomes 

y^= {x - a) (x - by. 

In this case, the point -B co- 
incides with Cy the oval has 
joined the infinite branch, and 
B has become a double point, 
as in the annexed figure. 




Fig. 23. 





Fig. 24. 







A 




On the other hand, let J = aj, and the equation becomes 

y"^ = (x - ay (x-c) ; 

in this case the oval has shrunk 
into the point A, and the curve 
is of the annexed form, having 
A for a conjugate point. 

Next, let a = b = Cy and the 
equation becomes 

Fig 25- 

y^= {x- ay; 

here the points A, By (7, have 
come together, and the curve has 
a cusp at the point A, as in the 
annexed figure. 

The curves considered in this Article are called parabolas 
of the third degree. 

As an additional example, we shall investigate the fol- 
lowing problem : — 

214. Given the position of a double point on a cubic, and its 
three asymjytotes, to find its equation. 



Fig. 26. 
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Taking two of its asymptotes as axes of co-ordinates, and 
supposing the equation of the third to be a^r -r ^^ -r c = o, the 
equation of the cubic, by Art. 204, is of the form 

ay {ax + &y + c) = /j? + my + n. 

Again, the co-ordinates of the double point must satisfy 
the equations 

du da 

or (2fl:a?+ bf/ + e) y = l^ (i), {ax + ihj + c) a? = »?, (2) ; 

from which / and m can be determined when the co-ordinates 
of the double point are given. 

To find w, we multiply the former equation by a?, and the 
latter by y, and subtract the sum from three times the equa- 
tion of the curve, and thus we get 

cory = ilx + imy + 3«; 

from which n can be found. 

In the particular case where the double point is a cusp, 
its co-ordinates must satisfy the additional condition 

d^ dhi _ (dhcV 
1^ dy^ " \dxdy/ ' 

or [lax + ihy + cy = ^abxy, 

and consequently the cusp must lie on the conic represented 
by this equation. 

It can be easily seen that this conic* touches at their 
middle points the sides of the triangle formed by the asymp- 
totes. 



• From the form of the equation we see that the lines a; = o, y = o are 
tangents to the conic, and that lax + 3^ + e= o represents the line joining the 
points of contact ; but this line is parallel to the third asymptote ax + by +c = o, 
and evidently passes through the middle points of the intercepts made by this 
asymptote on tne two others. 
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The preceding theorem is due to M. Pliioker,* and is 
stated by him as follows : — 

" The locus of the cusps of a system of curves of the third 
degree, which have three given lines for asymptotes, is the 
maximum ellipse inscribed in the triangle formed by the 
given asymptotes." 

It can be easily seen that the double point is a node or a 
conjugate point, according as it lies outside or inside the 
above-mentioned ellipse. 

215. MiQtiple Points of Higher Orders. — By following out 
the method of Art. 208, the conditions for the existence of 
multiple points of higher orders can be readily determined. 

Thus, if the lowest terms in the equation of a curve be of 
the third degree, the origin is a triple point, and the tangents 
to the three branches of the curve at the origin are given by 
the equation u^ = o. 

The different kinds of triple points are distinguished, ac- 
cording as the lines represented hy ih = o are real and dis- 
tinct, coincident, or one real and two imaginary. 

In general, if the lowest terms in the equation of a curve 
be of the m*^ degree, the origin is a multiple point of the m'* 
order, &c. 

Again, a point is a triple point on a curve, provided that 
when the origin is transferred to it, the terms below the third 
degree disappear from the equation. The co-ordinates of a 
triple point consequently must satisfy the equations 

'du du d^u d^u d^u 

« = °'^ = °' ^ = °' ^ = °' ^^ = °' ■^»=°- 

Hence in general, for the existence of a triple point on a 
curve, its coefficients must satisfy four conditions. 

The complete investigation of multiple points is based on 
the method of trilinear co-ordinates. The discussion of curves 
from this point of view is beyond the limits proposed in this 
elementary Treatise. 

"We shall conclude this chapter with a few remarks on the 



* LiouviUe's Journal, vol. ii., p. 14. 
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multiple points of curves whose equations are given in polar 
co-ordinates. 

216. Multiple Points of Curves in Polar Co-ordinates. — If 
a curve referred to polar co-ordinates pass through the origin, 
it is evident that the direction of the tangent at that point 
is found b J making r = o in its equation ; in this case, if the 
equation of the curve reduce to/(0) = o, the resulting value 
of d giyes the direction of the tangent in question. 

If the equation /(0) = o has two real roots in fl, the origin 
is a multiple point, the tangents being determined by these 
values of 0. 

If the values of be equal the origin is a cusp ; and so on. 

In fact, it will be observed that the multiple points on 
algebraic curves have been discussed by reducing them to 
polar equations, so that the theory already given must apply 
to curves referred to polar, as well as to algebraic co-ordi- 
nates. 

It may be observed, however, that the order of a multiple 
point cannot, generally, be determined unless with reference 
to Cartesian co-ordinates. 

For example, in the equation 

r = a cos^0 - b sin^0, 
the tangents at the origin are determined by the equation 

tan = ± J-r , and the origin would seem to be only a double 

point ; however, on transforming the equation to rectangular 
axes, it becomes 

{x" + p^y= (ax' - hy'^f ; 

from which it appears that the origin is a multiple point of 
the fourth order. 
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Examples. 

1. Determine the tangents at the origin to the curve 

y^ = x^^i—x^). -4««. a; + y = 0, « -y=o. 

2. Show that the curve 

ic* — '^axy + y* = o 

touches the axes of co-ordinates at the origin. 

3. Find the nature of the origin on the curve 

x^ — ax'^y + by^ =• o. 

4. Show that the origin is a conjugate point on the curve 

ay'^ — a;8 + hx^ = o 
Ti'hon a and b have the same sign ; and a node, when they have opposite signs. 

5. Show that the origin is a conjugate point on the curve 

y^{x^'-a^) = ic*. 

6. Prove that the origin is a cusp of the first species on the curve 

(y — x*)^ = x^. 

7. In the curve 

(y-a;2)2 = a?», 

show that the origin is a cusp of the first or second species, according as n is 
< or > 4. 

8. Find the numher and the nature of the singular points on the curve 

X* + /^ax^ — 2ay^ + ^a'^x^ — S^^y' + 40* = o. 

9. Show that the points of intersection of the curve 

e)'*(r/=- 

with the axes are cusps of the first species. 
10. Find the double points on the curve 

a;* - ^03^ + 4aV - b'^y^ + 2 JV -a* - i* = o. 
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1 1. Prove that the four tangents from the origin to the curve 

«1 + U2 + WS = O 

are represented hy the equation 4W1 «a = u\, 

12. Show that to a double point on any curve corresponds another double 
point, of the same kind, on the inverse curve with respect to any origin. 

13. Prove that the origin in the curve 

ar* — zaxiy — axy^ + a*y' = o 

is a cusp of the second species. 

14. Show that the cardioid 

r = a (i + cos 6), 

has a cusp of the first species at the origin. 

15. If the origin be situated on a curve, prove that its first pedal passes 
through the origin, and has a cusp at that point. 

16. Find the nature of the origin in the following curves : — 

rs = a^ sin 30, r» = «» sin n9. r = 7- . 

17. Show that the origin is a conjugate point on the curve 

ic* — ax'^y + axy"^ + a'y2 = o. 

18. If the inverse of a conic be taken, show that the origin is a double point 
on the inverse curve; also that the point is a conjugate point for an ellipse, a 
cusp for a parabola, and a node for a hyperbola. 

19. Show that the condition that the cubic 

a:y2 + ^af* + ia?* + c« + rf + zty = o 
has a double point, is the same as the condition that the equation 

<MJ* + hx^ + ca;2 + rfia; — c« = o 
has equal roots. 

20. In the inverse of a curve- of the «'* degree show that the origin is a 
multiple point of the «<* order, and that the n tangents at that point are parallel 
to the asymptotes to the original curve. 
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CHAPTEE XY. 



ENVELOPES. 



217. Method of Envelopes. — ^If we suppose a series of diflEerent 
values given to a in the equation 

/(^, y, a) = o, (i) 

then for each value we get a distinct curve, and the above- 
equation may be regarded as representing an indefinite^ 
number of curves, each of which is determined when tho 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable parameter^ and tho 
equation /(a?, y, a) = o is said to represent a, family of curves; 
a single determinate curve corresponding to each distinct 
value of a ; provided a enters into the equation in a rational 
form only. 

If now we regard a as varying continuously, and suppose- 
the two curves 

f{^, yy «) = O, /(^, y, a + Aa) = O 

taken, then the co-ordinates of their points of intersection 
satisfy each of these equations, and therefore also satisfy the 
equation 

fix, y, a + Aa) -f{x, y, a) _ 

Aa 

Now, in the limit, when Aa is infinitely small, the latter 
equation becomes 

d .f{x,y, a) 



da 



= o ; (2) 



and accordingly the points of intersection of two infinitely 
near curves of the system satisfy each of the equations ( i ) 
and (2). 



^68 Envelopes. 

The locus of the points of ultimate intersection for the 
entire system of curves represented hjf{x, y, a) = o, is ob- 
tained by eliminating a between the equations (i) and (2). 
This locus is called the envelope of the system, and it can be 
-easily seen that it is touched by every curve of the system. 

For, if we consider three consecutive curves, and suppose 
Pi to be the point of intersection of the first and second, and 
JP2 that of the second and third, the line Pi P2 joins two infi- 
nitely near points on the envelope as well as on the inter- 
mediate of the three curves ; and hence is a tangent to each 
of these curves. 

This result appears also from analytical considerations, 
thus : — The direction of the tangent at the point x, y, to the 
<iuiYe f {od, y, a) = o, is given by the equation 

df df dy 
dx dy dx 

in which a is considered a constant. 

Again, the equation of the tangent at the point a?, y, to the 
envelope may be regarded as of the same form, in which a is 
determined by aid of equation (2) ; consequently, the tangent 
to the envelope satisfies the equation 

dx dy dx da \dx dy dx) ' 

dx dy dx ' 

since -^ = o f or the point on the envelope. 

Consequently, the values of -7^ are the same for the two 

dx 

curves at their common point, and hence they have a common 

tangent at that point. 

One or two elementary examples will help to illustrate 

tbia theory. 



Envelope of La^ + iMa ^- N. 269 

The equation x cos a + y sin a = j», in which a is a variable 
parameter, represents a system of Knes situated at the same 
perpendicular distance^ from the origin, and consequently 
all touching a circle. 

This result also follows from the preceding theory ; for 
we have 

/(^, i/y a) = X cos a + y sin a -p = o, 

'• / — ■ = - iT sin a + V cos a = o, 
da ' ' 

and, on eliminating a between these equations, we get 

x^ + y^ = p^, 

which agrees with the result stated above. 
Again, to find the envelope of the line 

m 
y = ax + —y 

where a is a variable parameter. 

Here /(^,2/> a)--y-ax = 0, 

a 



m \m 

a* \x 



da 

Substituting this value for a, we get for the envelope 

y^ - /[mXy 

which represents a parabola. 

218. Envelope of La^ + 2 Ma + N= o. Suppose i, J/", Ny 
to be known functions of x and y, and a a parameter, then 

f{Xj y, a) = La^ + zMa + iV = O, 

-r- = 2ia + iM^ o; 
da 

accordingly, the envelope of the curve represented by the pre- 
ceding expression is the curve 
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Hence, when i, -ST, N are linear functions in x and y, 
this envelope is a conic touching the lines i, iV", and having 
M for the chord of contact. 

Conversely, the equation to any tangent to the conic 
LN = M^ can be written in the form 

id* + zMa + 2^=0,* 

where a is an arbitrary parameter. 

219. Undetermined Multipliers applied to Envelopes. — ^In 
many cases of envelopes, the equation of the moving curve is 
!given in the form 

/(^, y, a, /3) = Ci, (3) 

where the parameters a, /3 are connected by an equation of 
the form 

(a, /3) = C2. (4) 

In this case we may regard /3 in (3) as a function of a 
\y reason of equation (4) ; hence, differentiating both equa- 
tions, the points of intersection of two consecutive curves 
must satisfy the two following equations : 

da d(i da ' da dfi da 





df df 




"Consequently 


da d^ 
d<h ~ d<h' 




da dji 


If each of these fractions be equated to the undetermined 


quantity X, we get 






df_^di,-^ 
da da 

df d<t> 
dji dfij 

* 


>; (5) 



* Salmon's " Conies," Art. 248. 
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and tlie required envelope is obtained by eliminating a, j3 and 
A between these and the two given equations. 

The advantage of this method is especially found when 
the given equations are homogeneous functions in a and j3 ; 
for suppose them to be of the forms 

where the former is homogeneous of the n^* degree, and the 
latter of the m'*, in a and /3. Multiply the former equation 
in* (5) by a, and the latter by /3, and add, then by Euler's 
theorem of Art. 102, we shall have 

nci = TncoX, or A = — ^, (6) 

by means of which value we can generally eliminate a and j3 
from our equations. 

Examples. 

I. To find the envelope of a line of given length (a) whose extremities moye 
along two fixed rectangular axes. 

Taking the given ll^esfor axes of co-ordinates, we have the equations 





a p 


Hence 


X V- 


from which we get 


I 



and the required locus is represented hy 

jrl + ^1 = of. 

2. To find the envelope of a system of concentric and coaxal ellipses of con- 
stant area. 

Hero d^'^iS^"'' *^ " '' 






hence -^ = AjS, — = \o, .•, 2\c = i, 
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and the required envelope is the equilateral hyperbola 

2a?y = c. 

3. To find the envelope of all the normals to an ellipse. 
Here wq have the equations 

a^l^b^L^a'^^bt, and- + ^=i, 

where a and jS are the co-ordinates of any point on the ellipse. 

Hence, 

consequently 





a^x 
a* 


= \ 


a 


b'^y 
i82 


- \ 


b^' 






\ 


= a' 


'-^2, 


, and we 


get 






a*x = 


= (a2- 


-^2) 


a', 


b^y = - 


(«2 


-i= 


)^^ 


a 

• 


= / 


ax 


A* 


B__ 


f 


^.v 


_\*. 



substituting in the equation of the ellipse we get for the required envelope, 

(«a;)l + (^)l= (a2_^2)l. 

This equation represents the evolute of the ellipse. 

4. Find the envelope of the line - + - = i, where a and jS are connected by 

dp 

the equation 

m m m 

a"» + i3»» = (?"». Ans. X^ + y™*^ = c^^K 

220. The preceding method can be readily extended to the 
general case in which the equation of the enveloping curve 
contains any number, riy of variable parameters, which are 
connected by n - i independent equations. The method of 
procedure is the same as that already considered in Chapter 
Al. on maxima and minima^ and does not require a separate 
investigation here. 
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Examples. 

I. Prove that the envelope of the system of lines - + -^ = i, where I and m 

I fit 



are connected hy the equation — + -^ b= i, is the parabola 



©'*©'-■■ 



2. One angle of a triangle is fixed in position, find the envelope of the 
opposite si^e when the area is given. Ans, A hyperbola. 

3. Find the envelope of a right line when the sum of the squares of the 
perpendiculars on it from two given points 'is constant. 

4. Find the envelope of a right line, when the rectangle under the perpen- 
diciUars from two given points is constant. 

Ans, A conic having the two points as foci. 

5. From a point P on the hypothenuse of a right-angled triangle, perpen- 
diculars jPJf, PiV are drawn to the sides ; find the envelope of the line MN. 

6. Find the envelope of the system of circles whose diameters are the chords 
drawn parallel to the axis-minor of a given ellipse. 

7. Find the envelope of the circle 

«* + y* — 2a$x + a* -- i* = o, 

where a is an arbitrary parameter ; and find when the contact between the 
circle and the envelope is real, and when imaginary. 

(a). Show from this example that the focus of an ellipse may be regarded as 
an infinitely small circle having double contact with the ellipse, the directrix 
being the chord joining the points of contact. 

8. Show that the envelope of the system of conies 

a a-h 

where is a variable parameter, is represented by the equation 

{x±^/hY■\■y* = o. 

Hence show that a s^rstem of conies having the same fooi may be regarded 
as inscribed in the same imaginary quadrilateral. 

9. Find the envelope of the line 

a-o^ + yjS"* = ««♦>, 
where the parameters a and jS are connected by the equation 

w » tnn 

/«\"'*" /f/\n~in /^\ M-m 
0. + ^. = *.. ^. (-) .g) =(-) . 

T 



274 Envelopes. 

10. On any radius vector of a curve as diameter a circle is described, prove 
geometrically that the envelope of all such circles is the first pedal of the curve 
with respect to the origin. 

11. If circles he described on the focal radii vectores of a conic as diameters, 
prove that their envelope is the circle described on the axis major of the conic 
as diameter. 

12. Prove that the envelope of the circles described on the central radii of 
an ellipse as diameters is a Lemniscate. 

13. Find the envelope of semicircles described on the radii of the curve 

r*» = a^coBtiB 
as diameters. 

14. If perpendiculars be drawn at each point on a curve to the radii vectoies 
drawn from a given point, prove that their envelope is the reciprocal polar of 
the inverse of the given curve, with respect to the given point. 

15. Find the envelope of a circle whose centre moves along the ciicum- 
ference of a fixed circle, and which touches a given right line. 

16. Ellipses are described with coincident centre and axes, and having the 
sum of their semiaxes constant ; find their envelope. 

17. Find the equation of the envelope of the line xa: + /uy + y = o, where 
the parameters are connected by the equation 



a\^ + V 


+ cv2-f 


■ ifjxv + 2gvK + 2AA/U = 0. 




«, 


^, 9y 


X 




Ans, 


A, 


K /, 


y 


= 0. 




ffi 


/, Cy 


I 






Xy 


y> i» 








18. At any point of a parabola a line is drawn making with the tangent an 
angle equal to the angle between the tangent and the ordinate at the point ; 
prove that the envelope of the line is the first negative pedal, with regard to the 

focus, of the parabola ; and hence that its equation is ri cos - = ah, the focus 

being pole. 

N.B. — This curve is the cauatie by reflexion for rays perpendicular to the 
axis of the parabola. 

19. Join the centre, 0, of an equilateral hyperbola to any point, P, on the 
curve, and at P draw a line, FQ, making with the tangent an angle equal to the 
angle between OP and the tangent. Show that the envelope oiJPQ is the first 
negative pedal of the curve 

r« = 20^ sin - d sin- d, 
3 3 

tV e centre being pole, and axis minor prime vector. 

N.B. — This gives the caustic by reflexion of the equilateral hyperbola, the 
centre being the radiant point. 
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CHAPTER XVI. 



CONVEXITY AND CONCAVITY. POINTS OF INFLEXION. 



221. Convexity and Concavity. — If the tangent be drawn at 
any point on a curve, the neighbouring portion of the curve 
generally lies altogether on one side of the tangent, and is 
convex with respect to all points lying at the opposite side of 
that line, and concave for points at the same side. 

Thus, in the accompanying figure, the portion QPQ^ is 
convex towards all points 
lying below the tangent, and 
concave for points above. 

If the curve be referred 
to the co-ordinate axes OX 
and OY, then whenever the 
ordinates of points near to 
P on the curve are greater 
than those of the points on 
the tangent corresponding to ^^* *7* 

the same abscissae, the curve is said to be concave towards 
the positive direction of Y. 

Nbw, suppose y = ^ {x) to be the equation of the curve, 
then that of the tangent at a point a?, y, by Art. i68, is 




I 



T-,-(X-,)% 



Let P be the point Xj y, and MN = A = J/iV', QN = yi, 
TN = Fi, and we have 



;^2 

t/i = 0(ir + h) = 0(a?) + h(l/{x) + ^'\x) + 



1.2' ' 1.2.3 

Fi = y + Inp\x) = ^(j?) + h<l>\x)j 



^'"(ar) + &c. 



.-. yi-Yi = 0"(a;) + 



h' 



1.2 



1.2.3 



/'»+&o. (i) 



T 2 
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When h is very small, the sign of the right-hand side of 
this equation is the same in general as that of its first term, 
and accordingly the sign of yi - Tiy or of QT, is the same as 
that of ^"(.1?). 

Hence, for a point above the axis of ir, the curve is 
convex towards that axis when <^^\x) is positive, and concave 
when negative. 

We accordingly see that the convexity or concavity at 

any point depends on the sign of 0"(^) or -j^, at the point. 

222. Points of Inflexion. — If, however, ^"(a;) = o at the 
point P, we shall have 

y,- Fx = r4^f » + T-rr-rf 'W + &c- (2) 



1.2.3 



1.2.3.4 




N'M N 



Now, provided ^'"(a;) be not zero, 3/1 - Ti changes its sign 

with h, i. e., if MN'^ MN^ h, [y 

and if Q lies above jT, the 

corresponding point Q[ lies 

below T'y and the portions of 

the curve near to P lie at 

opposite sides of the tangent, 

as in the figure. 

Consequently, the tangent 
at such a point cuts the curve, - i 
as well as touches it, at its Fig- *8. 

point of contact. Such points on a curve are called points 
of inflexion. 

Again, if ^'"(^) ^ ^^^ *s ^"(a?) vanish at the point P^ 
we shall have 

A* 

yi - Fi = ^i^(a;) + &c. 

1.2.3.4 

and, provided t^^^{x) be not zero at the point, pi - Fi does 
not change sign with A, and accordingly the tangent does 
not intersect the curve at its point of contact. 

Generally, the tangent does or does not cut the curve at 
its point of contact, according as the first derived function 
which does not vanish is of an odd, or of an even order ; as 
can be easily seen by the preceding method. 
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From the foregoing disoussion it follows tliat at a point 
of inflexion the curve changes from convex to concave with 
respect to the axis of .r, or conversely. 

On this account such points are called points of contrary 
flexure or of inflexion, 

22^. The subject of inflexion admits also of being treated 
by the method of Art. 196. The points of intersection of 
the line y = fxx + v with the curve y = ^(a;), are evidently 
determined by the equation 

(izj) = /i^r + r. (3) 

Suppose -4, jB, Cy 2>, &c., to represent the points of section in 
question, and let Xi^ a?2, . . . x^ 
be the roots of equation (3) ; 0_ 




then the line becomes a /^ a^^^ZZZ^^^ ^NT 

tangent, if two of these '^ *^ 

roots are equal, i. e., if J'ig- 29. 

^'(iTi) = fly where Xi denotes the value of x belonging to the 
point of contact. 

Again, three of the roots become equal if we have in 
addition ^^\x^ = o ; in this case the tangent meets the curve 
in three consecutive points, and evidently cuts the curve at its 
point of contact ; for in our flgure the portions PA and CD 
of the curve lie at opposite sides of the cutting line, but 
when the points -4, -B, G become coincident, the portions AB 
and BC become evanescent, and the curve is evidently cut as 
well as touched by the line. 

In like manner, if ^'"(^1) also vanish, the tangent must 
be regarded as cutting tne curve in four consecutive points ; 
such a point is called o, point of undulation^ 

It may be observed, that if a right line cut a continuous 
branch of a curve in three points, -4, jB, (7, as in our figure, 
the curve must change from convex to concave, or conversely, 
between the extreme points A and C, and consequently it 
must have a point of inflexion between these points ; and so 
on for additional points of section. 

Again, the tangent to a curve of the n** degree at a point of 
inflexion cannot intersect the curve in more than n - 3 other 
points: for the point of inflexion counts for three among 
the points of section. For example, ttva t^si^^si^ \*^ ^ ^soa:^^ 
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of the third degree at a point of inflexion cannot meet the 
curve in any other point. Consequently, if a point of in- 
flexion on a cubic be taken as origin, and the tangent at it as 
axis of iP, the equation of the curve must be of the form 

where represents an expression of the second and lower 
degrees in x and y. 

For, when y = o, the three roots of the resulting equation 
in X must be each zero, as the axis of x meets the curve in 
three points coincident with the origin. 

The preceding equation is of the form 

th + ^'3 H Ui = o, 

or, when written in full, 

x^ + t/[ax^-{'2hxj/-{'bi/^) + i/{2gx-\-2ff/ + c) = 0. (4) 

Now, supposing tangents drawn from the origin to the 
curve, their points of contact, by Art. 1 76, lie on the curve 

V2 + 2Ui = o, 

i. e., on the curve 

(g^-^fiZ + c)!/ = o. 

The factor y = o corresponds to the tangent at the point 
of inflexion, and the other factor gx + fy i- c = o passes 
through the points of contact of the three other tangents to 
the curve. 

Hence we infer, that from a point of inflexion on a cubic 
hut three tangents can he drawn to the curvCy and their three 
points of contact lie in a right line. 

It can be shown that this right line cuts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co-ordinates, and 
dividing by r, it becomes of the form 

Ai^ + Br ^^ C =^ o. 

If r, r" be the roots of this quadratic, we have 

I I B 



r r 



C' 



Harmonic Polar of a Point of Inflexion on a Cubic. z'jc) 

Now, if p be the harmonio mean between / and r", this 
gives 

2 1 I B 2(jf cos + 2/ sin 9 
p r r C c 

Hence the equation of the loons of the extremities of the 
harmonic means is 

gx +fi/ ■\- c = o, Q,E,D. 

This theorem is due to Maclaurin (De Lin. Geom. Prop. 
Gen. Sec, in. Prop, 9). 

From this property the line is called \hQ harmonic polar oi 
the point of inflexion. This line holds a fundamental place 
in the general theory of cubics.* 

22^, Stationary Tangents. — Since the tangent at a point 
of inflexion may be regarded as meeting the curve in three 
consecutive points, it follows that at such a point the tangent 
does not alter its position as its point of contact passes to the 
consecutive point, and hence the tangent in this case is called 
a stationary tangent. 

The equation -jh^o follows immediately from the last 

consideration ; for when the tangent is stationary we must 

have -7^ = o, where 0, as in Art. 171, denotes the angle which 
ax 

the tangent makes with the axis of x ; but tan ^ = ^ > 

hence — = o, which is the same condition for a point of in- 
flexion as that before arrived at. 



* Chasles, "Aper9u Iliatorique,** note xx. ; Salmon's "Higher Plane 
Curves," Art. 179. 
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Examples. 

1 . Show that the origin is a point of inflexion on the curye 

tfiy as hxy + ca:* + dj^, 

2. The origin is a point of inflexion on the cubic t^ -f m = o ? 

3. In the curre a»»»">y = «"», 

the origin is a point of inflexion if m he greater than 2 ? 

4. In the system of curres 

find under what circumstances the origin is (a) a point of inflexion, (h) a cusp. 

5. Find the co-ordinates of the point of inflexion on the curve 

«' - 3 hx^ + ft»y = o. Ans, x=h,y=^ —^ . 

(i 

6. If a curve of an odd degree has a centre, prove that it is a point of in- 
flexion on the curve. 

7. Prove that the origin is a point of undulation on the curve. 

«i + «4 + W6 + &c., + «n = o. 

8. Show that the points of inflexion on curves referred to polar co-ordinates 
are determined by aid of the equation 

d^u , 1 

u + -— _ = o, where w = -. 

9. In the curve rd»» = a, prove that there is a point of inflexion when 

= Y^m (i - m). 

10. In the curve y = csin -, prove that the points in which the curve meets 

a 

the axis of x are all points of inflexion. 

11. Show geometrically that to a node on any curve corresponds a lino 
touching its reciprocal polar in two distinct points ; and to a cusp, corresponds a 

point ofinBexioB, 
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12. If the origin be a point of inflexion on the curve 

«j + «2 + «3 + . . . + Wn = o. 
prove that u% must contain u\ as a factor. 

13. Show that the points of inflexion of the cubical parabola 

yi=(ar-a)«(^-*), 
lie on the line 

3a: + « = 4* ; 

and hence prove that if the cubic has a node, it has no real point of inflexion ; 
but if it has a conjugate point, it has two real points of inflexion, besides that at 
infinity. 

14. Prove that the points of inflexion on the curve y* = «' («' + ipv + q) 
are determined by the equation la;* + Spz^ + 3(i?* -»• ^) * + ^pq = c. 

15. If y* =/(«) be the equation of a curve, prove that the abscissae of its 
points of inflexion satisfy the equation 

{/'(«)P=2/(*)-rw. 

16. Show that the maximum and minimum ordinates of the curve 

correspond to the points of intersection of the curve y' =/ {x) with the axis 
of a;. 

17. "When y^ =f{x) represents a cubic, prove that the biquadratic in x 
which determines its points of inflexion has one^ and but one, pair of real roots. 
Prove also that the lesser of these roots corresponds to no real point of inflexion, 
while the greater corresponds, in general, to two. 

18. Prove that the point of inflexion of the cubic 

ay^ + 3*a;y« + 3<?a:V + </a:« f 3tfa:« = o, 
lies in the right line ay + bx = o, and has for its co-ordinates 

3fl'« ^abe 



a; = — 



-, and y = -^, 



G 

where G is the same as in Example 32, p. 187. 

19. Find the nature of the double point of the curve 

y^ = (x-'2)^(x-s% 

and show that the curve has two real points of inflexion, and that they subtend 
a right angle at the double point. 
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CHAPTEE XYII. 

RADIUS OF CURVATURE. EVOLUTES. CONTACT. RADII OF 

CURVATURE AT A DOUBLE POINT. 

225. Curvature. — Every continuous curve is regarded as 
having a determinate curvature at each point, this curvature 
being greater or less according as the curve deviates more or 
less rapidly from the tangent at the point. 

The total curvature of an arc of a plane curve is measured 
by the angle through which it is bent between its extremities— 
that is, by the external angle between the tangents at these 
points, assuming that the arc in question has no point of in- 
flexion on it. This angle is called ^the angle of contingence of 
the arc. 

The curvature of a circle is evidently the same at each of 
its points. 

To compare the curvatures of 
different circles, let the arcs AB 
and ab of two circles be of equal 
length, then the total curvatures 
of these arcs are measured by the 
angles between their tangents, or 
by the angles ACB and acb at 
their centres : but Fig. 30. 

.^„ , QXG AB dTG ah I I 

lACB: l acb = 




AC ' ac AC ac 



Consequently, the curvatures of the two circles are to each 
other inversely as their radii ; or the curvature of a circle 
varies inversely as its radius. 

Also if As represent any arc of a circle of radius r, and 
A0 the angle between the tangents at its extremities, we have 



~ A((>' 
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The cxirvatiire of a curve at any point is found by deter- 
mining the circle which has the same curvature as that of an 
indefinitely small elementary arc of the curve taken at the 
point. 

226. Radius of Curvature. — Let ds denote an infinitely 

small element of a curve at a point, d(^ the corresponding 

ds 
angle of contingence expressed in circular measure, then — 

evidently represents the radius of the circle which has the 
same curvature as that of the given curve at the point. 

This radius is called the radius of curvature for the point, 
and is usually denoted by the letter p. 

To find an expression for /o, let the curve be referred to 
rectangular axes, and suppose x and y to be the co-ordinates, 
of the point in question, then if denote the angle which 
the tangent makes with the axis of ir, we have 

_dy d , tan ^ _ d^y 

dx * * dx dx^^ 

, df^ d^if 
or secV -7^- = -^ : 

dx dx' 

d(b d<h dx d<b , flPy 

Hence „ = 2. = 2££> = V Wl. (i) 

dcp d^y d^y 

ds dx^ dx^ 

d?ii 
At a point of inflexion -^-^ = o : accordingly the radius of 

ax 

curvature at such a point is infinite : this is otherwise evident 
since the tangent in this case meets the curve in three conse- 
cutive points. (Art. 222^ 

Again, as the expression ( ^ + ( 3^ ) ) ^'^^ always two 
values, the one positive and the oth^t ii"^^"a.\r^^^ •''^f^K^^^^ 
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<jiirve can have in general but one definite circle of curvature 
at any point, it is necessary to agree upon which sign is to be 
taken. We shall adopt the positive sign, and regard fM as 

being positive when -r^ is positive ; i. e., when the curve is 

ClvS 

<5onvex at the point with respect to the axis of x, 

22^. Other Expressions for p. — It is easy to obtain other 
forms of expression for the radius of curvature ; thus by Art. 
178, we have 

dx . dy 

Hence, if the arc be regarded as the independent variable, 
we get 

d<h d^x d6 d^y 

from which, if we square and add, we obtain 

Again dx = cos ipds, dy = sin ^cfe, 

give in general by differentiation (substituting — for d^\ 

d^x = cos <j>d^8 - sin ^^^ — ^ , d^ = sin <l>d^s + cos tp - — - . (3) 

P 9 

Whence, squaring and adding, we obtain 

{day 



{d'xY + {d'yY = {d^sY + , , 

p 



ds' 
or p 



^{d'xf-^{d'yY-{d'8Y 



(4) 
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Again, if the former equation in (3) be multiplied by- 
sin (py and the latter by cos ^, we obtain on subtraction, 

cos(jicPf/ - sin <l>(Px = — , or dxcPy - dycPx = — . 

9 P 

' dxd^y - dyd^x 

The independent variable is imdetermined in formulae (4) 
and (5), and may be any quantity of which both x and y are 
functions. 

For example, in the motion of a particle along a curve, 
when the time is taken as the independent variable, we get 
from (4) an important result in Mechanics. 



Examples. 

1. To find the radius of curyature at any point on the parabola n? s 4my. 

Here 2«i--^=a;, 2w-^=i, i + /) = i + — 2 = i + , 

dx dx^ \dx/ 4w2 m 

" ^ ~ mi ' 

2. Find the radius of curvature in the catenary 






Here g = i(;--.-^), 



dx^ a>* " ^ a' 



Hence the radius of curvature is equal to the part of the normal intercepted 
by the axis oix, but measured in the opposite direction (Ex. 4, p. 213). 

3. In the cubical parabola 3a*y = a?', we have 



(«* 4 x^^ 



^ •:.c!^x 
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4. To find the radius of curvature in the ellipse -5 + t^ = i* 
Let x = a cos^, then y = ^ sin^, and we have 

dx = - aBm<l>d<l>f dPx = — a co8<l>d<lr - a sin ^ rf'^, 
dy=b coa<l>d<l>f rf^y = — bantpdipl^ + 6 cos 4) d^<l>. 
Hence hy formula (5) we obtain 

(a2 8in2 4) + ^2co82^)3 



P = 



ab 



5. In the hypocycloid a:i + yi = at, let a; = acos^^, then y = a sin^i^, and 
regarding ^ as the independent variable, we have 

dx = — 3a cos* 4) sin 4) ff^), dy = 3«sin2^cos4)<?^, 
whence 

{dx"^ + rfy'*)* = 3a sin 4> cos tp d^t and <fa:^y - dyW^x = - 9^2 sin- <p cos- ^ c?^"^, 

from which we obtain 

f> = - 3 (flf^y)*- 

6. Find the radius of curvature at any point of the curve 



<;« = sec I - J . -4w5. p = a sec [ - J . 



228. General Expression for Radius of Curvature. — The 
value of p becomes usually difficult of determination from 
formula (i) whenever y is not given explicitly in terms of ^, 
that is, when the equation of the curve is of the form 

«* = /(^j y) = o- 

"We proceed to show how the equation is to be trans- 
formed in this case. Suppose 



du - du ,^ d^u J dhi ^ ^u 
d.v ' di/ ' dx^ ' dxdi/ ' f/y- 

then, by Art. 100, we have 



dx 
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Again, differentiating this expression with respect to Xy 
regarding y as a function of a; in consequence of the given 
equation, and observing that 

d . dL dLdy^ Afiin-— ^^ 

dx^ ^ ~ dx dij dx dx^ ' dx dy d£ 

we obtain 

dL dLdy fdM dMdy\dy -nr^y 

dx dy dx \dx dy dx) dx dx^ ' 

A^2Bf-.C%^M§^, = o; (6) 

dx dx^ dx^ 

whence, on substituting - -^ for -^, we obtain 

^ _ AM^ - 2BLM+ CU 

dx" " M^ 

Consequently 

^ " - AM'' - 2BLM+ CW ^^^ 

Or, on replacing i, -3/", A^ J?, C, by their values, 

^ ^ . ,dx ) "^ \dy 



d^u /duY d^u dudu 
dx^ \dy) dxdy dx dy 



d^u /duV ' 
dy^ \dxj 



The result in (6) enables us to determine the second 
differential coefficient of an implicit function in general ; a 
process which is sometimes required in analysis. 

229. Centre of Curvature is the point of intersection of 
two Consecutive Normals. — We shall next proceed to con- 
sider the subject from a geometrical point of view. 

As a circle which passes through two infinitely near 
points on a curve is said to have contact of the first order -^^yja. 
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the curve, so the circle which passes through three infinitely 
near points on a curve is said to have contact of the second 
order with it, and is called the circle of curvature, or the 
osculating circle at the point. 

Again, the centre of the circle which passes through 
three points, P, Q, R is the intersection of the perpendiculars- 
drawn at the middle points of PQ and QE ; but when 
P, Q, P become infinitely near points on a curve, the per- 
pendiculars become normals, and the centre of the circle 
becomes the limiting position of the intersection of two infiniteli/ 
near normals to the curve, (Compare Art. 37, note.) 

ds 
From this it is easily seen that we obtain — for the length 

of the radius of the circle in the limit, as before. 

230. Newton's Method of investigating Badii of Curva- 
ture. — When the equation of the curve is algebraic and 
rational it is easy to obtain an ex- 
pression for its radius of curvature* 
at any point. 

For, take the origin at the 
point, and the tangent and normal 
for co-ordinate axes ; let P be a 
point on the curve near to 0, and 
describe a circle through P and 
touching the axis of Xy draw PN 
perpen£cular to OX and produce 
it to meet the circle in Q ; then we have 

ON^ = PN- NQ. 

Hence, if x and y be the co-ordinates of P, we get 




NQ = 



ON^ x" 



PN y 



But when P is infinitely near to 0, NQ, becomes OB^ the 



• This method of finding the radius of curvature is indicated hy Newton 
(" Principia,'* Lib. I., Sect, i., Lemma xi.), and has been adopted in a more or 
leaa modiBed form by many 8ub8e(iuent writers. 
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diameter of the circle of curvature, and if p be its radius, we 
have 

2p = limit of — when x is infinitely small. 

if 

Again, since the axis of a? is the tangent at the origin, 
the equation of the curve by Art. 208, is of the form 

biy = CoO?^ + 2CiXt/ + c^^ + terms of the third and higher degrees 

= CqX^ + 2CiXy + c^^ + Uz-\- Ui-\- &c. (9) 

On dividing by y we obtain 

bi = Co— + 2CiX + CoV + — + &c. 

y y 

x^ 
Again, when x is infinitely small, — becomes 2/0, and 

each* of the other terms at the right-hand side becomes 
infinitely small ; hence 

Si 
p = — . 

^ 2Co 

Thus, for example, the radius of curvature at the origin 
in the curve 

6y = 20^ + ^(cy - 4y' + a^ 

is -, the axes being rectangular. 



♦ We have assumed above that the terms — , — , &c., become evanescent 

y y 

along with x\ this can be readily established as follows : — 
Let tt3 = cuc^ + ^x^y + yxt/^ + 8^', 

then — = a— + j8r* + yxy + 8y2 ; 

y y 

each of the terms after the first vanishes with x, while the first becomes a— jr. 

y 

or 2ap:r, which also vanishes with x^ when p is finite. 
Similar reasoning is applicable to the terms, — , &c. 

y 

TJ 
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From the preceding it follows that when the axis of j; is 
a tangent at the origin, the length of the radius of curvature 
at that point is independent of all the coefficients except 
those of y and a^. 

231. Case of Oblique Axes. — If the co-ordinate axes be 
oblique, and intersect at an angle w, then PQ no longer passes 
through the centre of the circle in the limit, but becomes the 
chord of the circle of curvature which makes the angle cu with 
the tangent ; accordingly, we have in this case 

ON^ x^ . ^, ,. .^ 
2p sm w = T^T,.- = — , m the limit. 
'^ FN y 

Hence, in the case of oblique axes, we have 

p smcu = — . (10) 

If Ji and Co have opposite signs, p is negative; this 
indicates that the centre of curvature lies below the axis of x^ 
towards the negative side of the axis of y. 

The preceding results show that the radius of curvature 
at the origin is the same as that of the parabola, h^y = c^^ at 
the same point ; and also that the system of curves obtained 
by varying all the coefficients in (9), except those of y and 
«*, have the same osculating circle, in oblique as well as in 
rectangular co-ordinates. 

Again, as in Art. 223, the osculating circle, since it meets 
the curve iq three consecutive points, 'cuts the curve at the 
point, in general, as well as touches it. 

If Co = o IQ the equation of the curve, and hx be not zero, 
the radius of curvature becomes infinite, and the origin is a 
point of inflexion. This is also evident from the form of the 
equation, since the axis of x meets the curve in this case in 
three consecutive points. 

232. In general, the equation of a curve referred to any 
rectangular axes, when the origin is on the curve, may be 
written in the form 

2^0^^ + zh^y = e^^ + zcixy + e^^ + t^ + &c. 
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Here Jo^? + Siy = o is the equation of the tangent at the 
origin ; and the length of the perpendicular PN from the 
point («?, y) on this tangent is 

M + hy 



Also, OP" ^^ ^ + y\ and OP" = 2p.PN inthe limit. 

Accordingly, we have, when x and y axe infinitely small, 

I _ 2PIf 2bf^ + 2biy 

(since the point x,y\B0VL the ovure). 

at 

Again, the terms contained in , ' , , &c., become evanes- 

ar + y^ 

cent in the limit, as before (see note, Art, 230). 
Hence we have 

I _ Coar + 2CiiPy + ^2^ ^ ^ V^ 



But for points infinitely near the origin we have 

J. . J. y h 

0^ + 61V = o, or - = - T-. 

Substituting this value instead of - in the preceding equation 
it becomes 



P (V + ix^i 



(") 



The student will find no difficulty in showing the identity 
of this result with that given in (7). 

X 2 
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233. Badii of Curvature of Inverse Curves. — It may be 
convenient to state here that if two curves be inverse to each 
other with respect to any origin, their osculating circles at 
two inverse points are also inverse to each other with respect 
to the same origin. 

This property is evident geometrically from the con- 
sideration that a circle is determined when three points on 
it are given. 

Again, since the centres of the two inverse circles are 
in directum with the origin, we can construct the centre of 
curvature at any point on a curve when that for the cor- 
responding point on the inverse curve is known. 

Also, if the osculating circle for any point on a curve 
pass through the origin, the corresponding point is a point 
of inflexion on the inverse curve. 

We shall next proceed to establish another expression for 
the radius of curvature, which is of extensive application in 
curves referred to polar co-ordinates. 

234. Radius of Curvature in terms of r and p, — ^Let PIT 
and PC be the tangent and 
normal at any point P on a 
curve, PN' and PC^ those at 
the infinitely near point P', then 
C is the centre of curvature 
corresponding to the point P. 
Let be the origin. 

Join OC, and let OC = 8, 
OP = r, OP = r\ ON = p, 
ON' =/, CP^ CP^ p; then 
we have j,^^ ^^ 

OC^ = OP'+CP'-zOP' CP'OosOPC, 

or 8* = r^ + /o'* - 2pp. 

In like manner we have 

S* = /^ + p' - 2pp\ 
Subtracting we get 




/* - r* = 2/0 {p'-p)j or -7 



2p 



p -p r+ /' 
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Hence we have 

dr p dr / ^v 

— = £1, or p = r—. (12) 

dp r ^ dp 

This formula can also be deduced immediately from Art. 
193, thus 

f _ -njrr _ dp _^P^ _ dp ^ dpdr ^ dp 

du) dsdu) ds drds ^ dr* 

dp dr 

235. Chord of Curvature through the Origin. — Let y 
denote half the intercept made on the line OP by the circle 
of curvature, and we evidently have 

y = psinOPiV^= p^ =p^. (13) 

^ r dp 

This and the preceding formula are of importance when- 
ever we can express the equation of the curve in terms of the 
lines represented by r and^. 

Their use will be illustrated by the following elementary 
examples : — 

Examples. 

1. To find the radius of curvature at any point on a parabola. 

Taking the focus as pole, the equation of the curve in terms of r and p 
evidently iap^ => imr. 

Hence p = r| = ^ = (^)*; also, y = "^p =^ = 2r. 

2. To find the radius of curvature in an ellipse. 
Taking the centre as origin, the equation of the curve is 

dr aH"^ 
•••'• = ""^ = IT- 

3. To find the radius of curvature in the Lemniscate. 
Here, by Ex. 3, Art. 190, we have r^ = a^p, 

dr tfl r 

•'• 3^* ,- •= ^''J hence p = — ; also, 7 = . 
Up '^ 3r' ' ' 3 
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which passes through the origin in th* 



In this case, we hare H = lapK 

„ dr 2 

Hence y = 0-=- = -»"■ 

5. To End tlie radius of currature at any point on 
IleTe r"'' — o'y, bj Art. 190. 






("> 



0- 



■ l)p 






This result faroishea a simple geomelrical method of Gnding the centre of cur- 
vature in all onrvei included under thia equation. 

236, To prove that p = p + —^. If p and u have the 

same eignifioatioii as in Art. ^92, the formuhi of that Art. 

ds d^p 

dut dbi^ 

Examples. 



(■4) 



and hence deduos an eipresaion for tlie radius of curvature at any point on 
thaonrre. 

s focua aa pole, prove that ji = in sec », ar.d 

237. Evolutea and Involutes. — If the centre of curvature 
for each point on a curve be taken, ,>^ p 
■we get a new curve called the evolate 
of the original one. Also, the original 
carve, when considered with respect to 
its evolute, is called an involute. 

To investigate the connexion Ije- 
tween theee cturves, let Pi, Pj, P3, &c., 
represent a series of infinitely near 
points on a curve ; d, d, O3, &o., the 
corresponding centres of curvature, 
then the lines P,C„ P^Cj, PaC, &o., 
are normals to the curve, and the lines 
CiCj, CiCj, OjC(, &c., may be regarded in 
the limit as consecutive elements of the fig. jj. 

evolute; also, einoe each of the normals PiOi, PjOs, PjOj, &c.» 
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passes through two consecutive points on the evolute, they 
are tangents to that curve in the limit. 

Again, if pi, /02, /03, /04, &c., denote the lengths of the radii 
of curvature at the points Pi, P2, P3, P4, &c., we have 

pi = PiCi, P2 = P2C3, ^3 = P3O3, p\ = P4C4, &c. 
.*. pi-p2- PiCi - PjCj = P2C1 - P2C2 = CiOs, 

also, p2- pz- C2C3, pz - Pi = C3C4, . . . pn-i - pn = On-i On, 

hence by addition we have 

pi — Pn = C1O2 + C2O3 + O3O4 + . . . + C»_i 0«. 

This result still holds when the number n is increased 
indefinitely, and we infer that the length of any arc of the 
evolute 18 equalj in general^ to the difference between the radii of 
curvature at its extremities. 

It is evident that the curve may be generated from its 
evolute by the motion of the extremity of a stretched thread, 
supposed to be wound round the evolute and afterwards 
unrolled ; in this case each point on the string will describe 
a different involute of the curve. 

The names evolute and involute are given in consequence 
of the preceding property. ^ 

It follows, also, that, while a curve has but one evolute, it 
can have an infinite number of involutes ; for we may regard 
each point on the stretched string as generating a separate 
involute. 

The curves described by two different points on the 
moving line are said to be parallel; each biein^ got from 
the other by cutting off a constant length on its normal 
measured from the curve. 

238. Evolutes regarded as Envelopes. — ^From the pre- 
ceding it also follows that the determination of the evolute 
of a curve is the same as the finding the envelope of all its 
normals. We have already, in Ex. 3, Art. 219, investigated 
the equation of the evolute of an ellipse from this point 
of view. 

239. Evolute of a Parabola. — We proceed to determine 
the evolute of the parabola in the Bam^ Tosson^^t. 
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Let the equation of the curve be y^ = zmx^ then that of 
its normal at a point (x^ y) is 

or 3^ + 2my (m-X) - im^ F = o. 

The envelope of this line, where y is regarded as an arbi- 
trary parameter, is got by eliminating y between this equa- 
tion and its derived equation 

3y' + 2w (w - X) = o. 

Accordingly, the equation of the 
required envelope is obtained by 

substituting =. instead of y 

2 171 — JL 

in the latter equation. 

Hence, we get for the required 
evolute, the semi-cubical parabola 

27wF* = 8 {X-my. 

The form of this evolute is exhi- 
bited in the annexed figure, where 
VN^m = 2 VR If P, P', repre- 
sent the points of intersection of the Fig. 34. 

evolute with the curve, it is easily seen that 

240. Evolute of an Ellipse. — The form of the evolute of 
an ellipse, when e is greater 

than — =, is exhibited in the 

accompanying figure ; the 
points Jtf", N^ M\ N\ are evi- 
dently cusps on the curve, 
and are the centres of cur- 
vature corresponding to the 
four vertices of the ellipse. 
In general, if a curve be 
symmetrical at both sides 
of a point on it, the oscn- ¥v%. ^s« 
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lating circle cannot intersect the curve at the point ; accord- 
uirIJ) the radius of curvature is a maximum or a minimum 
at such a point, and the corresponding point on the evolute 
is a cusp. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can be drawn to an ellipse, 
according as the point is inside or outside the evolute. 

It may be here observed that to a point of inflexion on 
any curve corresponds plainly an asjnnptote to its evolute. 

241. JSvolute of an Equiaogiilar Spiral. — We shall next 
consider the equiangular or logarithmic spiral, r = a^. 

Let P and Q be two points 
on the curve, its pole, P(7, 
QC the normals at Pand Q ; join 
OC Then by the fundamental 
property of the curve (Art 181), 
the angles OPC and OQC are 
equal, and consequently the four 
points, OyP, Q, (7, lie on a circle ; 
hence L QOC = z. QPC, but in 
the limit when P and Q are coin- ^, , 

cident, the angle QPC becomes ^^' ^ * 

a right angle, and C becomes the centre of curvature belong- 
ing to the point P ; hence POC also becomes a right angle, 
and the point C is immediately determined. 

Again, L OCP = L OQP ; but, in the limit, the angle 
OQP is constant, .*. z. OCP is also constant ; and since tne 
line CP is a tangent to the evolute at (7, it follows that the 
tangent makes a constant angle with the radius vector OC. 
From this property it follows that the evolute in question is 
another logarithmic spiral. Again, as the constant angle is 
the same for the curve and for its evolute, it follows that the 
latter curve is the same spiral turned round through a given 
angle. 

242. Radius of Curvature in Polar Co-ordinates. — ^We 
shall first find an expression for p in terms of w (the reciprocal 
of the radius vector) and 0. 

By Article 185 we have 
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. - I dp d^u 

hence "T T" = ^ + :^- 

p^ du dir 

., dr I du 

Also p^r—----i -7-; 

dp u^ dp 

rn^^ (15) 

Again, smoe « = -, we have^ =-— ^, 

'd^^V \de) "^dO"' 

\ \de)] ,... 

This result can also he estahlished in another manner, as 
follows : — 

On reference to the figure of Art. 1 80, it is ohvious that 
^ = + i/^ ; where is the angle the tangent at P makes with 
the prime vector OX. 

TT ^0 <3?iZ/ d4> ds dl 

' ' p da da 
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dr d^r 

Again, denoting -^ and -7^ by r' and r", we have 

tani^ = — ; and hence 
r 

dyl . /2_^/' r^'-rf" 



/o > 



d^ r^ - rr' + 2/2 , ^s . , . , 
.-. I + -1^ = ; 7 ; also -^ = (r' + r 2)4. 

Hence, we get p = ^., , ^.^/. ^ ^^.. • 

Or, replacing / and /' by their values, 

f' , d'r (dr\- 



Examples. 



1. Find the radius of curvature at any point in the spiral of Archimedes^ 

2. Find the radius of curvature of the logarithmic spiral r = a0. 

Ans. r(i + (log a)*)*. 

243. Contact of Different Orders. — ^As already stated, the 
tangent to a curve has a contact of the first order with the 
curve at its point of .contact, and the osculating circle a con- 
tact of the second order. We now proceed to distinguish 
more fully the different orders of contact between two 
curves. 

Suppose the curves to be represented by the equations 

y=/(^),aiidy = <f {x). 



300 Hadius of Curvature. 

and that Xi is the abscissa of a point of their intersection, then 
we have 

f{xi) = (a?i). 

Again, substituting Xi + A, instead of x in both equations, 
and supposing i/i and 1/2 the corresponding ordinates of the 
two curves, we have 

yi =/{x, + h) =/(^0 + hf (x,) + — /' (x,) + &c. 

X • ^ 

^2 = (a?i + A) = (iTi) + h<l/ (xi)' + 0" {xi) + &c. 

Subtracting, we get 

Now, suppose /'(^i) = 0' (^1), or that the curves have a 
common tangent at their point of intersection, then 

In this case the curves have a contact of the first order, 
and when h is small, the difference between the ordinates is 
a small quantity of the second order, and as yi - yt does not 
change sign with A, the curves do not intersect. 

If, in addition f (xi) = <j>^^ (xi), then 

In this case the difference between the ordinates is an in- 
finitely small magnitude of the third order, when h is taken 
an infinitely small magnitude of the first ; the curves are 
then said to have a contact of the second order ^ and approach 
inJ&niteljr nearer to each other at the point of contact than in 
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the fonner case. Moreover, since yi - y^ changes its sign 
with A, the curves intersect as well as touch. 

If we have in addition f' (xi) = <j/'^ (xi), the curves are 
said to have a contact of the third order; and, in general, if 
all the derived functions, up to the n** inclusive, be the same 
for both curves when x = ^1, the curves have a contact of the 
n*^ order, and we have 

y^-y^ = TTT {/'•'^H^i)-«('*"^U^i)} +&0. (18) 

/fr "T" 1 



Also, if the contact be of an even order, w + i is odd, and 
consequently h^^^ changes its sign with h, and hence the curves 
intersect at their point of contact; for whichever is the 
lower at one side of the point becomes the higher at the 
other side. 

If the curves have a contact of an odd order, they do not 
intersect at their point of contact. 

From the preceding discussion the following results are 
immediately deduced : — 

(i). If two curves have a contact of the n^^ order, no curve 
having with either of them a contact of a lower order can 
fall between the curves near their point of contact. 

(2). Two curves which have a contact of the n** order at 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the n*^ . 

(3). If any number of curves have a contact of the second 
order at a point they have the same osculating circle at the 
point. 

244. Application to Circle. — It can be easily verified that 
the circle which has a contact of the second order with a curve 
at a point is the same as the osculating circle determined by 
the former method. 

For, let (X- a)» + (F- /3)^ = ii!« 

be the equation of a circle having contact of the second ordpr 
at the point {x, y) with a given curve ; then by the preceding, 

the values of -7- and -r-i must be the same for the circle and 

dx dor 

for the curve, at the point in question. 
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Differentiatiiig the equation of the circle twice, and sub- 
stituting X and 1/ for X and Y, we get 



and 



a? - a + (y - P)-£ = o, 



I + 



Hence y - i3 = - 



dy\ dy 

dx 



(19) 



(20) 



\dx) 



da^ 



x- a = 



I + 



dt/' 
dx 



.2-1 



(£1 



(21) 



/. m={x- af + (y - ^) = 



I + 



'dl 
dx. 



,da^J 



This agrees with the expression for the radius of curvature 
found in Art. 226. 

The co-ordinates a, /3 of the centre of curvature can 
be found by aid of equations (21); and the equation of 
the evolute, by the elimination of x and y between these 
equations and that of the curve. 

In practice, the following equations are often more useftd]; 
thus, by differentiation with respect to a?, we get from (19) 



^ rfV d I dy\ 

In like maimer, from the equation 

(y - ^) + (a; - a) ^ = o, 



(22) 



we obtain 



d^x d ( (foN 

** df ~ dy \ dy)' 



(23) 



245. Centre of Curvature, and Evolute of Ellipse. — 
As an illustration, we shall apply these equations to de- 
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terminate the co-ordinates of the centre of cnrvature, and the 
equation of the eyolute of the ellipse 

__ dv V dx a* 

•'• 'dcV^dij ~ " a'' dy^dy) " 6»' 






Hence y^^ - , ., . , . , 



6^ ( J V 



= --„{! + 



a^ \ a^y^) ahf 



In like manner, we have 

d^x of' 



X 



dy'' 6V 



Substituting in {22) and (23), we obtain for the coi-ordinates 
of the centre of curvature 

^ = _(^^, _(?l:^. (.4) 

Again, substituting the values of x and y given by these 

equations, in the equation — + — = i, we get for the equation 

of the evolute 

(afl)8 + {fibf = (a« - J»)t. 

246. It may be noticed that the osculating circle cuts the 
curve in general^ as well as touches it. This follows from 
Article 243, since the circle has a contact of the second 
order at the point. 

At the points of maximum and Tm'niTnnTn curvature tli<^ 
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OBcnlating circle has a contact of the third order with the 
curve ; for example, at any of the four vertices of an ellipse 
the osculating circle has a contact of the third order, and 
does not cut the curve at its point of contact (Art. 240). 

247. Osculating Curves. — When the equation of a curve 
contains a number, n, of arbitrary coejBBlcients, we can in 
general determine their values, so that the curve shall have a 
oontact of the {n- i)** order with a given curve at a given 
point ; for the n arbitrary constants can be determined so 
that the n quantities 

dy (Pt/ d^'^y 

shall be the same at the point in the proposed as in the 
given curve, and thus the curves will have a contact of the 
\n- i)** order. 

The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an osculating 
curve, as having a closer contact than any other curve of the 
same species at the point. 

For instance, as the equation of a circle contains but 
three arbitrary constants, the osculating circle has a contact 
of the second order, and cannot, in general, have contact of a 
higher order ; similarly, the osculating parabola has a contact 
of the third order ; and, since the general equation of a conic 
contains five arbitrary constants, the general osculating conic 
has a contact of the fourth order. In general, if the greatest 
nimiber of constants which determine a curve of a given 
species be n, the osculating curve of that species has a contact 
of the (w - i)'* order. 

248. Geometrical Method. — The subject of contact admits 
also of being considered in a geometrical point of view ; thus 
two curves have a contact of the first order when they inter- 
sect in two consecutive points ; of the second, if they intersect 
in three ; of the w**, if in w + i . For a simple investigation 
of the subject in this point of view the student is referred to 
Salmon's " Conic Sections," Art. 239. 

249. Curvature at a Double Point. — We now proceed to 
consider the method of finding the radii of curvature of the 
two branches of a curve at a double point. 



Radii of Curvature at a Node. 305 

In this case the ordinary formula (8) becomes indetermi- 
nate, since 

du , du 

-y- = o, and -7- = o 

dx dy 

at a douhle point. The question admits, however, of being 
treated in a manner analogous to that already employed in 
Art. 230 ; we commence with the case of a node. 

248. Badii of Curvature at a Node. — Suppose the origin 
transferred to the node, and the tangents to the two brancnes 
of the curve taken as co-ordinate axes, oi representing the 
angle between them. 

By Art. 210, the equation of the curve is in this case of 
the form 

2hxy = 02?^ + fiay^y + '^xy'^ ^-hf + Ui + &c. ; 
dividing by xy we obtain 

X^ iP Ua. 

2h = a— + Bx + yy + 1— + — + &c. 
y X xy 

Now, let /oi and /02 be the radii of curvature at the origin 
for the branches of the curve which touch the axes of x and y, 
respectively ; then, by Art. 231, we have 

2pisinw = — , and 202 sin w = —, in the limit. 
r y ^ X 

Again, it can be readily seen, as in the note to Art. 230, 

that the terms in — , &c., become evanescent alons: with x 

and y, and accordingly the limiting values of — and — can 

be s^axately found, as in the Article referred to. 
.ence we obtain 



h h 



p^ ^ "":j:: — ' P^ "^ 



a sm (i> "^ o sm 



fM) 



(25) 



Also, if a = o, we get pi = 00, and the corresponding 
branch of the curve has a point of inflexion at the origin. 
Similarly, if 8 = o, /t)2 = 00. 

If a = o and S = o, the origin is a point of inflQxi<3^ <2rsik 
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both "branches. This appears also immediately from the 
consideration that in this case u^ contains U2 as a factor. 

If the equation of a curve when the origin is at a node 
contain no terms of the third degree the origin is a point of 
inflexion on both branches. An example of this is seen in 
the Lemniscate, Art. 210. 



Examples. 

1. Find tHe radii of curvature at the origin of the two branches of the curye 

ax^ — 2bxy + cy^ = a;* + y*, 

b b 

the axes being rectangular. Ans, - and -. 

c 

2. Find the radii of curvature at the origin in the curve 

a (y2 — a;2) = q^. 

Transforming the equation to the internal and external bisectors of the angle 
between the axes, it becomes 

hence the radii of curvature are 2a \/ 2 and — 2a y 2, respectively. 

250. Badii of Curvature at a Cusp. — The preceding method 
fails when applied to a cusp, because the angle w vanishes 
in that case. It is easy, however, to supply an independent 
investigation : for, if we take the tangent and normal at the 
cusp for the axes of x and y, respectively, the equation of 
the curve, by the method of Art. 210, may be written in the 
form 

y^ = ax^ + ]3^V + 7^' + %' + «/4 + &c. (26) 

Now in this, as in every case, the curvature at the origin 
depends on the form of the portion of the curve indefinitely 
near to that point ; consequently, in investigating this form 
wo may neglect y^x, y^, &c., in comparison with y^ ; and a^y 
ar^y, &c., in comparison with a^. 

Accordingly, the curvature at the origin is the same, in 
general, as that of the cubic 

y^ = ax^-\- [?xy. (27) 
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Solving for y, we obtain 



(,-i«.Y=4.fA 



It is easily seen that the origin is in this case a eu»p of 
the first species; for, if a be positive, the quantity at the 
right-hand side becomes negative for negative values of x 

less than -r^ ), and y becomes imaginary at the same time ; 

accordingly no portion of the curve near the origin extends 
to the negative side of the axis of x. 

If a be negative the two branches of the curve extend at 
the negative side of the axis of x. 

Moreover, since y = —x^ ± ^^( a + — a; j , the values of y 

<}orresponding to any small value of x have opposite signs, 
and hence the cusp is of the first species. 

Again, to find the radii of curvature, we divide the 

equation (27) by 3/% and substitute 2p for — as before, and 

thus we get 

I = 4a^- + zQp ; 

X 

from which we see that p vanishes along with x^ and the radii 
of curvature are zero for both branches at the origin. 

This result can also be arrived at by differentiation, by 
aid of formula (i). 

251. Next, suppose that the term containing x^ dis- 
appears, or a = o, then the equation of the curve is of 
the form 

y^ = /3^V + 7^^ + Sy* + ol'x^ + &c. ; 

and proceeding as before, the curvature at the origin is the 
:same as in the curve 

y- = ^x'y + aV. (2S\ 

X 2 
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The two branches of this curve are determined by the- 
equation 

The nature of the origin depends on the sign of /3' + 4a', and 
t]je| discussion involves three cases. 

i,(i). If /3' + 4a' be positive^ it is evident that the curve 
extends at both sides of the origin, and that point is a double 
^mp (Art. 211). 
, On dividing the equation {2S) by y*, and substituting 2/>. 

for — , we get 

I = 2)3/0 + 4a'/o^ (29) 

" 'The roots of this quadratic determine the radii of curva- 
tiwaof the two branches at the cusp. 

These branches evidently lie at the same, or at opposite 
^^s of the axis of a?, according as the radii of curvature- 
have the same or opposite signs : i. e., according as a has a^ 
iiejg^tive or positive sign. 

(2). If /5*+ 4a' be negative y y becomes imaginary, and the 
origin is a conjugate point. 

(3). If /3* + 4a' = o, the equation (29) becomes a perfect 
square ; we proceed to prove that in this case the origin is a 
cusp of the second species. 

• '^ vTo investigate the form of the curve near the origin, it 
will be necessary to take into account the terms of the fifth. 
d,%ree in a? (y being regarded as of the second) : this gives 

'ui^!/ --J^T = 7^' + (^'^'V (30) 

It will be observed that the right-hand side changes its- 
sign with XI accordingly the origin is a cusp. Also, the 
cusp is of the second species, for the two roots of the equation 
idy plainly have the same sign, viz., that of /3 : and conse- 
quently both branches of the curve ^t the origin lie at the- 
same side of the axis of x. 

V 'Moreover, as equation (29) has equal roots in this case,. 
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"the radii of curvature of the two branches are equal, and the 
branches have a contact of the second order. I' '"'^ 

We conclude that when the term involving ^ in equ^fSdn 
(zS) disappears, the origiQ is a double cmp, a cusp of the second 
species, or a conjugate point, according as j3* + 4a' > = or ^^oi'^ 

Moreover, if a'= o, one root of the quadratic (29) is^'iii^ 

finite, and the other is —rr. The oririn in this case is a d0;TjiJ>l<3 

cusp, and is also a point of inflexion on one branch. Such a 
point is called a point of oscul-inflexion by Cramer. 

If j3 = o in addition to a' = o, the origin is a cusp of the 
first species, the radii of curvature being infinite for ll6tli 
branches. _ -^^ 

It is easy to see from other considerations that the radii 
of curvature at a cusp of the first species are always eithA* 
zero or infinite. 

For, since the two branches of the curve in this case 

d^v j'^ ' 

turn their convexities in opposite directions, -7^ must IjiJ^ve 

ax 

opposite signs at both sides of the cusp, and consequently it 

must change its sign at that point; but this can happen OTify 

in its passage through zero, or through infinity. 

252. Recapitulation. — The conclusions arrived at in the 
two preceding Articles may be briefly stated as follow : — 

(i). Whenever the equation of a curve can be trans- 
formed into the shape y'* = a^ + terms of the third and higher 
degrees the origin is a cusp of the first species ; both ra^Ii of 
ourvature being zero at the point. 

(2). When the coefficient of a^ vanishes* the origin is 
.generally either a double cusp, a conjugate point, or ai cusp 
■of the second species. In the latter case the two branches 
of the curve have the same centre of curvature, and conse- 
quently have a contact of the second order with each otlpier. 

(3). If the lowest term in x (independent of y) be of the 
5'^^ degree, the origin is a point of oscul-infiexion. ) 

* In this case, if v\ be the equation of the tangent at the cusp, the equation 

of the curve is of the form 

■* 

v^ + ViVa + f4 4- &o. = 0. ,• .. 

This is also evident from geometrical considerations. X 
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H howerer, the coefficient of x^y also Tanisb, the origin 
is a cusp of the first species, and is a point of inflexion on 
both hrsuiches of the curve. 

253. General Investigaticm of Cusps. — ^The preceding re- 
sults admit of being established in a somewhat more general 
manner as follows. 

By the method already given, the equation which deter- 
mines the form of an algebraic curve near to a cusp may be 
written in the following general shape 

y* = 2^ia?*i/ + -Bj^ + Cr', (31) 

where lAaf* is the lowest term in the coefficient of y, and 
-Re*, Caf* are the lowest terms independent of y. 

By hypothesis, a, ft, c are positive integers, and a> i , J > 2, 
c > 3 ; now, solving for y we obtain 



which represents two parabolasf osculating the two branches- 
at the origin. 

The discussion of the preceding form for y resolves itself 
into three cases, according as 2a is > = or < i. 

(i). Let 2a = b + h, then 



h^h 



y = Jx ^ ± x\/jJ + A'x^ + Cjf-K 

b 

(a). If J be odd, d^ becomes imaginary for negative values 
of iT, and accordingly the origin is a cusp of the 
first species in this case. 

(j3). If J be even, and B positive, y is real for all values- 
of x near the origin ; accordingly that point is a 
double cusp. 

(7). If b be even J and B negative, the origin is a conjugate- 
point. 

(2). If la = 6, we have 

y ^ A(xf± af^^iA'-^-B) + CaT^. 

* This teiin is retained, as it is necessary in the case of a cusp of the second 
species. 

t The word parabola is here employed in its more extensive signification^ 
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In this ease, the origin is either a double cusp, or a conju- 
gate point, according as ^* + ^ is positive or negative. 
Again, if -4^* + JB = o, we have 

c-b 

(a), li e - b be an odd number, the origin is a cusp of the 
second species. (/3). li c - b be even, the origin is a double 
cusp, or a conjugate point, according as C is positive or ne- 
gative. 

(3). 2a < by or b = 2a + //. 

Here y = Ax^ ± of" >/Z^"+ Bj^ + Oj(f-''% 

and the curve evidently extends at both sides of the origin, 
v^hich accordingly is a double cusp. 

This method of investigating curvature is capable of being 
modified so as to apply to the case of multiple points of a 
higher order ; the discussion, however, is neither sufficiently 
elementary, nor sufficiently important, to be introduced 
here. 

254. Points onEvolute correspondixig to Cusps on Curve. — 
In connexion vrith evolutes and involutes the preceding re- 
sults lead to a few interesting conclusions. 

(i). If a curve has a cusp of the first species, its evolute 
in general passes through the cusp. In some cases, however, 
to a cusp of this class corresponds an asymptote to the evo- 
lute. 

(2). To a cusp of the second species corresponds in general 
a point of inflexion on the evolute ; in some cases the point 
of inflexion lies altogether at infinity. 

(3). To a double cusp corresponds a double tangent to the 
evolute. 

255. Equation of the Osculating Conic. — ^As an additional 
illustration of the principles involved in the preceding inves- 
tigation it is proposed to discuss the question of the conic 
which osculates an algebraic curve at a given point. Trans- 
ferring the origin to the point, and taiing the tangent as 
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axis of X, the equation of the curve may be written in the 
fonn 

ay = 0^ -\- ttixy + o^y* + b^ + biOi^y + 62^^^? + %' 

+ Cffis*' + CiO^y + &c. + d^ + &c. {^2) 

In considering the form of the curve near the origin, as a 
first approximation we may, as in Art. 250, neglect iPy, y*, &c., 
in comparison with y ; and ir*, a?*, &c., in comparison with aP^ ; 
thus the equation reduces to the form 

«y = ^- (33) 

Hence the form to which every curve of finite curva- 
ture approximates in the limit is that of the common parabola, 
as already seen in Art. 231. 

To proceed to the next approximation, we retain terms of 
the third order (remembering that when a? is a very small 
quantity of the first order, y is one of the second) y and the 
equation becomes 



ay = x^ + aixy + b^. 



j On substituting ay instead of 01^ in the term Jo^' the pre- 

\ ceding equation becomes 

1 



ay = ir' + («! + ha) ory, (34) 



■I 

!• This represents a conic having contact of the third order 

with the proposed curve at the origin. When a^ + 60a = o the 
parabola ay = a^ has a contact of the third order at the origin, 

'* and accordingly so also has the osculating circle. 

^ In proceeding to the next and final approximation, we re- 
tain terms of the fourth order, and we get 

ay = x^ + aixy + a^"^ + b^x^ + b^x'^y + c^*'. (35) 

Moreover, from the preceding approximation we have 
b^axy = bi^ + b^^y [a^ + aJo). 



Equation ofjthe Osculating Conic. 313 

Hence, we get for the equation of the conic having a 
-contact of the closest kind with the given curve, 

ay'= x^ + («! + boa) xy + [«2 + a (61 - ^160) + a' {co - 6o']r. (36) 

This conic, since it has the closest contact possible with 
the given curve at the origin, is the osculating conic (Art. 246) 
for that point. 

In like manner the parabola 

at/ = j^+ {ai+ boa) xy + ^^' y% (37) 

since it has the closest contact possible for a parabola is the 
osculating ^parabola at the point. 
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Examples. 

1. Prore that the radius of cuiTatnre at the Tertex of a parabola is equal to 
its semi-latus rectum. 

2. Find the length of the radios of cunratnie at the origin in the curve 



y* + «' + tf(x« + y«) = tf'y -^*- 



a 



2. 

3. Find the radius of currature at the origin in the cuire 

ary = bx^ + cx^y, uins, 00. 

4. Prove that the locus of the centre of a conic having contact of the third 
order with a given curve at a common point is a right line. 

5. Prove that the locus of the centres of equilateral hyperbolas which have 
contact of the second order with a given curve at a fixed point is a circle, whosc 
radius is half that of the circle of cun-ature at the point. 

6. Prove geometrically that the centre of curvature at any point on an ellipse 
is the pole of the tangent at the point with respect to the confocal hyperbola 
which passes through that point. 

7 . The locus of the centres of ellipses whose axes have a given direction, and 
which have a contact of the second order with a given curve at a common point, 
is an equilateral hyperbola passing through the poiut. 

8. The locus of the foci of parabolas which have a contact of the second 
order with a given curve at the same point is a circle ? 

9. Prove that the radius of curvature of the curve a^-^y = a:« at the origin is 

zero, -, or infinity, according asinis< = or>2:m being assumed to be greater 

2 

than unity. 

10. Two plane closed curves have the same evolute, what is the difference 
between their perimeters ? 

Ans. 2vd, where d is the distance ]^etween the curves. 

11. Find the radius of curvature at the origin in the curve. 

3^ = 4*- 15x2 _ 3^:3. 

find also at what points the radius of curvature is infinite. 

12. Apply the principles of investigating maxima and minima to find the 
greatest and least distances of a point from a given curve; and show that tho 
problem is solved by drawing the normals to the curve frum the given point. 

(a). Prove that the distance is a minimum, if the given point be nearer to 
the curve than the corresponding centre of curvature, and a maximum if it b& 
i'urther. 
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(b). If the given point be on the evolute, show that the solution arrived at 
is neither a maximum nor a minimum, and hence show that the circle of curva- 
ture cuts as well as touches the curve at its point of contact. 

13. Find an expression for the whole length of the evolute of an ellipse. 

Ana. 4 1 — ^ 

ao 

14. Find the radii of curvature of the two branches of the curve 

X* axy^ + a^y^ = o. 

2 

at the origin. Am. a and -» 

4 

15. Prove that the evolute of the hypocycloid 

id + yl = a§ 

is the hypocycloid 

(o + i8)t + (a - J8)t = 2ai. 

16. Find the radius of curvature at any point on the curve 

y + YX { 1 — x) = sin" • YX. 

17. If the angle between the radius vector and the normal to a curve has a 
maximum or a niinimum value, prove that 7 = r ; where y is the semi-chord of 
curvature which passes through the origin. 

18. If the co-ordinates of a point on a curve be given by the equations 

a: = csin 20 (i + cos 20), y = c cos id (i - cos 2d), 
find the radius of curvature at the point. Ana. 40 cos 30. 

19. Show that the evolute of the curve 

r2 — a* = mp* 

has for its equation 

r» - (i - m) c? - mp'. 

20. If a and $ be the co-ordinates of the point on the evolute corresponding- 
to the point (x, y) on a curve, prove that 

dy da* 
dx dfi 

21. If p be the radius of curvature at any point on a curve, prove that the 

radius of curvature at the corresponding point in the evolute is :~ ; where » 

dm 

is the angle the radius of curvature makes with a fixed line. 



! 
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22. Find the equation of the evolute of an ellipse hy means of the eccentric 
-angle. 

23. Prove that the determination of the equation of the evolute of the 
-curve y = kx*^ reduces to the elimination of x hetween the equations 

n - 2 kV „ , , 2n— I , » 

a = X «'«•% and fi = kx^ + 



n - I « - I * « — I kn (n — i) x»»-** 

24. In the evolute of a parahola, Art. 240, if Kff he drawn pei'pendiculai 
to the axis of the parahola, meeting the curve in 2, prove that P is the centre ol 
•curvature corresponding to the point JE[. 

25. If on the tangent at each point on a curve, a constant length measured 
from the point of contact he taken, prove that the normal to the locus of the 
points so found passes through the centre of curvature of the proposed curve. 

26. In general, if through each point of a curve a line of given length he 
•drawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. (Bertrand, ** Cal. Dif.," p. 573). 

This and the preceding theorem can he immediately estahlished from geome- 
trical considerations. 

27. If from the points of a curve perpendiculars he drawn to one of its tan- 
gents, and through ^e foot of each a line he drawn in a fixed direction, pro- 
portional to the length of the corresponding perpendicular; the locus of the 
extremity of this line is a curve touching the proposed at their common point. 
Find the ratio of the radii of curvature of the curves at this point. 

28. Find an expression for the radius of curvature in the curve p = 



#•« 



p heing the perpendicular on the tangent. 

29 Being given any curve and its osculating circle at a point, prove thai 
the portion of a parallel to their conmion tangent intercepted hetween the twc 
«urves is a small quantity of the second order, when the distances of the poini 
of contact from the two points of intersection are of the first order. 

Prove that, under the same circumstances, the intercept on a line drawi 
parallel to the eonmion normal is a small quantity of the third order. 

30. In a curve referred to polar co-ordinates, if the origin he taken on th( 
•curve, and the tangent as prime vector, prove that the radius of curvature a 

r 
;}; the origin is equal to one-half the value of - in the limit. 

'^ 31. Hence find the length of the radius of curvature at the origin in tli' 

-curve r = o sin nB. Ans. p = — . 

2 

I 

32. Find the co-ordinates of the centre of curvature of the catenary ; an^ 

show that the radius of curvature is equal hut opposite to the normal. ^ 
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CHAPTER XVIII. 

ON TRACING OF CURVES. 

258. Tracing Algel^raic Curves. — Before concluding the dis- 
cussion of curves it seems desirable to give a brief statement 
of the mode of tracing curves from their equations. 

The usual method in the case of algebraic curves consists^ 
in assigning a series of different values to one of the co-ordi- 
nates, and calculating the corresponding series of values of 
the other ; thus determining a definite nimiber of points on 
the curve. By drawing a curve or curves of continuous cur- 
vature through these points, we are enabled to form a tolerably 
accurate idea of the shape of the curve imder discussion. 

In curves of degrees beyond the second, the preceding 
process generally involves the solution of equations beyond 
the second degree ; in such cases we can determine the series 
of points only approximately. 

259. The following are the principal circumstances to be- 
attended to : — 

(i). Observe whether from its equation the curve is sym- 
metrical with respect to either axis.; or whether it can be 
made so by a transformation of axes. (2). Find the points^ 
in which the curve is met by the co-ordinate axes. (3). De- 
termine the positions of the asymptotes, if any, and at which 
side of an asymptote the corresponding branches lie. (4). De- 
termine the double points, or multiple points of higher orders, 
if any belong to the curve, and find the tangents at such 
points by the method of Art. 211. (5). The existence of 
ovals can be often f oimd by determining for what values of 
either co-ordinate the other becomes imaginary. (6). If the 
curve has a multiple point, its tracing is usually simplified by 
taking that point as origin, and transforming to polar co-ordi- 
nates ; by assigning a series of values to we can usually 
determine the corresponding values of r, &o. ^"^ . T^«&^\s^^ 
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where the y ordinate is a maximum or a minimum are found 
from the equation -—■ = o; by this means the Kmits of the 

Mi*/ 

curve can be often assigned. (8). Determine when possible 
the points of inflexion on the curve. 

260. To trace the curve t/^ = x^ {x - a); a being supposed 
positive. 

In this case the origin is 
a conjugate point, and the 
curve cuts the axis of ii; at a 
•distance OA = a. Again, 
when X is less than a, y is 
imaginary, consequently no 
portion of the curve lies to 
the left-hand side of A, 

The points of inflexion, I 
and -T, are easily determined 

from the equation -7^ = o ; the 

ax 




Fig- 37- 



^a 



OA 



•corresponding value of ^r is — ; accordingly AN = 

Again, if T/be the tangent at the point of inflexion Z, it 

can readily be seen that TA = - = — --. 

9 6 

This curve has been already considered in Art. 213, and 
is a cubical parabola having a conjugate point. 

261. Cubic with three Asymptotes. — We shall next CDn- 
sider the curve* 



y'^x ^- ey = am^ ■\-h;x^ ^^ ex ■\- dy 



(I) 



where a is supposed positive. 

The axis of y is an asymptote to the curve (Art. 200), and 
the directions of the two other asymptotes are given by the 
equation 

;/ - ax^ = Oy OT y =±x y^; 



* This investigation is principally taken from Newton's /* Enumeratio Li- 
nearum Tertii Ordinis." 
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if the term hix^ be wanting these lines are asymptotes ; if b 
l^e not zero, we get for the equations of the asymptotes 

y = a: va + — — , y + ir ^/a + /- = o. 

On multiplying the equations of the three asymptotes' 
together, and subtracting the product from the equation of 
the curve, we get 

ey = [c he + a ; 

this is the equation of the right line which passes through the 
three points in which the cubic meets its asymptotes. (Art. 
204). 

Again, if we multiply the proposed equation by Xj and 
solve for xy, we get 



el e^ 

xy ± \ax^ + 6.2;^ + t^ + fl^ + — : (2) 

from which a series of points can be determined on the curve 
corresponding to any assigned series of values for x. 

It also follows that all chords drawn parallel to the axis 

of y are bisected by the hyperbola ^ry + - = o : hence we infer 

that the middle points of all chords drawn parallel to an 
asymptote of the cubic lie on an hyperbola. 

The form of the curve depends on the roots of the bi- 
quadratic under the radical sign. (i). Suppose these roots 
to be all real and denoted by a, j3, 7, 8 arranged in order of 
increasing magnitude, and we have 



xy ^ ± ^a (x-a) {x-fi) {x-y) {x-S). 

Now when ^ is < a, y is real ; when x> a and < j3, y is 
imaginary ; when iP > j3 and < 7, y is real ; when x> y and 
< 8, y is imaginary ; when ^ > S, y is real. 



320 



On Tracing of Curves. 



We infer that the curve consists of three pairs of infinite' 
branches together 
with an oval lying 
between the values 
/3 and 7 for x. 

The accompany- 
ing figure* repre- 
sents such a curve. 

Again, if either 
the two greatest 
roots or the two 
least roots become 
equal, the corres- 
ponding point be- 
comes a node. 

If the interme- 
diate roots become 




Fig. 38. 



equal, the oval shrinks into a conjugate point on the curve. 
If three roots be equal, the corresponding point is a cmp^ 
If two of the roots be impossible and the other two un- 
equal, the curve can have neither an oval nor a double point. 

If the sign of a be negative, the curve has but one reaf 
asymptote. 

262. Asymptotes. — ^In the preceding figure the student 
will observe that to each asymptote correspond two infinite 
branches ; this is a general property of algebraic curves, of 
which we have a familiar instance in the common hyperbola. 

By the student who is acquainted with the elementary 
principles of conical projection the preceding will be readily 
apprehended ; for if we suppose any line drawn cutting a 
closed oval curve in two points at which tangents are drawn, 
and if the figure be so projected that the intersecting line is 
sent to infinity, then the tangents will be projected into 
asymptotes, and the oval becomes a curve in two portions, 
each having two infinite branches, a pair for each asymptote^ 
as in the hyperbola. 



* The figure is a tracing of the curve 

9a?y« + io8y = (« - 5^^ - » (* - 12). 



Asymptotes. 
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It should be also observed that the points of contact at 
infinity on the asymptote in the opposite directions along it 
must be regarded as being one and the same point, since they 
are the projection of the same point. That the points at 
infinity in the two opposite directions on any line must be 
regarded as a single point is also evident from the considera- 
tion that a right line is the limiting stage of a circle of 
infinite radius. 

The property admits also of an analytical proof ; for if 
the asymptote be taken as the axis of Xy the equation of the 
curve (Art. 204) is of the form 

2/01 + 02 = o, or y = - ^, 

where 03 is at least one degree lower than 0i in a? and y. 

Now, when x is infinitely great, the fraction — becomes in 

general infinitely small, whether x be positive or negative; 
and consequently the axis is asymptotic to the curve in both 
directions. 

263. To trace the curve 

where a and b are both positive. 
Here ya^ - ±01^ {x-\- b)K 

The curve is symmetrical with respect 
to the axis of ^, and has two infinite 
branches; the origin is a double cusp. 
The shape of the curve is exhibited in the 
figure annexed. Fig. 39. 

If b were negative, we should have 

ya^ = ±0^ {x- J)i. 

Here y becomes imaginary for values of x less than b ; 
accordingly, the origin is a conjugate point in this case : the 
curve has two infinite branches as in the former case. 

264. To trace the curve 

aV = 2ah?y + x^. 

Y 
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Fig. 40. 



From the form of its equation we see that the origin is a 
point of osct^^inflexion (Art. 251). 

Solving for y, we can easily 
determine any number of points 
on the curve we please. It has 
two infinite branches at opposite 
sides of the axis of a, and a loop 
at the negative side of that axis, ' 
as exhibited in the figure. 

265. To discuss the curve 

(i). Let a and b have the 
same sign, then the origin is 
a triple poiat, having for its 
tangents the lines 

a? = o, X ^/a -\- y ^/b = Oy 

and x^ya-y^yb -o. 

Moreover, since the curve 
has no real asymptote, it is 
a finite or closed curve with 
three loops passing through the 




Fig. 41. 



origin ; and it is easily seen that its shape 
is that represented in the accompanying 
figure. 

(2). If fl and b have opposite signs, the 
lines represented by aa^ - by^ - o become 
imaginary. The curve in this case consists 
of a single oval as in the figure. 

This and the preceding figure were 
traced for the case where 6 = 3^ : if the 

value of - be altered, the shape of the curve 




a 



Fig. 42. 



will alter at the same time. If a be greater than b, the 
latter curve will lie inside the tangent at the point X. 

^66. Form of Curve near a Double Point. — Whenever the 
curve has a node or a cusp, by transforming the origin to 
that point, the shape of the curve for the branches passing 
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through the point admits of being investigated by the 
method explained in Arts. 251, 252. It is imnecessary to 
enter into detail on this subject here, as it has been already 
discussed in the Articles referred to. 

267. In connexion with the tracing and the discussion of 
curves there is an elementary general principle which may 
be introduced here. 

If the equation of a curve be of the form 

Zr -MM = o, 

where L, Jf, L\ JT are each functions of the co-ordinates x 
and p, the curve evidently passes through all the points 
of intersection of the curves represented by the equations 
L = o and M=o; similarly it passes through the intersec- 
tions of i = o and M' = o; and also those of -3f = o and 
i' = o ; and of i' = o and JT = o. Moreover, if L and i' 
become identical, the points of intersection coincide in 
pairs, and the equation of the curve becomes of the form 
Jj^ - MM' = o ; which represents a curve touching the curves 
Jf = o, -3f' = o, at their points of intersection with the curve 
i = o. 

This principle admits of easy extension, but as the subject 
belongs properly to the method of trilinear co-ordinates, it is 
not considered necessary to enter more fully into it here. 

268. On Tracing Curves given in Polar Co-ordinates. — 
The mode of procedure in this case does not differ essentially 
from that for Cartesian co-ordinates. We have already, in 
Arts. 206 and 207, considered the method of finding the 
asymptotes and asymptotic circles in such cases. It need 
scarcely be observed that the number and variety of curves 
whose discussion more properly comes imder the method of 
polar co-ordinates are indefinite. "We propose to confine our 
attention to a few varieties of the class of curves represented 
by the equation 

r^ = a^QOsmQ. 

269. On the Curves r^ = a^Qo^mB. — ^In this case, since 
the equation is unaltered when is changed into - 0, the 
curve is symmetrical with respect to the prime vector; again, 
when = o, we have r = a, and as Q increases from. i&ic<^ 

T 2 
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IT • • • 

to — , r diminishes from a to zero. When m is a positive 

2m ^ 

integer, it is easily seen that the curve consists of m similar 
loops. 

There are many familiar curves included under this 
equation. Thus, when m. = i we have r = a cos 0, which 
represents a circle ; again, if m = - i the equation gives 
r cos fl = a, which represents a right line. Also, if m = 2, we 
have r^ = dj^ cos 28, a Lemniscate (Art. 2 10). If m = - 2, we 
get r* cos 28 = a*, an equilateral hyperbola. 

T (^ n 

If w = - we get ri = ai cos-, whence r = - (i + cos 0) (the 

I Q 

cardioid, Ex. 4, p. 229) ; with m = — it is r^ cos - = ai (the 

parabola, Ex. i, p. 22S)\ and so on. As abeady observed, 
if we change m into - m we get a new curve, the inverse of 
the original. Also, the reciprocal polar is obtained by sub- 

stitutins: instead of m, 

^ m+ I 

The tangent and normal can be immediately drawn at 
any point on a curve of this class by aid of the results arrived 
at in Art. 190. The radius of curvature at any point has 
been determined in Ex. 5, Art. 235. The method of finding 
the equations of the successive pedalSy both positive and 
negative, has been also already explained. 

A few examples in the case of fractional indices are here 
added. 

Example i. q 

rk = aicos-. 
3 

Here when = o, we have r = «, 

and the curve cuts the prime vector 
at a distance OA equal to a ; again, 

when = -, r = — ^ ; also, when 

2 o 

The shape of the curve is given in the accompanying^ 
figure. This curve is the inverse of the camtic considered in 
Sample 18, p. 274. 
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Ex. 2. Ex. 3. Ex. 4. 

ri = fl^cos-0. r^ = fl*cos-0. r^ = a*co8-0. 
4 5 3 ' 

In Ex. 2, as increases from zero to 120°, r diminishes 
from a to zero ; when increases 
from 120° to 240°, r increases from 
zero to a : when increases from 
240° to 360°, r diminishes from a 
to zero. By assigning negative 
values to 6, the remaining part of 
the curve is seen to be symmetrical 
with that traced as above. The 
-same result plainly follows by con- 
tinuing the values for from 360° 
up to 720°. The form of the curve 
is exhibited in the annexed figure. Fig. 44. 

In Ex. 3, according as cos - is positive or negative, we 

o 
get equal and opposite real values, or imaginary values, for r. 

Hence it is easily seen that for values of between ± ^ tt the 

radius vector traces out two symmetrical portions of the 

curve; again, between — tt and -^tt we get two other 

o o 






Fig. 45. Fig. 46. 

symmetrical portions. The shape is that given in the former 
of the two accompanying figures. 



326 



On Tracing of Curves. 



The latter figure represents the curve in Ex. 4 ; it consists 
oifive synunetrical portions ranged round the origin. 

The results above stated admit of generalization, and it 

can be shown without diiEculty, that in general the curve 

^ ^ pQ . 
r^ = cfi cos^— consists of p similar portions arranged about 

the origin ; and that the entire curve is included within a 
circle of radius a when p is positive, but lies altogether 
outside it when^ is negative. 

Many curves can be best traced by aid of some simple 
geometrical property. We shall terminate the Chapter vdth 
one or two examples of such curves. 

270. The Limason. — The inverse of a conic section with 
respect to a focus is called a Lima9on. From the polar 
equation of a conic, its focus being origin, it is evident that 
the equation of its inverse may be written in the form 

r = acosO + b, 

where a and b are constants. 

It is easily seen that j- is the eccentricity of the conic. 

The curve can be readily traced by drawing from a fixed 
point on a circle any number of chords, and taking off a 
constant length on each of these lines, measured from the 
circumference of the circle. 

If a be less than J, the curve is the inverse of an ellipse^ 
and lies altogether outside the circle. 

If a be greater than 5, the 
curve is the inverse of a hy- 
perbola, and its form can be 
easily seen to be that exhibited 
in the annexed figure, where 
OlD = a-by and the point is 
a node on the curve. 

If J = «, the curve becomes 
the inverse of the parabola, 
and is called a cardioid. The 
inner loop disappears in this 
case, and the origin is a cusp 
on the curve. Fig. 47. 
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When a = ih, the Lima^on is called the TriseotiiK ; a 
curve hy aid of which any given angle can be readily 
trisected. 

271. The Conchoid of Nicomedes. — If through aay fixed 
point A a secant P^AP be drawn ■ 
meeting a fixed right line LM in 
B, and RP, MPi be taken each of 
the same constimt length ; then the 
locus of P and Pi is called the 
oonoboid. 

This curve is easily traced from 
the foregoing geometrical property, 
and it consists of two branches, 
having the right line XJf for a 
common asymptote. Moreover, if 
the perpendiciJar distance AB of 
A £rom the fixed line be less than 
HP, the curve has a loop with a 
node at A, as in the annexed figure. 

It is easily seen that when 
AB = PP, the point ^i is a cusp 
on the curve ; and when AB is 
greater than DP, ^ is a conjugate 
point, "I- 

The form of the curve in the Fig. 48- 

latter case is represented by the dotted lines in the figure. 

If AB = a, HP = b, the polar equation of the curve is 
(»-±6)co8 = a. 

When transformed to rectangular co-ordinates, this 
equation becomes 

{^ + f) (« - xy = b^x'. 

The method of drawing the normal, and finding the 
centre of curvature, at any point, will be exhibited in the 

next Chapter. 
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Examples. 

1. Trace the curve y = (»— i) («- 2) (a? — 3), and find the position of its 
point of infiexion. 

2. Trace the curve y* — $axi/ + «* = o, drawing its asymptote. 
THs curve is called the Folium of Descartes. 

3. Trace the curve a^x = y (i* + a;*), and find its points of inflexion, and 
points of greatest and least distance from the axis of x. 

4. If an asymptote to a curve meets it in a real finite point, show that the 
corresponding branch of the curve must have a point of inflexion on it. 

5. Find the position of the asymptotes and the form of the curve 

ss^ — y* + T-axy^ = o. 

6. Show that the curve r = a cos 20 consists of four loops, while the curve 
r ^a cos 30 consists of but three. Prove generally that the curve r =i a cos n9 
has n or zn loops according as n is an odd or even integer. 

7. Trace the curve y* (a -a){x — h) = d^ (a; + a) (a? + h), 

8. Show that the curve rr^y* + ar* = a^ (/p* — y^) consists of two loops passing 
through the origin, and find the form of the curve. 

9. Trace the curve y (* + «)* = V^x [x \ c)^, showing the positions of its 
asymptotes and infinite branches. 

10. Trace the curve whose polar equation is 

^ r = a cos + i cos 20, 

and show that it consists of four loops passing through the origin. 

11. Given the base and the rectangle under the sides of a triangle, find the 
equation of the locus of tbe vertex (an oval of Cassini). Exhibit the different 
forms of the curve obtained by varying the constants, and find in what case the 
curve becomes a Lemniscate. 

12. Trace the curve y2 = ax^ + %hx^ + 3ca; + rf, and find its points of greatest 
and least distance from the ans of x. 

Show that two of these points become imaginary when the roots of the cubic 
in X are all real. 

13. Given the base and area of a triangle, prove that the equation of the 
locus of the centre of a circle touching its three sides is of the form 

x^y - a (a;* + y*) - ^ (y - a) = o. 
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14. Prove that all curves of the third degree are reducihle to one or other of 
the forms 

(i). Xi/^ + ey = aa? + bz^ -{■ ex •\- d. 

(2). art/ = as^ + bx'^ + ca: + <?. 

(3)- y^ = «^ + ^** + ex -^ d. 

(4). y = aa^ + bx^ + CX + d, 

Xewton, Enum. linear, Ter. Ordinit. 

15. Prove that all curves of the third degree can he ohtained hy projection 
from the paraholas contained in class (3) in the preceding division. [Newton.] 

For every cubic has at least one real point of inflexion : accordingly, if the 
curve he projected so that the tangent at the point of inflexion is projected to 
infinity, the harmonic polar (Art. 223) will bisect the system of parallel chords 
passing through this point at infinity. Hence the projected curve is of the 
class 3. [This proof is taken from Chasles, Aper^u Sistorique^ note xx.] 

16. Trace the curve r = — , and show that it has a point of inflexion 

when 6^ = 3 ; find also its asymptotes and asymptotic circle. 

X 

17. Trace the curve y = a sin-, and show how to draw its tangent at any 

a 

point. (This is called the curve of sines.) 

18. The base of a triangle is fixed in position ; find the equation of the locus 
of its vertex, when the vertical angle is double one of the base angles. 

Trace the locus in question, finding the position of its asymptote. 

19. Show geometrically that the first pedal of a circle with respect to a 
point on its circumference is a cardioid. 

20. Show in like manner that the Lima9on is the first pedal of a circle with 
respect to any point. 
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ROULETTES. 



272. Boiilettes. — When one curve rolls without sliding upon 
another, any point invariably connected with the rolhng 
curve describes another curve, called a roulette. 

The curve which rolls is called the generating curve, and 
the fixed curve on which it rolls is called the directing curve, 
or the base. We shall commence with the simplest example 
of a roulette : viz., the cycloid. 

273. — The Cycloid. — This curve is the path described by 
a point on the circumference of a circle, which is supposed to 
roll upon a fixed right line. 

The cycloid is the most important of transcendental 
curves, as well from the elegance of its properties as trom. its 
numerous applications in Mechanics. 

We shall proceed to investigate some of the most 
elementary properties of the curve. 

Let LPO be any position of the rolling circle, P the 
generating point, the point of 
contact of the circle with the fixed 
line. Take the length AO equal 
to the arc PO, then from the 
mode of generation of the curve, 
A is the position of the generating 
point when in contact with the 
fixed line ; also, if AA' be equal to the circumference of the 
circle. A' will be the position of the point at the end of one 
complete revolution of the circle. Bisect AA' in D, and 
draw DB perpendicular to it and equal to the diameter of 
the circle, then B is evidently the highest point in the 
cycloid. Draw PN perpendicular to AA\ and let PN = y, 
AN = X, PCO = 61, OC =a, and we get 

x = AO-NO^a{e-8m9), y = PiV= a(i -cosfl). (i) 




AN 



Fig. 49- 



The Cycloid. 331 

The position of any point on the cycloid is determined by 
these equations when the angle is known, i. e. the angle 
through which the circle has rolled, starting from the position 
for which the generating point is in contact with the right 
line. 

274. Cycloid referred to its Vertex. — It is often con- 
venient to refer the cycloid to its vertex as origin, and to the 
tangent and normal at that point as axes of co-ordinates. 
In the preceding figure let 

x = BN\ y = PN\ zPCi: = = 7r-0; 

then we have 

x = BN' = fl(^ + sin^), y = PN^ = a[i -cos^). (2) 

275. Tangent and Normal to Cycloid. — It can be easily 
seen that the line PO is normal at P to the cycloid ; for the 
motion of each point on the circle at the instant is one of 
rotation about the point 0, i. e., each point may be regarded 
as describing at the instant an infinitely small circular* aro 
whose centre is at : and hence PO is normal to the curve. 

This result can also be established from the values of x 
and y in {i) I for 

3^ = «(i -COS0), ^ = asinO. (3) 

du au 

dy sinO .0 , t^t ^ 

.-. -f = r» = cot- = GoiPLOy 

dx I - cos y 2 

and, accordingly, PL is the tangent, and PO the normal to 

the curve at P. 

dots dv 
Again, if we square and add the values of -^ and -3^, wo 

au uu 

obtain 



ds^^ 



= a^ |(i -cos0)*+ sin^SJ = 4a'*sin*-; 



♦ This method of finding the normal to a cycloid is due to Descartes, and 
evidently applies equally to all roulettes. 
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hence -j^ = zaeia- = PO. (4) 

da 2 

276. Badiua of Curvature and Xvolnte of Cycloid. — ^Let 
denote the radius of curvature at the point P, and i PON= u 




then 



: 4a Bin - 



: 2PO; 




or the radius of curvature ia douhle the normal. 
value of p the evolute of the curve 
can be easily determined. Tor, 
produce PO until OP" = OP, then 
P' is the centre of curvattu:« he- 
longing to the point P. Agaia, 
produce LO until Off = OL, and 
describe a circle through OP', and 
(y ; thia circle evidently touches 
AA', and is equal to the generating 
circle LPO. Fig. 50, 

Also, the arc OP" = arc OP = ^0 ; 

.-. aroO'P'= OfP'0-P'0 = AI)~AO= OI) = Ba. 

Hence the locus of P" is the cycloid got by the rolling of 
this new circle along the line SiJ, and accordingly the 
evolute of a cycloid is another cycloid ; it is evident that the 
evolute of the cycloid ABA is made up of the two semi- 
oycloids, AS and SA, ae in the figure. Conversely, Uie 
cycloid ABA is an involute of the cycloid ASA. 

277. Length of Arc of Cycloid. — Since APS is the 
evolute of the cycloid APB,i\, follows from Art. 237, that the 
arc AP' of the cycloid is equal in length to the Kne PP", or 
to twice SO ; hence, as -^ is the highest point in the cycloid 
ASS, it follows that the are AS measured from the MgheBt 
point of a cycloid ia double the intercept SO, made on the 
tangent at the point by the tangent at the highest point of 
the curve. Also, the whole arc AS is double SD, or is four 
times the radius of the generating circle ; and hence the 
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entire lengtli ABA of a cycloid is eight times the radius of 
its generating circle. 

Again, if the cycloid be referred to its vertex as in Art. 
274, the distance of P' from A A' is represented by y, and we 
shall have 



FO" =0(y >^y = lay. 
Hence, denoting the arc AP^ by s, we have 



(6) 



This relation is of importance in the applications of the 
cycloid in Mechanics. 

278. Epicycloids and Hypocycloids. — The investigation 
of the properties of the cycloid naturally gave rise to the 
discussion of the more general case of a circle rolling on a fixed 
circle. In this case the curve generated by any point on the 
circumference of the rolling circle is called an epicycloid, or 
ahypocycloid, according as the circle rolls on the exterior, or 
the interior of the fixed circle. We shall commence with 
the former case. 

Let P be the position of the generating point at any in- 
stant, -4 its position when 
on the fixed circle ; then 
the arc OA = arc OP. 

Again, let C and C be 
the centres of the circles, 
a and b their radii, 

LAco=e,LOC'p=e'; 

then, since arc OA = arc 
OP, we have aO = bO". 

Now, suppose (7 taken 
as the origin of rectangu- 
lar co-ordinates, and CA 
as the axis of x ; draw PU" 
and C^L perpendicular, Fig. 51. 

and PM parallel, to CA^ and we have 

x = CN^CL --NL = (a + 5) cos - J cos (0 + ff\ 

y = PN^ C'L- O'Jf = (a + 5) sin - 6 sin (fl ^ ^V, 
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or, substituting j- for 0', 



X = {a + b) COB - b cos , 0, 
y = (fl 4- 5) sin - 5 sin — j— d. 



> (7) 



When the radius of the rolling circle is a submultiple of 
that of the fixed circle, the generating point, after the circle 
has rolled once round the circumference of the fixed circle, 
evidently returns to the same position, and will generate the 
same curve in the next revolution. More generally, if the 
xadii of the circles have a commensurable ratio, the generating 
point, after a certain number of revolutions, will return to its 
origiaal position : but if the ratio be incommensurable, the 
point will never return to the same position, but will describe 
an infinite series of distinct curves. As, however, the suc- 
cessive portions of the curve are in every respect equal to 
each other, the path described by the generating point, from 
the position in which it leaves the fixed circle until it returns 
to it again, is usually regarded as a complete epicycloid, and 
the middle point of this path is called the vertex of the curve. 

In the case of the hypocycloid, the generating circle rolls 
on the interior of the fixed circle, and it can be easily seen 
that the expression for x and y are derived from those in (7) 
by changing the sign of b ; hence we have 



X = {a - b) COS + b cos — 7— 0, 
y = (a - J) sin - 6 sin — j-- 0. 



(8) 



The properties of these curves are best investigated by 
aid of the simultaneous equations contained in formulas (7) 
and (8).^ ^ 

Again, as in the case of the cycloid, it is evident from 
Descartes' principle that the instantaneous path of the point 
P is an elementary portion of a circle having as centre ; 
accordingly^ the tangent to the path at P is perpendicular to 
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the line PO^ and that line is the normal to the curve at P. 
These results can also be deduced, as in the case of the 
cycloid, by differentiation from the expressions for x and y. 
We leave this as an exercise for the student. 

To find an expression for an element ds of the curve at 
the point P ; take (/, (/', two points infinitely near to on 
the circles, and such that OCf - OCf' \ and suppose the gene- 
rating circle to roll until these points coincide :* then the 
lines CO and CO' will lie in directum, and the circle will 
have turned through an angle equal to the sum of the angles 
OCCf and OC'Of' ; hence, denoting these angles by dQ and offl', 
respectively, we have 

ds^ OP(dO+dff) = Op(i +T)de\ ' (9) 

since dO" = t dO. 



279. Radius of Curvature of an Epicycloid. — ^Suppose cii to 
be the angle 08N between the normal at P and the fixed 
line CAy then 

o> = COS- CCS = -.--- 9. .-. rfcu = -rffl i I + 4-t- 

2 2 ( zb) 

Hence, if p be the radius of curvature corresponding to 
the point P, we get 

P=^-^=OP^). (10) 

au) a + 20 

Accordingly, the radius of curvature in an epicycloid 
is in a constant ratio to the chord OP joining the generating 
point to the point of contact of the circles. 



* It may be observed that 0*0" is infinitely small in comparison with 00^ ; 
hence the space through which the point moves during a small displacement 
is infinitely small in comparison with the space through which F moves. It is 
in consequence of this property that may be regarded as being at rest for the 
instant, and every point connected with the rolling circle as having a circular 
motion around it. 
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280. Double Oeneration of Epicycloids and Sypocycloids.— 

In a hypocycloid, if the rolling circle be greater than the fixec 
circle it can be easily shown that the curve can be generateo 
as an epicycloid. For, let P 
be any position of the gene- 
rating point, the correspond, 
ing point of contact of the two 
circles ; draw the common 
diameter OED and join C/E 
and PD ; connect (7, the centre 
of the fixed circle, to (J and 
produce CCf to meet DP pro- 
duced in ly, and describe a 
circle round the triangle (yPPf\ 
this circle plainly touches the 
fixed circle ; also the segments 
standing on OP^ CfP and OCf are obviously similar ; hence 
since OP = Off + O'Py we have 




Fig. 52. 



arc OP = arc Off + arc ffP. 

If the arc Off A be taken equal to the arc OP^ we have 
arc ffA = arc ffP ; accordingly, the point P describes the 
same curve whether we regard it as on the circumference of 
the circle OPD rolling on the circle OffE, or on the circum- 
ference of ffPIf rolHng on the same circle ; provided the 
circles each start from the position in which the generating 
point coincides with the point 
A, Moreover, it is evident 
that the radius of the latter 
circle is the difference between the 
radii of the other two. 

Next, suppose the circle 
OPD to roll inside the circum- 
ference of OffE^ and let C be 
the centre of the fixed circle ; 
join OP and produce it to meet 
the circumference of the fixed 
circle in ff ; draw ffE and PD, 
join (7(7, intersecting PD in iX, Fig. 53. 

and describe a circle round the triangle PUff. It is evi» 




JEvolute of an Epicycloid, 



337 



dent as before that this circle touches the larger circle, and 
that its radius is equal to the difference between the radii of 
the two given circles. Also, for the same reason as in the 
former case, we have 

arc Off = are OP + arc ffP» 

If the arc OA be taken equal to OP we get arc ffP 
= arc ffA ; consequently, the point P will describe the same 
hypocycloid on whichever circle we suppose it to be situated, 
provided the circles each set out from the position for which 
P coincides with A. 

These important results were given by Euler (Acta, Petrop.j 
1 781). By aid of them all hypocycloids are reducible either 
to epicycloids or to hypocycloids in which the radius of the 
generating circle is less than half that of the fixed circle. 

281. Evolute of an Epicycloid. — The evolute of an epicy- 
cloid can be easily seen to be a similar epicycloid. 

For, let P be the ge- 
nerating point in any 
position, A its position 
when on the fixed circle ; 
join P to 0, the point of 
contact of the circles, 
and produce PO imtil 

pjx^OP^.then 

a + 2h 

P is the centre of cur- 
vature by (10) ; hence 



OP=^OP 



a 



a+ zh 




Next, draw P^ff per- 
pendicular to FO ; cir- ^ ^^s- 54- 
cumscribe the triangle OPff by a circle"; and describe a circle 
with C as centre, and Off as radius : it evidently touches the 
circle OPff. 

Then 

Off lOE^OF '.0P = a:a^2h=C0: CJE; 

.-. CO -Off: CE-OE^CO: CE, 

Cff'.CO^CO: CE; 

z 



or 
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that is, the lines C£, CO, and Cff are in geometrical pro- 
portion. 

Again, join C to ^, the vertex of the epicycloid ; let CS 
meet the inner circle in 2), and we have 

arc an \ ^ OB ^ ca \ CO ^ CO . CE ^ ao \ eg 

= arc Pff : arc OQ. 

But arc 05 = arc OQ, /. arc ffD = arc P'C/. 

Accordingly, the path described by P' is that generated by a 
point on the circumference of the circle OPff rolling on the 
inner circle, and starting when P' is in contact at Z>. Hence 
the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the figure. 

Again, since CO : OE = CO : OO, the ratio of the radii 
of the fixed and generating circles is the same for both epicy- 
cloids, and consequently the evolute is a similar epiet/cloid. 

Also, from the theory of evolutes (Art. 237), the line 
PP is equal in length to the arc P^A of the interior epicy- 
cloid; or the length of PA^ the arc measured from the 
vertex A of the curve, is equal to 

'-^^^0P^20P^^20P^-^ 

a CO ca' 

Hence the length* of any portion of the curve measured from 
its vertex is to the corresponding chord of the generating 
circle as twice the sum of the radii of the circles to the radius 
of the fixed circle. 

The corresponding results for the hypooycloid can be 
foimd by changing the sign of the radius b of the rolling 
circle in the preceding formulae. 

The investigation of the properties of these curves is of 
importance in connection with the proper form of toothed 
wheels in machinery. 



* The length of the arc of an epicycloid, as also tho investigation of its 
€Volute, were given by Newton {Frincipia^ Lib. 1., Props. 49, 50). 
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2^2, Pedal of Epicycloid. — The equation of the pedal, 
with respect to the centre of the 
fixed circle, admits of a very 
simple expression. For let P be 
the generating point, and, as be- 
fore, take arc OA = arc OPy and 
make AB = 90°. Join CA^ CBy 
CP^ and draw (7iV perpendicular 
toi>P. J^QiLPD0^4>,LBCN 
= w,/LACO=d, CN^p. 

Then since J[0=PO, we have 



a 



Again, w =go° -AC]!f= + (b 

( 2h 




Fig. 55- 



lience 



Also 



= 



aia) 



a+ 2h' 



CJS' = CD sm (t>, 
.'. p = {a+ 2b) sin 



aia) 



a+ 2b^ 



(II) 



(»^) 



which is the equation of the required pedal. 

28^, Equation of Epicycloid in terms of r and p. — ^Again, 
<lraw OL parallel to DNy and let CP = r, and we have 

r2-o^ = PiV^= OD=^OC^- CD = a'-(-^—}\p'; 
^ \a+ 20 



hence 



, /^h(a + h) , 
r" = a' + ~ — tA i?'. 



(a + 2h)' 



(13) 



Also, from (12) it is plain that the equation of DiV, the tan- 
gent to the epicycloid (referred to CB and CA as axes of x and 
y respectively), is 



/ ,v . aio 

a? cos (ii + V sm (ii = (a + 20) sm 7 

^ ^ ^ a + zb 



(14) 



z 2 
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The corresponding formulse for the hypooycloid are 
obtained by changing the sign of b in the preceding equa- 
tions. 

Again, it is plain that the envelope of the right line re- 
presented by equation (14) is an epicycloid. And, in general, 
the envelope of the right line 

X cos w + 3/ sin (ii = A: sin niWy 

regarding oi as an arbitrary parameter, is an epicycloid, or a 
hypocycloid, according as in is less or greater than unity. 
For examples of this method of determining the equations 
of epi-, and hypo-cycloids, the student is referred to Salmon's 
Higher Plane Curves, Art. 310. 

284. Epitroclioids and Hypotroclioids. — ^In general, when 
one circle rolls on another, every point connected with the 
rolling circle describes a distinct curve. These curves are 
called epitrochoids or hypotrochoids, according as €hQ circle 
rolls on the exterior or the interior of the fixed circle. 

If d be the constant distance of the generating point from 
the centre of the rolling circle, there is no difficulty in prov- 
ing, as in Art. 278, that we shall have in the epitrochoid the 
equations 



a: = (a + J) cos - c? cos — ^ — 0, 

6 

y = (a + 6) sin 61 - c/ sin Q, 



> (15) 



In the case of the hypotrochoid, changing the signs of b 
and d we obtain 

a? = (a - S) cos + c? cos 0, I 

y = (a - S) sin - 6? sin 0. 

In the particular case in which a = 25, i. e., when a circle 
rolls inside another of double its diameter, equations (16) 
become 

« = (J + rf) cos 0, y = (6 - rf) sin ; 
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and accordingly the equation of the roulette is 







{b-vdy {b-dy 

•which represents an ellipse whose semi-axes are the sum and 
the difference of b and d. 

This result can also be established geometrically in the 
iollowing manner. 

285. Circle rolling inside another of double its Diameter. — 
Join Ci and to any point L on the cir- 
cumference of the rolling circle, and 
produce CiL to meet the fixed cir- 
cumference in A ; then since z. OCL 
= 2OC1A, and OCi = 2 00, we 
have arc OA - arc Oi; 'and accord- 
ingly, as the inner circle rolls on the 
outer the point L moves along OiA. 
In like manner any other point on 
the circumference of the rolling circle 
-describes, during the motion, a dia- _. 

meter of the fixed circle. ^^' ^ 

Again, any point P, invariably connected with the rolling 
circle, describes an ellipse. For, if L and M be the points in 
which OP cuts the rolling circle, by what has been just shown, 
these points move along two fixed right lines OiA and OiB, at 
right angles to each other. Accordingly, by a well-known 
property of the ellipse, any other point in the line LM 
describes an ellipse. 

The case in which the outer circle rolls on the inner is 
also worthy of separate consideration. 

286. Circle rolling on another inside it, and of half its 
Diameter. — In the same case, suppose the inner circle fixed, 
and the other to roll on it; then any diameter of the rolling circle 
always passes through a fixed point, which lies on the cir- 
cumference of the inner circle. 

For, let OiL and OzL be any two positions of the moving 
diameter, Oi and O2 being the corresponding positions of the 
centre of the rolling circle : and O2 are the correspond- 
ing positions of the point of contact of tha citda'e*. 
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Now, when the outer circle rolls fxam the former to ! 
the latter poBition, the right lines CiOa and COi -will coin- 
cide in direction, and accordingly 
the outer circle will have turned 
tlirough the angle 0^0,0,; conse- 
quently, the moving diameter will 
have turned through the Bame angle ; 
and hence Z Cd.C, = L CjO-^C,; 
t heref ore the point L lies on the Qxed 
circle, and the diameteralways passes 
through the same point on this 
circle. 

Again, any right Hue connected 
with the rolling circle tciU altcai/s tovch a fixed circle. 

For, let DE he the moving line in any "position, and drav 
the paraUel diameter AB ; let fall C,-F and XJf perpendicular 
to BE. Then, hy the preceding, AB always paaees throngh 
a fixed point X; also LM = C,F = constant; hence SE 
always touches a circle having its centre at i. 

Again, to find the roulette deaerihed hy any carried point 
Pi. The right line PiCi, as has heen shown, always passes 
through a fixed point L ; consequently, since (7,2*1 is a con- 
stant length, the locus of Pj is a Limagon (Art. 270). In like 
manner, any other point invariably connected with the outer 
eircle describes a lama^on. 



1. When the radii of the filed and the rolling cutTea become equal, pr(m> 
fteometricallf that the epicjcloid becomes a cardioid, and the apitrochoid a 
Limagon. 



r aiD mo s^ cocBt. 



4. If a s 4i, prove that tbe oquatioa of the hypocjcloid beoomea 
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5. Find the equation, in terms of r and^, of the three-cusped hypocycloid; 
i.e., when a = 3^. Ans, r^ = a^ — 8p*. 

6. Find the equation of the pedal in the same curve. 

Ans. ^ = 5 sin 3<». 

7. In the case of a curve rolling on another which is equal to it in every 
respect, corresponding points heing in contact, prove that the determination of 
the roulette of any puint P is immediately reduced to finding the pedal of the 
rolling curve with respect to the point P. 

8. Hence, if the curves he equal parabolas, show that the path of the focus is 
a right line, and that of the vertex a cissoid. 

9. In like manner, if the curves be equal ellipses, show that the path of the 
focus is a circle, and thai of any point is a bicircular quartic. 

10. In Art. 285, prove that the locus of the foci of the ellipses described by 
the different points on any right line is an equilateral hyperbola. 

11. ^ is a fixed point on the circumference of a circle. The points L and M 
ar^ taken such that arc AL = m arc AM, where m is a constant ; prove that the 
envelope of ZM ia an epicycloid or a hypocycloid, according as the arcs-dtZ and 
AM are measured in the same or opposite directions from the point A. 

12. Prove that ZM, in the case of an epicycloid, is divided internally in the 
ratio m : i, at its point of contact with the envelope ; and, in the hypocycloid, 
externally in the same ratio. 

13. Show also that the given circle is circumscribed to, or inscribed in the 
envelope, according as it is an epicycloid or a hypocycloid. 



287. Centre of Curvature of an Epitrochoid, or Hypotro- 
choid. — The position of the centre of curvature for any point 
of an epitrochoid can be easily found from 
geometrical considerations. For, let Ci 
and C2 be the centres of the rolling and 
the fixed circles, P2 the centre of curvature 
of the roulette described by Pi; and, as 
before, let Oi and O2 be two points on 
the circles, infinitely near to 0, such that 
OOi = OO2* Now, suppose the circles to 
roll until Oi and 0% coincide; then the 
lines CiOi and C2O2 will lie in directum, 
as also the lines PiOi and P2O2 (since P2 
is the point of intersection of two consecutive normals to 
the roulette). 

Hence L OC^O, + L OC^O^ = L OP.Oi + L OPiO^y 

since each of these sums represents the angle through which 
the circle has turned. 
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Again, let z C,OP^ = 0, 00, = OO2 = ds; then 

100,0, = -^, lOCO,^ "^ 



OC' ---^-- 0C2' 

r\-n r\ ds GOB 6 r^-r, r\ ^« COS 

consequently we have 

Or, if OP, = n, OP2 = 7-2, 



-■+•,■ = COSd) — 



I I 

+ — 



From'this equation r2, and consequently the radius of curva- 
tura of the roulette, can be obtained for any position of the 
generating point Pi. 

If we suppose Pi to be on the circumference of the rolling 

OP 

circle, we get cos = -7^77 ; whence it follows that 

OP, = — ^ OP,, 

which agrees with the result arrived at in Art. 279. 

288, Centre of Chirvature of any Boulette. — The preceding 
formula can be readily extended to any roulette ; for if C, 
and C2 be the centres of curvature of the rolling and fixed 
curves, corresponding to the point of contact 0, we may 
regard OOi and OO2 as elementary arcs of the circles of 
curvature, and the preceding demonstration will still hold. 

Hence, denoting the radii of curvature OCi and OC2, by 
pi and p2y we shall have 

}- + 1 = cosd»[ ^ + -Y (18) 

pi pz \i'i n) 

It can be easily seen, without drawing a separate figure. 
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that we must change the sign of p^ in this formula when the 
centres of curvature lie at the same side of 0. 

It may be noted that Pi is the centre of curvature of the 
roulette described by the point P2, if the lower curve be 
supposed to roll on the upper regarded as fixed. 

289. Geometrical Ck)nstruction* for the Centre of Ctirvatiire 
of the Boulette. — The formula (18) leads 
to a very simple and elegant geometrical 
construction for P-i. For, if we join Pi 
to Ci and produce PiCi to meet ON 
drawn perpendicular to OPi, then the 
point of intersection of NC2 and PiO is 
the required centre of curvature. 

This is readily established ; for, from 
the equation 



+ 



oc, oa 



^ = cos 



I I 

+ 



OPi OP, 



we get 



P1P2 __ cos 0P1P2 
OC, . OC2 ~ OP,. 0^2' 




Fig- 59- 



C1C2 OP2 0(7iC0S(^ 



But 



OC, ' P,P, 



OP, 



OCiCOS0 = OC, sin CON = CNdn CiNO = 

O(7icos0 CN 



C,N,P,0 
PiN ' 



hence 



• • PiO PiiV^' 

C.q OP2 ^ CiN 
OC, ' P,P2 " PiN' 



Consequently, by the well-known property of a transversal 
cutting the sides of a triangle, the jjoints C2, P2 and N are 
in directum. 



* This beautiful construction, and also the formula (i8) on which it is based, 
-were given by M. Savary, in his ** Le9ons d(?s Machines k I'Ecole Polyteeh- 
nique." See also Leroy's ** Geometrie Descripiive," QAia.ttv^vckfc^^^vs^'^. "^ka^* 
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2 go. Circle of Inflexions. — The following g^metricaJ 
construction is in many cases more q 

xiseful than the preceding. 

On the line OCi take ODi such 
that 



and on ODi as diameter describe a 
circle. Let Ei be its point of inter- 
section with OPi, then we have 



cos = 



OE, 



and formula (i8) becomes 




III 
"op; ^ Oft " c^ V OC, ' OC,^ 



I I 

+ 



oe: 



(19) 



Hence, if the generating point Pi lie on the circle OEiDi 
the corresponding value of OP2 is infinite, and consequentlj 
Pi is a point of inflexion on the roulette. 

In consequence of this property, the circle in question ii 
called the circh of inflexions^ as each point on it is a point 0I 
inflexion on the roulette which it describes. 

Again, it can be shown that the lines P1P2, PiO and 
PiJ^i are in continued proportion; as also CiC-i^ CiO, and 
(7i2>i. For, from (19) we have 

P1P3 I 



OP, . 0P2 oe: 

Hence P.P^ : PiO = OP^: OEi, 

••. P,P2 : PiO = P1P2 - OP2 : PiO - OEi = PiO : P^Ei. (20) 

In exactly the same manner it can be shown that 

CC: CO = CO: CiDi. (21) 
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Again, if we take OD2 = O-Di, we shall have, by describings 
a circle on OD^ as diameter, 



and also 



i^iL/i ! O2C/ — L/iiJ I G2X/2J 



(22) 



The importance of these results will be shown further on.. 

291. Envelope of a Carried Curve. — We shall next con- 
sider the case of the envelope of a curve invariably connected 
with the rolling curve, and carried with it in its motion. 

Since the moving curve touches its envelope in all its 
positions, the path of its point of contact at any instant must 
be tangential to the envelope ; hence the normal at their 
common point must pass through 0, the point of contact of 
the fixed and rolling curves. 

In the particular case in which the carried curve is a 
right line, its point of contact with 
its envelope is found by dropping a 
perpendicular on it from the point of 
contact 0. 

For example, suppose a circle to 
roll on any curve : to find the envelope 
of a HI/ diameter PQ, 

From draw ON perpendicular 
to PQ, then iV, by the preceding, is 
a point on the envelope. 

On OC describe a semicircle ; it will pass through Ny 
and, as in Art. 286, the arc ON = arc OP = OAy if A be 
the point in which P was originally in contact with the 
fixed curve. Consequently, the envelope in question is the 
roulette generated by a point on the circumference of a. 
circle of half the radius of the rolling circle, having the fixed 
curve AO for its base. 

For instance, if the base be a right line, the envelope ia 
a cycloid. 

Again, if the base be a circle, the envelope is an epicycloid,, 
or a hypocycloid. 

Moreover, it is obvious that if two carried right lines b& 
parallel, their envelopes will be parallel curves. For ex- 
ample, the envelope of any right line carried by a circle^ 
which rolls on a right line, is a parallel to a cycloid. 




Fig. 61. 
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Fig. 62. 



292. Centre of Curvature of the Envelope of a Carried 
Curve. — Let aihi represent a portion of 
the carried curve, to which Om is normal 
at the point m ; then,* by the preseding, 
m is the point of contact of ai^i with its 
envelope. 

Now, suppose ^^2^2 to represent a por- 
tion of the envelope, and let Pi be the 
centre of curvature of afii^ for the point 
3ti, and Pi the corresponding centre of cur- 
vature of Ozhi. 

As before, take Oi and O2 such that 
OOy = OO2, and join PiOi and P2O2. 
Again, suppose the curve to roll until 
Oi and O2 coincide; then the lines PiOi 
and P2O2 will come in directum^ as also 
the lines OiCi and 02^2 ; and, as in Art. 
288, we shall have 

lC-^lC, = /LP1 + LP2; 
and consequently 

From this equation the centre of curvature of the envelope, 
for any position, can be found. Moreover, it is obvious that 
the geometrical constructions of Arts. 289, 290, equally apply 
in this case. It may be remarked that these constructions 
hold in all cases, whatever be the directions of curvature of 
the curves. 

We proceed to state a few important particular cases. 

(i). If the envelope a^^ of the moving curve a^\ he a right 
line, the centre of curvature Pi lies on the corresponding circle of 
inflexions, 

(2). If the moving curve a^b^ he a right line, the centre of 
curvature of the envelope lies on the lower circle OD2E2 (Art. 290). 

(3). If the moving right line always passes through a fixed 
point, that point lies on the circle ODiEi* 

(4). The different centres of curvature of the curves enveloped 
hy all carried right lines, at any instant, lie on the circumference 
of a circle. 



(23) 
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293. On the Motion of a Plane Figure in its Plane. — We 
shall now proceed to the consideration of a general method > 
due to M. Chasles,* which is of fundamental importance in 
the treatment of roulettes, as also in the general investigation 
of the motion of a rigid body. 

"We shall commence with the following theorem : — 

When an invariable plane figure moves in its plane, it can 
he brought from any one position to any other by a single rota- 
tion round a fixed point in its plane. 

For, let A and B be two points of the figure in its first posi- 
tion, and -4i, Bi their new 
positions after a displacement. 
Join AAi and BBi, and sup- 
pose the perpendiculars drawn 
at the middle points of AAi 
and BBi to intersect at 0; 
then we have AO = AiO, and 
BO = BiO. Also since the 
triangles AOB and AiOBi 
have their sides respectively ^^* ^' 

equal, we have z AOB = L AiOBi, .-. L AOAi = z BOBi. 

Accordingly, AB will be brought to the position AiBi by 
a rotation through the angle AOAi, round 0. 

Again, let C be any other point invariably connected with 
A and B; also let Ci be its new position. Join OC and 
OCi ; then the triangles OAC and OAiCi are equal, because 
OA = OAi, AC = AiCi, and the angle OAC, being the diffe- 
rence between OAB and BAC, is equal to OAiCi, the diffe- 
rence between OAiBi and BiAiCi ; therefore OC = OCi, and 
lAOC = AiOCi ; and hence lAOAi = z COCi, Consequently 
the point C is brought to Ci by a rotation round through 
the same angle AOAi. 

The same reasoning applies to any other point invariably 
connected with A and B. 

Now, suppose the two positions of the moving figure te 
be indefinitely near each other, then the line AAi, joining 
two infinitely near positions of the same point of the figure, 
becomes an element of the curve described by that point, and 

**'Aper9u Historique," p. 549 ; also " Bulletin Universel des Sciences," 
t. xiy. 
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the line OA becomes at the same time a normal to the ciirv< 
Hence the 7wrmah to the paths described by all the points qftl 
moving figure pass through 0, which point is called the instari 
taneous centre of rotation. 

The position of is determined whenever the direction 
of motion of any two points of the moving figure are known 
for it is the intersection of the normals to the curves describe! 
by those points. 

This furnishes a geometrical method of drawing tangent 
to many curves, as was observed by M. Chasles. 

The following case is deserving of special 
consideration. A right line always passes 
through a fixed point, while one of its points 
moves along a fixed line : to find the instan- 
taneous centre of rotation. 

Suppose AB to be any position of the 
moving line, and let A^ be a new position of 
A^ and B" oi JB ; the centre of rotation, 0, is 
found as before, and is such that OA = 0A\ 
and OB = OB". Accordingly, in the limit the ^'^' ^-^• 

centre of instantaneous rotation is the intersection of BC 
drawn perpendicular to the fixed line, and ^0 drawn perpen- 
dicular to the moving line. 

In general, if AB be any moving curve, and iJf any 
fixed curve, the instantaneous centre of rotation is the point oj 
intersection of the normals to the fixed and to the moving 
curves^ , for any position . 

Also the normal to the curve described by any point in- 
variably connected with AB is obtained by joining the point 
to 0, the instantaneous centre. 

We shall illustrate this by applying it to a few curves. 
294. Application to Curves. — We shall commence with 
the conchoid (see figure 48, page 327). Regarding ^P as a 
moving right line, the instantaneous centre is the point of 
intersection of ^0 drawn perpendicular to AP, with RO 
drawn perpendicular to ZJf; and consequently , OP and OPi 
are the normals at P and Pi, respectively. 

For the same reason, the normal to the Lima9on (see 
figure 47, page 326) at any point P is got by dravdng OQ 
perpendicular to OPy to meet the circle in Q, and joining PQ. 

More generally, ii a movmg ^xrt^^ ^V«^^«» touches a fixed 
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<3urve -4, wliile one point on the moving curve moves along a 
second fixed curve -B, the instantaneous centre is the point of 
intersection of the normals to A and B at the corresponding 
points ; and the line joining this centre to any describing 
point is normal to the path which it describes. 

Examples. 

1. If the radius vector, OP, drawn from the origin to any point P on a curve 
1)6 produced to Pi, until PP\ be a constant length; pr«»ve that the normal at Pi 
to the locus of Pi, the normal at P to tlie original curv(% and the perpendicular 
at the origin to the line OP all pass through the same point. 

2. If a constant length measured from the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is the locus of their extremities. 

3. An angle of constant magnitude moves in such a manner that its sides 
■constantly touch a given plane curve ; prove that the normal to the curve de- 
-scribed by its vertex, P, is got by joining P to the centre of the circle passing 
through P and the points in which the sides of the moveable angle touch the 
^iven curve. 

4. If on the tangent at each point on a curve a constant length measured 
from the point of contact be taken, prove that the normal to the locus of the 
points so found passes through the centre of curvature of the proposed curve. 

5. In general, if through each point of a curve a line of given length he 
^rawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. 

295. Motion of any Plane Figure reduced to Boulettes. — 
Again, the most general motion of any figure in its plane may 
be regarded as consisting of a number of infinitely small 
rotations about the different instantaneous centres taken in 
succession. 

Let 0, 0', 0", 0"', &c., represent the successive centres of 
rotation, and consider the instant when I ."? 

the figure turns through the angle OiOff q 1/ ^ 

round the point 0. This rotation will J^''' ^* 

Turing a certain point Oi of the figure to ^i^^ 
coincide with the next centre (/. The next '^^^^CT^^ ^^ 
rotation takes place around Of ; and suppose oX:*«... rp 
the point O2 brought to coincide with the (yV.^ 

•centre of rotation 0". In like manner, by A'^ T' 

a third rotation the point O3 is brought to \\ 

coincide with 0"^ and so on. By this ^ ^^ « 

means the motion of the moveable figure ■s\^. ^v 




352 Roulettes. 

is equivalent to the rolling of the polygon 00^0^0% . . . 
invariably connected with the figure, on the polygon 
OOfOf'O" . . . fixed in the plane. In the limit, the polygons 
change into curves,* of which one rolls, without sliding, on the 
other ; and hence we conclude that the general movement of 
any plane figure in its own plane is equivalent to the rolling of one 
curve on another fixed cu7Te. 

For example, suppose two points A and S of the moving 
figure to slide along two fixed right lines 
CX and CY; then the instantaneous 
centre is the point of intersection of 
AO and BO, drawn perpendicular to 
the fixed lines. Moreover, as A£ is a 
constant length, and the angle ACB 
is fixed, the length CO is constant; 
consequently the locus of the instan- 
taneous centre is the circle described 
with C as centre, and CO as radius. ■^'^- ^^* 

Again, if we describe a circle round CBOA, this circle is in- 
variably connected with the line AB, and moves with it. 
Hence the motion of any figure invariably connected with 
AB is equivalent to the rolling of a circle inside another of 
double its radium (see Art. 286). 

296. Properiies of the Circle of Inflexions. — ^It should be 
especially observed that the results established in Art. 290, 
relative to the circle of inflexions, hold in all cases of tiie 
motion of a figure in its plane, and hence we infer that the 
distances of any moving point from the centre of curvature o/its 
path, from the instantaneous centre of rotation, and from the circle 
of inflexions, are in continued proportion. 

Again, from Art. 292, we infer that if a moveable curve 
slide on a fixed curve, the distances of the centre of curvature of 
the moving, from that of the fixed curve, from the centre ofinstan- 
taneous rotation, and from the circle of inflexions, are in conti- 
nued proportion. 

The particular cases mentioned in these Articles obviously 
hold also in this case, and admit of similar enunciations. 

* These curves are called the " centroids" of the moving figures ; for several 
examples of the determination of which see Kennedy's translation of Keuleaux's 
** Kinematics of Machinery/' pp. 65, &c. 
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These principles are the key to the theory of the curvature 
of the paths of points carried by moving curves, as also to the 
curvature of the envelopes of carried curves. 

We shall illustrate this statement by a few applications* 

297. Suppose two curves aibi and Cidi, invariably con- 
nected with a moving plane figure, always to touch two fixed 
curves 02^2 and C2C?2, and it be required to find the centre 
of curvature of the roulette 
described by any point jBi of 
the moving figure. 

The instantaneous circle of 
inflexions is easily constructed 
in the following manner : — ^Let 
Pi and P2 be the centres of cur- 
vature for the point of contact 
m for the curves Uibi and «2&2, 
respectively : and let Qi, Q2, be 
the corresponding points for 
the curves Cidi and ^2^/2. Take ^^^* ^7- 

PiUi = p p , and QiFi = -^^ ; then by Art. 290, the points 

■L\-L2 hl\ (^2 

El and Pi lie on the circle of inflexions. Accordingly, the, 

circle which passes through 0, Pi and Pi, is the circle of 

inflexions. 

Hence, if PiO meet this circle in G\y and we take 

It O^ , 

P1P2 = -^-77-9 ^t® point* Ez (by the same theorem) is the 

centre 0/ curvature of the roulette described by Pi. 

In the same case, by a like construction, the centre of cur- 
vature of the envelope of any carried curve can be f oimd. 

The modiflcations when any of the curves ^i^i, ^2^2, &o., 
becomes a right line, or reduces to a single point, can also be 
readily seen by aid of the principles already established for 
such cases. 

298. Theorem of Bobillier. f — If two sides of a moving 

* In the construction of the accompanying figure the point J?2 was inad- 
vertently placed between i?i and instead of on EiO produced. The student 
will please to remedy the mistake in the manner indicated. 

t Cours de geometric pour les ^coles d'arts et metiers. See also Collignoo, 
" Traite de Mecanique, Cinematique," p. 306. 
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triangle ahcnya touch ttco fixed circles, the third aide abo alu 
touches a fxed circle. 

Let ABC be the moving triangle ; the side AB touch 
at i; a fixed circle whose centre is y, and ^C touching 
b a circle with centre 0. Then the instantaneous centre I 
the point of intersection of &j3 and cy. 

Again, the angle {iOy, heing the supplement of the c 
stant angle BAC, is given ; and consequently' the instai 
neons centre always lies on a fixed ciriJe, 

Also, if Oa be drawn perpen- 
dicular to the thii-d side BC, a 
is the point in which the side 
touches its envelope (Art. 291). 
Produce aO to meet the circle 
in a ; and since the angle aO^ 
is equal to the angle AOB, it 
is constant ; and consequently 
the point n is a fixed point on the 
circle. Again, by (4} Art. 292, 
the circle /30y passes through 
the centre of curvature of the 
envelope of any carried right 
line; and accordingly a is the 

centre of curvature of the envelope of BC ; but a haa alreai 
been proved to be a fixed point ; consequently BC in all po 
tions touches a fixed circle* whose centre is a. (Compa 
Art. 286). ^ 

This result can be readily extended to the case where tl 
sides AB and -4 C slide on any curves, for we can, for an ii 
finitely small motion, substitute for the curves the osculatii 
circles at the points fi and c, and the construction for the poii 
a will give the centre of curvature of the envelope of tl 
third side BC. 

We next proceed to consider the conchoid of Nxcomede 

299. Centre of Curvature of Conchoid. — Let A he tl 
pole, and LM the directrix of a conchoid. Construct tl 

^ Tbis theorem aiimits of a simplfl proof by elemantary goometry. The ii 
veatigation above has however the advantage of connecting it with tite gener 
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instantaneous eentre^O, as before: and produce AO until 
OA.^AO. \ 

It is easily seen that the circle circumscribing ^lOiJi is 
the instantaneous circle of inflexions : for the instantaneous 
centre always lies on this circle, also jBi lies on the circle 
by Art. 290, since it moves along a right line ; again, A lies 
on the lower circle of inflexions of same Article, and conse- 
quently Ai lies on the circle of inflexions. 

Hence, to find the centre of curvature of the conchoid 

described by the moving point Pi, produce PiO to meet the 

circle of inflexions in Pi, and take 

P O^ 
-Pi^2 = dStJ tliei^j ty {22), P2 is 

the centre of curvature belonging to 
the point Pi in the conchoid. 

In the same case, the centre of 
curvature of the curve described by 
any other point Qi, which is inva- 
riably connected with the moving 
line, can be found. For, if we 
produce Q^O to meet the circle of 
inflexions in j&i, and take Q1Q2 

= -^^-^ ; then, by the same theorem, 

Q2 is the centre of curvature re- 
quired. 

A similar construction holds in all other cases. 

300. Spherical Boulettes. — The method of reasoning 
:adopted respecting the motion of a plane figure in its plane is 
applicable identically to the motion of a curve on the surface 
of a sphere, and leads to the following results, amongst others. 

(i). A spherical curve can be brought from any one 
position on a sphere to any other by means of a single 
rotation around a diameter of the sphere. 

(2). The elementary motion of a moveable figure on a 
sphere may be regarded as an infinitely small rotation 
around a certain diameter of the sphere. This diameter is 
called the instantaneous axis of rotation, and its points of 
intersection with the sphere are called the poles of rotation. 

2 A 2 
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(3). The great circles drawn, for any position, from the 
pole to each of the points of the moving curve are normals to 
the curves described by those points. 

(4). When the instantaneous paths of any two points are 
given, the instantaneous poles are the points of intersection 
of the great circles drawn normal to the paths. 

(5). The continuous movement of a figure on a sphere 
may be reduced to the rolling of a curve fixed relatively to 
the moving figure on another curve fixed on the sphere. 
By aid of these principles the properties of spherical roulettes* 
can be discussed. 

301. Motion of a Bigid Body about a Fixed Point. — ^We 
shall next consider the motion of any rigid body aroxmd a 
fixed point. Suppose a sphere described having its centre at 
the fixed point ; its surface will intersect the rigid body in 
a spherical curve -4, which will be carried with the body 
during its motion. The elementary motion of this curve, by 
the preceding Article, is an infinitely small rotation around 
a diameter of the sphere ; and hence the motion of the solid 
consists in a rotation around an instantaneous axis passing 
through the fixed point. 

Again, the continuous motion of A on the sphere by (5) 
(see precediDg Article) is reducible to the rolling of a curve 
i, connected with the figure -4, on a curve A, traced on the 
sphere. But the rolling of i on A is equivalent to the 
rolling of the cone with vertex standing on Z, on the cone 
with the same vertex standing on A. Hence the most 
general motion of a rigid body having a fixed point is 
equivalent to the rolling of a conical surface, having the 
fixed point for its summit, and appertaining to the sohd, on 
a cone fixed in space, and having the same vertex. 

These results are of fundamental importance in the 
general theory of rotation. 



, ♦ On the curvature of Spherical Epicycloids, see Eesal; "Journal d& 
I'Ecole Polytechnique," xxxvii. Cahier, pp. 235, &c. 
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Examples. 

1 . In any roulette prove that the points in which it meets the fixed curre 
are cusps on the roulette. 

2. If the radius of the rolling circle be half that of the fixed circle, show 
geometrically that the hypocycloid becomes a diameter of the fixed circle. 
Proye also that any hypotrochoid becomes an ellipse at the same time. 

3. If the radius of the generating circle be one-fourth that of the fixed, 
prove immediately that the hypocycloid becomes the envelope of a right line of 
constant length whose extremities move on two rectangular lines. 

4. Prove that the evolute of a cardioid is another cardioid in which the 
radius of the generating circle is one-third of that for the original circle. 

5. Prove that the entire length of the cardioid is eight times the diameter of 
its generating circle. 

6. If a circle roll upon a right line, prove that the locus of any point in the 
plane of the rolling circle is determined by the equations 

X = a9 — d mi 9y y = a -^ d cos ^, 

where d is the distance of tlie generating point from the centre of the circle, and 
a the radius. 

This curve is called a trochoid. 

7. Show that the points of infiexion in the trochoid are given by the 
equation cos d + — = o ; hence find when they are real and when imaginary. 

S. One leg of a right angle passes through a fixed point, whilst its vertex 
slides along a given curve ; show that the problem of findmg the envelope of 
the other leg of the right angle may be reduced to the investigation of a locus. 

9. Show that the equation of the pedal of an epicycloid with respect to any 
origin is of the form 

a9 

r = (flf + 2b) cos - e eos [6 4- a). 

a -\- 20 

10. In figure 54, Art. 281, show that the points G, F' and Qarem directum. 

11. Prove that the locus of the vertex of an angle of given magnitude, 
whose sides touch two given circles, is composed of two lima9ons. 

12. The vertex of a right angle moves along a right line, and one of its legs 
passes through a fixed point : show geometrically that the other le% ^tv:<i^<5j^%.^ tw 
parabola, having the fixed point for focus. 
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II. Find the equation to the tangent to the hypocycloid when the radius o 
the fixed circle is three times that of the rolling. 

Ans. X cos « -h y sin w = ^ sin 3». 
This is called the three-cusped hypocycloid. 

14. Apply the method of envelopes to deduce the equation of the three 
cufped hypocycloid. 

Suhstituting for sin 3» its value, and making t = cot », the equation of thi 
tangent hecomes 

j ««» + (y - 3*) «2 + irt + * + y = o, 

■ j 

\ in which Hs an arbitrary parameter. If t be eliminated between this and i1 

A derived equation taken widi respect to t, we shall get for the equation of tli 

' hypocycloid, 

{sfi + y*Y + i8At (^2 + y-i) + 2^bx*y - 8 V = 27**. 

15. Prove the following properties of the three-cusped hypocycloid : 

( i). The locus of the intersection of tangents which cut at right angles is tfa 
inscribed circle of the curve. (2). The distance between the points in whic 
a tangent to one branch of the curve cuts the two other branches is constant 
(3). The envelope of the line joining the feet of the three perpendiculars on th 
sides of a triangle from any point on the circumscribing circle is a three-cuspe 
hypocycloid (Steiner). 

16. If a parabola roll on a right line, prove that the envelope of its directri: 
is a catenary. 

17. The legs of a given angle slide on two given circles : show that th 
locus of any carried point is a limaQon. 

18. One angle of a given triangle moves along a fixed curve, while th 
opposite side passes through a fixed point ; find, for any position, the centre 
curvature of the envelope of either of the other sides, and also that of the curvi 
described by any carried point. 

19. If a right line move in any manner in a plane, prove that the locus 
the centres of curvature of the paths of the different points on the line, at an^ 
instant is a conic. — (Resal, ** Journal de I'Ecole Polytechnique,** xxxv. Cahier 
p. lis). 

ao. When a conic rolls on any curve, the locus of the centres of curvatun 
of the elements described simultaneously by all the points on the conic is a noM 
conic, touching the other at the instantaneous centre of rotation. — (Mannheim 
MSme Journal, xxxvii., p. 179). 

3 1. An ellipse rolls on a right line line : prove that p^ the radius curvature o 

the path described by either focus, is given by the equation - = ; wheri 

M .par 

\ r is the distance of the focus from the point of contact, and a is the semi-axi 

1; major. — (Mannheim.) 

ii 

32. The extremities of a right line move along two fixed right lines : give 
a geometrical construction for the centre of curvature of the envelope in ani 
position. 
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CHAPTEE XX. 

ELIMINATION OF CONSTANTS AND FUNCTIONS. 

302. Elimination of Constants. — The process of differen- 
tiation is often applied for the elimination of constants and 
functions from an equation, so as to form differential equations 
independent of the particular constants and functions em- 
ployed. 

We commence with the simple example y^ = ax-\-h. By 

dv 
differentiation we get 2y -^ = a^^ result independent of h. 

A second differentiation gives 

'dii\ d^y 

a differential equation containing neither a nor 6, and which 
accordingly is satisfied hy each of the individual equations 
which result from giving all possible values to a and b in 
the proposed. 

In general, let the proposed equation he of the form 
/(ir, y, a) = o. By differentiation with respect to a?, we get 

df df dy _ 
dx dy dx 

The elimination of a between this and the equation /(a?, y, a) = o 

dt/ 
leads to a differential equation involving x, y, and ~, which 

holds for all the equations got hy varying a in the proposed. 
Again, if the given equation in x and y contain two 
constants, a and h ; by two differentiations with respect to a*, 
we obtain two differential equations, between which and the 
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original, when the constants a and b are eliminated, we get \ 

difEerential equation containing a?, y, -— and -7^. 

In general, for an equation containing n constants, thi 

f resulting: differential equation contains x. y, -^, —— . . . -—^ 

I ° dx dx' da^ 

\ arising from the elimination of the n constants between th 

J given equation and the n equations derived from, it b; 

-J! successive differentiation. 



Examples. 

I. Eliminate a from the equation 

y«-2ay + a;2 = «2. Am, (a;2_2y2) K^V-4^y^-a^8 = o. 
. 2. Eliminate a and jS from the equation 

3. Eliminate the constants a and jS from the equation 
y — a 00s Mic + iS sin «a?. Ans, -—^ + n^y = o. 

4. Eliminate a and h from the equation 

This agrees with the formula for the radius of curvature in Art. 226. 

5. Eliminate a and jS from the equation 

6. Eliminate the constants «o, «i, . • • «» from the equation 
y = <^ (a?) + aoa:» + flia;»»-i + . . . «„. Ans, — ^ = ^("^i) («). 

\ 7. Eliminate the constants a and jS from the equation 

8. Eliminate a and 3 from the equation 

xy ^ ae*-¥ be''. Ana. x-^z-V 2~-xy = o. 

dx^ dx 



F ■? 



,»i 
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303. Elimination of Transcendental Functions. — The pro- 
oess of differentiation can be also employed for the purpose of 
eliminating transcendental functions from equations of given 
form ; for example, the logarithmic function can be eliminated 
ly differentiation from the equation y = log ^ (x)^ which gives 

■— = , [ - We have met several instances of this process 
dx (p{x) 

already ; thus, for example, in Art. 86, we found that the 

elimination of the symbolic functions, sin and sin"^ from the 

•equation y = sin [m sin"^a;) leads to the differential equation 

The principles involved in this process are of great im- 
portance in connexion with the converse problem — viz., the 
procedure from the differential equation to the primitive from 
which it is derived. This part of the subject comes under 
the Integral Calculus in connexion with the solution of diffe- 
rential equations. 



Examples. 
I . y = isLU'^x, . Ans. -^ — 



dx I + x* 

3. Eliminate the exponential and logarithmic functions from the equation 

y= log (.« + .-). ^^^•rf:,l+ UJ ='• 

4. Eliminate the circular and the exponential functions from 

y = c* sin x. 

-rr ^y 

Here ^ = e* sm a; + e* cos a: = y + ^ cos a;. 

^^y dy . dy 

.*. ^-r = -r- + ^ cos or - ^ sin a; = 2 - — 2y. 
dx^ dx dx 

^ + er» du 

5. y- . Ana, -f- = I - fj2^ 



362 Elimination of Constants and Functions. 

In the preceding examples we considered only the cas( 
of a single independent variable; the differential equation! 
arrived at in such cases are called ordinary differential equa 
tions. 

When our equations are of such a nature as to admit 
two or more independent variables, the equations derived fron 
them by differentiation are called jort/-^?^ differential equations 
We proceed to consider some cases of elimination which in 
-I troduce differential equations of this class. 

r rrn 

304. Elimination of Arbitrary Functions. — The equation 
^ hitherto considered contained only two variables; we nos 

i proceed to the more general case of an equation involviDj 

i' three variables, two of which accordingly can be regarded a 

independent. We shall denote the independent variables b 
the letters x and y, and the dependent variable by s. It wil 
also be found convenient to adopt the usual notation, and t< 
.\ represent the partial differential coe£&cients 

dz dz d^z d^z , d^z 

and 



1 



uju uy ujC ** *' " 



,1 



1: 






dx^ dif dj^^ dxdy dtf 



by the letters ^, q^ r, s and ^, respectively. 

We proceed to show that in this case we are enabled b^ 
differentiation to eliminate functions whose forms are alto 
gether arbitrary. In fact we have already met with example 

of this process ; for instance, if s = ^"^ f - ], we have seen ii 

Art. 102 that in all cases we have 



dz dz 
x-r -y V-r =" n 
dx ^ dy 



'*'> 



whatever be the form of the function ; this function accord- 
ingly may be regarded as completely arbitrary in its form 
and the preceding differential equation holds, whatever fom 
is assigned to it. This can also be shown immediately bj 
differentiation. Conversely, it can be established without dif- 
ficulty that ^"^ ( ) is ^^ m^o^i general form of z which satis- 
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fies the preceding partial differential equation. This process^ 
however, as in the case of ordinary differential equations,, 
comes under the province of the Integral Calculus, and is 
' mentioned here merely for the purpose of showing the con- 
nexion hetween the integration of differential equations and 
the formation of such equations by the method of elimina- 
tion. 

As another simple example, let it he proposed to eliminate 
the arbitrary function from the equation z ==/(i2r* + y^). 

Here ^^Tx^ ^^^'(^ "^ 2/')» 

d^ 



hence we get 



yp-xq^^o'y 



an equation which holds for all values of z^ whatever the form 
of the fimction (/) may be. 

305. More generally, let s = ^ (v), where «? is a known 
function of x and y. 

TT dz , . .dv dz , . .dv 



dz dv dz dv 
dx dy dy dx 



o. 



This furnishes the condition that z should be a fimction of 
the quantity represented by v. Also, denoting 2 by F", and 
supposing V and v to be two given explicit functions of x and 
y, the condition that V shall he a function of v is that the 
equation 

dV dv dV dv _ , . 

dx dy dy dx ^ 
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shall hold for all values of x and y, i.e., shall be identically 
satisfied. For instance, if 



v^i - x^ - ^/i - y 



V = '—y and V = x y I - y^ -^ y ^/ 1 - a;% 

X — y 

, dV dv dV dv _ .. _. 

hence F is a function of v in this case. 

This can also be independently verified ; for, if a: = sin 6, 
and y = sin 0, we get 

~ cos 9 - cos ^ + . 

r = ~: 7^ ; = — tan I 

Sin t^ - Sin 2 

V = sin cos fp + cos sin = sin {0 + <p); 

which establishes the result required. 

We have here assumed that whenever equation (i) is satis- 
fied identically, V is expressible as a function of v ; this can 
be easily established as follows. 

Since V and v are supposed to be given functions of x and 
t/y if one of these variables, y, be eliminated between them, -we 
can represent F as a function of v and x. 

Accordingly let 

V=f{x,v); 

, dV _^ ^dv dV _(^dv 

dx dx dv d£ dy dv dy 

dV dv dV dv df dv 
dx dy dy dx dx dy 

Hence, since the left-hand side is zero by hypothesis, we must 
have -y- = o ; or the function/ (.2?, ^?) or V reduces to a func- 
tion oi V simply ; which establiahft^the "proposition. 
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306. More generally, let it be proposed to eliminate tlie 
arbitrary function from the equation 

where V and v are given functions of three variables, x^ y^ 
and 2. 

Regarding x and y as independent variables, we get by 
differentiation 

dV dV , , . (dv dv\ 
dV dV , , . (dv dv\ 

eliminating 0' [v) we obtain 

dVd^_dVdv^ fdV dv^dv dV\ 
dx dy dy dx \dz dy dz dy J 



fdV dv dv dV\ 



a result independent of the arbitrary function ^. 

This equation can also be established as follows : — 
Differentiating the equation F = (^[v) considering rr, y, z 

as all variables, we get 

dV . dV , dV 



dx 



_ dV , dV, ^^f\fdv , dv , dv ^\ 



Then since the form of {v) is perfectly arbitrary, this equa- 
tion must hold, whatever be the form of the function 0'(^?)> 
and hence we must have 



dV ^ dV ^ dV ^ 

—r- dx ■\- -rr- dy + -7- dz - o. 

d^ dy *^ dz 

dv ^ dv ^ dv - 

-r dx -{■ -7- ay + -7- ac = o. 

dx dy dz 



>■ (3) 



r 



1. 






«i 
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Moreover, we have, introducing the condition th 
■depends on x and y, 

dz - pdx + qdy ; 

consequently, eliminating dx, dy^ dz between this and 
equations in (3), we get 

dV dV dV^ 
dx^ dy^ dz 

dv dv dv = o : 
dx' dy^ dz 

which agrees with the result in (2). 
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Examples. 
Eliminate the arbitrary functions in the following cases : 

dz 



I. 2 = <l> (ax + bf/). 
7.. y — bz =^ <p{x — az). 

^' Z X ~ ^\t/ x)' 



5- a = 



I - a:^ (y) 



^. s = a^x^ + y* + ^ f - J . 



7. 5 = (a; + y)»<^(a;2-y2). 



^ns. 3 



<fa; 



dz 

a-- = o. 
dy 



dz , <f2 

a hi — 

dx dy 



I. 



, xdz , dz 



= « 



a:-* 



dz_ 
dx 









<?« <fo y—- 



«. a;^ + y2 + 2* = ^ {ax + iy + w). 

An8, (Jfz - ^y) ;t- + (caj - ft^ij- ^ ay ^i 
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307. Next, let it be proposed to eliminate the arbitrary 
f tmetion <p from the equation 

F {^y 1/y Z, (m) } = O, 

where w is a given explicit function of .r, y and z. 

Regarding x and y as the independent variables, we may 
differentiate the equation with respect to x^ and also with 
respect to y ; then, since s is a function of x and y, we have 

d.6(ti) ,, . fdu du 



,, . fdu du \ 



and 

dy 

hence we obtain two partial differential equations involving 
"^j Vy ^y P^ ^y ^('0 ^^d 0'('^)- Accordingly, if (fi{u) and ^\u) 
be eliminated between these and the original equation, we 
shall have a resulting equation containing only a?, y, z^ p 
and q, 

308. If the given equation contain more than one arbi- 
trary function, we have to proceed to partial differentiations 
of a higher degree in order to eliminate the functions ; thus, 
in the case of two arbitrary functions, 0(w) and i//(<?), the 
first differentiations with respect to x and y introduce the 
functions 0'(«/) and i//'(t')« I^ is plainly impossible, in general, 
to eliminate the four arbitrary functions between three equa- 
tions ; we accordingly must proceed to form the three partial 
differentials of the second order, introducing two new arbi- 
trary functions (t>\u) and ^if\v). Here, again, it is in general 
impossible to eliminate the six functions between six equa- 
tions, so that it is necessary to proceed to differentials of the 
third order ; in doing so we obtain four new equations, con- 
taining two additional functions, ^'''(w) and -J/'^v). After the 
elimination of the eight arbitrary functions tliere would 
remain, in general, two resulting partial differential equations 
of the third order. 

309. There is one case, however, in which we can always 
obtain a resulting partial differential equation of the second 
order — viz., where the arbitrary functions are functions of the 
same quantity, u. 
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Thus, suppose the given equation of the form 

F[x,y,z,<^{u),^^^{u)] = o, (5) 

where w is a known function of ir, y, and z. 
By differentiation we get 

dF dF dFfdu du\ __ 
dx dz du\dx dzj ' 

dF dF dFfdu du\ __ 
dy dz du\dy dz) 

. . . dF 

Eliminating — between these equations, we obtain 

dFdu_dFdu (^_^_^^ 
dx dy dy dx \ dz dy dy dz^ 

fdFdu_dFdii\ _ 

\dx dz dz dx) ' ^ ^ 

This equation contains only the original functions (w), 
ip{u), along with rr, y, z, p and q. Again, if we apply the 
same method to it, we can form a new partial diflFerential 
equation, involving the same functions ^ (u) and if, (w), along 
with X, y, z, p, q, r, 5, t. 

The elimination of the imknown functions 0(w) and \f/{fA 
between this last equation and equations (5) and (6), leads to 
the required partial differential equation of the second order. 
The result in (6) admits also of being arrived at by the 
method adopted in the second proof of Art. 306 ; for, 
regarding x, y, z, as all variables, we get from (5), on differ- 
entiation 

dF, dF, dF , dFfdu , du ^ du ,\ 

l^^"" ^ Ty^'^ "" Tz^' "- -JuW^ (7) 

But 

dF dF ,. . ' dF ,,, . 
du d(p{uy ^ ' d\p(uy ^ ' 
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and accordingly, since (7) must hold for all values of ip\u) 
and ^'(^)j we evidently must have 



and 



dF^ dF^ dF , 
-rr-dx + T-dy +—rdz = o, 
dx dt/ '^ dz 

du . du ^ du , 
dx^-dy^-dz = o, 

\A/JO uy U/Z 



>■ 



Eliihinatlng between these equations and 



(8) 



dz = pdx + qdy^ 




ieterminant 


dF dF dF 




dx^ dy^ dz 




du du du 


= 0; 


d£ dy^ dz 





Pi 



- I 



(9) 



which plainly is identical with (6). 

This result admits also of the following statement : sub- 
stitute c instead of w in the proposed equation ; then regarding 
c as constant, differentiate the resulting equation, as also the 
equation u - c (on the same hypothesis) : on combining the 
resulting equations with 

dz = pdx + qdyy 

we get another equation connecting ^(c) and rp{c), and 
applying the same method to it, we obtain the result, on 
eliminating the arbitrary functions 0(c) and \p{c) between 
the original equation and the two others thus arrived at. 

These methods will, be illustrated in the following 
examples. 

2B 



3 JO Elimination of Constanta and .Fiinctions, 



Examples. 

I. t = X(p(z) + J^(«). 

Hew P = ^{z)-\- {xip'ie) + j4'W}i', 

Hence - = iTT = /W» suppose. 

Applying the principle of Art. 305, we have 

or q^r — ipqs + j?^^ = o. 

Otherwise thus : let « = (?, and we get dz[ =[0, and <p{e)elx + }ff (c) dy = 
also pdx + ^rfy = 0. 

*• q V'(c)' 
Differentiating again, we have 

qdp — pdq = o, 
or q {rdx + sdy) -p{8dx + tify) = o, 

which, comhined with pdx + qdy = o, 

leads to the same result as hefore. 

2. z ^ X(p{ax-\-by) ^y^iax-^- by). 

Here p = <t>(ax + by) ■{ a { x<t>Xax + by) + yf (fla; + *y) } , 

$- = i|^(a« + *y) + * {.^0'(«* + h) + y'l^'C^* + ^) } , 
. '. bp — aq = b<p (ax + iy) — a^(^ax + iy) ; 
hence br — as ^ a {b(l>'(ax + iy) — a^*{ax + *y) }, 

^« - a^ B 3 \b^\ax \by)- w^ax + 3y)}, 
.-. Vhr-%abs\ aH « o. 
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Otherwise thus : let awe + iy = c, then adx 4- hdy = o ; also dz = ^(c)dx 
H- ^{c)di/f and rfz = ^(& + qdy ; hence 

^ — a$^ = b<lf(e) - ajf'Cc). 

Differentiating again, we get 

bdp — adq = o, or i {rdx + sdy) — a {sdx + tdy) = o. 

C!ombining this with the equation adx + hdy — o, we get 

b'^r — labt + aH — o, 
.as before. 



310. It can be readily seen that the preceding method is 
<3apable of extension to the elimination of any number n of 
arbitrary functions from an equation, provided that they are 
aU functions of the same quantity u. 

For the equation (6) plainly holds in this case, and pro- 
ceeding as in the last Article, we obtain a series of equations 
(the last being of the w^* order of differentiation), each con- 
taining the n arbitrary functions along with the variables and 
their derived functions. If the n functions be eliminated 
between the n differential equations and the original equation, 
we obtain a differential equation of the n'* order, which is 
independent of the arbitrary functions in question. 



2B 2 



Elimination of Constants and Unctions, 



I 



I. GiTen y ■ ■" (t? + C'z), prore that 

dl' A: " 

3, EHmiiiibi die coiutBiits from tlia eqiution 

y = (7i.'» COS J» + (7^ sin %x. jtiu. ^- 4 ^ + >jy = c 

]. Eliminata Cuii C from the equationi 

(i). y ■• « sinfur + Couim^ + C ain »w. 

4. Eliminate the arbitraiy fnnctiona from the eq^mLtdon 

. = -^ t ^ (y + m) + ^ (y _ «). ^„, r - ol( = fl 

J. Elimiaate Uie circular fonctions from the equotbn 

y=^oos(.am-.n«). ^«.. (<•-«') g-«2+*^ = ' 



y = ^ CM {ni + ■). ^ni. ^-ncot«*— + «»j/"m«>w = 



7. Ifi=co«iw^ (1 t Bimu! + (-1, prova tlw 

ra" + ii»y + iy* + a'i*( = o 

I. If ai, 0], at Im the tooU of the equation 

^■iPll^+ Plt+ P3 ■ O, 
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proTe that the result of eliminating the exponentials from the equation 

d^y , d^ dy 

9. Find the result of the elimination of the arhitrary functions from 

z = ^ (a; + 0y) + 4^ (a; — ay). Ana. (fir — t = o. 



10. If « =/ f - j + ^ {xy)f prove that 

x^ — y^t + xp^yq==o. 

1 1. If aerv + Ary = <jtf* + dir', prove that 

Lrf2;2 "^ \dx) dx] L \<^/ J ^'^ \«^/ * 



12. z = x^p 



(9 * -^ © 



Ana, x^r + 2a?y« + yH - (w+ n - i) (p* + qy) + «#i« = o. 

1 3. Eliminate the arbitrary functions from the equation 

«=^{a?+/(y)}. Ana.ps-qr'^o.. 

14. If the substitution of Ae^ for y satisfies the differential equation with 
constant coefficients 

d^ £fn-ly ^ 

prove that a must be a root of the equation 

2" +i»i«»"> + . . . +i?»-i« + ;>i. = o. 

15. Eliminate the constants from the equation 

««* + ibxy -^-ey^ + 2dx •{■ ley + f ^ o. 

Ana. 4or» - 45yr'« + 9j«^ = o, 

where i,= -, ^ = — „ r = ^,&c. 
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CHAPTER XXI. 



ON CHANGE OF THE INDSPENDENT VABIABI^. 

311. Can of a Single Independent Tariatale. — We bave already 

Sointed out the distinctioii between independeitt and depen* 
ent variableB in the formation of differential coefficients. 
In applioationa of the Differential Caloulus it is sometimes 
neoessaiy to make our differential equations depend on new 
independent variables instead of those -whioh had been origi> 
nally selected. 

We commence with the case of one independent variable, 

and suppose Fto represent any function of x, y, -^, — ^, && 



are transformed, when, instead of x, any function of jc is taken 
Bs the independent variable. 

Let this new function be denoted by i, and suppose that 

-jT, -j^, &c., are represented by id, a:", &o. Then in all cases 

we have 









dt ~ 


d« i& 
dx dt 




« 


18 any 


function of x. 










l« 


I d 
■-^dt 


M-i 


d 
dt 



_ («)■ {.) 

dx t! dt* ^ ' 
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also ^ ^^J^)^^(L^\^L ^(L^) 

dx^ dx\dx) dx\x' dtj of dt \x' dtf 

{by substituting -7 -jr instead of w in (i)}, 



x' dt 






, cPy df" dt ri 

nenoe — ^ = . \5 

dx" {x'Y 



(-0'S-3^^'S-|{3(^"r-^^'") 



= ^7p . (4) 

and so on for differentiations of higher degrees. 

If y be taken as the independent variable, we obtain the 
corresponding values by making 

dy dJ'y 

Hence f^ = JL, _^=_^, ,,. 

(^ dx^ dx^ /c^Y ^^ 



(6) 



^^l\d£jdui^. 
die' f^' 

W 
and so on. 

The preceding results can also be arrived at otherwise as 
follows. As the essential distinction of an independent 
variable is that its differential is regarded as constant, ac- 

dtJ 

oordingly, in differentiating -f- when x is the independent 

ax 



f 



376 On Change of the Independent Variable. 

variable we have '^ ( ;^ ) = -^- However when ;i; is no longe 
zegsxded as the independent variable, we must oooeiderth 
nnmeratoT and the denominator of tha fraotioii — as bot 
variables, and by Art. 1 5 we get 

(dy\ _ daiPy - dy<Px d fdy\ _ dx^y — dyd'x 
\di) d? ' °' di [d^j d^ ' 

Differentiating again on the same hypothesis, we get 
d fd'y\ __ dx^d';/ - dxdy d'y - ^dx d'xd'y + 3 (d'xydy 

'^[d^'j " '^ • 

These results are perfectly general whatever function of 
be taken as the independent variable. Their identity wiUitli 
equations previouBly arrived at is manifest. 

EXAXFLSa. 
I. Being p-ven that * = u (B — ain e), y = o (i - cos fl), find ths Talne 



ri- ■ « (I - CO. «)'■ 

1. Hence deduce the eipreuion for the radEus of corratuio in a cjcloid. 

3. Ifa. = (»4.i)coa9-iK 



^Ha-,b)^-C< 



4. Change the independent variable trom x 
pcwing « = Bin tf. 
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5. Transform the equation 



dx^ dx 



into another in wliich B is the independent yariahle, heing given x- 
Here ^l^^JL^^ Jl 

^®°^® d0[d0) """dx Vdx)* """"de^ - ' dx'i^'^dx' 



**• ^ dx* d0*' do' 



and the transformed equation is 



6. Transform the equation 

d^ dy «• 

into another where z is the independent variahle, being given a; = -. 

rfy dif 

It is evident that in this case we have :r -r- = ~ 2 -— , and for the same reason 

dx dz 



d(dit\_^ d_i dy\ 
dx \ dx) " dz\ dzy 



^rf*y dy ^d'^y dy 
dx* dx dz* dz 

dhf dy ^ d^y 

dx* dx dz* 

and the transformed equation is 

7. Change the independent variable from ^ to 2 in the equation 



d^y I 

** 3-1 + a^y = o, where x = -, 
dafl ' z 



d^y 2 dif , 
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312. Case of Two Independent Variables. — ^Vf^e will n 
consider the process of transformation for two indepcnd 
variables, and commence with the transformations introdu 
by changing from rectangular to polar co-ordinates, and 
verad. In this case we have 

X = r cos 0, y = r sin ; (7 

* and therefore r^ ^ 3^.-\- if^ tan = -. (8 



\ 



, I ' 

. I 

i 

. i 

"I 



i 






r. ' 



Accordingly, any function V oi x and y may be regar 
as a function of r and 0, and by Art. 98, we have 



dV^dVdx dVdy 
dd ~ dx dti^'dy dO 

dV^dV^ dVdy 
dr dx dr d\j dr 



y (9 



But, from (7), 

dx a ^ - n % • n % 

^ = 0080, ^ = -rsm0 = -y, ^ = sm 0, J=a.; (r 

hence we obtain 



dV_ dV dV 

dti^'^'d^'y'd^' ^\' 

} dV^ dV dJT 

> dr dx dy' 

These transformations are of importance in the Planet 
Theory. 

Again, we have 

dr^dVdr dTde-^ 
dx dr dx dO dx \ 

d_rdrdr dTdOr ^ ^' 

dy dr dy dti dy J 



/ 
/ 
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But, from (8) we have 



dr X a ^^ ' a 

-— = - = cos 0, -T- = sin 0, 
dx r dy 

dO „^ y sin d dO 00s 6 
= - COS c/ - = , 



dx 
dV 



, = cos tf , 
dx dr 



x" r dy 

dV sinfle^r 



dr 



dV * t,dV cosOdV 
dy dr r dd 



(14) 



(15) 
(16) 

(17) 



The two latter equations can also be derived by solving for 

dV dV 

-T— and-r- from the equations (11) and (12). 

ax dy 

d'V d'V 
313. To find -T-r- and -r^ in the same Transformation. — 

dx^ dy^ 

Since formula (16) holds, whatever be the form of the function 

F, we have 

d , . /» «? / N sin fl? , . 

-(^)=oose-(^)--— :^(*), 



dx 



dr 



dO 



where ^ stands for any function of x and y. On substituting- 

dV , 

— instead of ^, this equation becomes 

dV sin e djn 

r dO] 



dx\dx J dr 



cos d 



dr 
sin d 



cos 



dV AaBd 
dr r 



drr\ 

dti\ 



,^ePF cosflsinflflPF cos(?sin0fl?F 

= COS^O -z-r r^TT + = 



di 



.2 



r drdd 

sinOr ^ flPF . ^d 
cos d , .^ - sm ^ 



c/fl 



?• L 



^/y/0 



sin 6 fcos dV sin d^ 
r [_ r dO r dd 



iin 

drj 



j8o Transformafionjrom Rectangular to Folar Co-ordim 

tPV ^ ,atZ. ^Bmflcoafl ri dV tPV i 
*^ dx' ~ '^ dr' '^ r \_r de drdej 

sin'fl dV ein'tf 
In like manner we get 

dp' -^^ dr' r Ir dO drde] 

cos'9 rf f cob'O 

This result can be also readily deduced from the 

ceding by substituting in it — 6 for 9. 

11 theee equations he added, vre have 



(PV iPV d'V idV I 

d^ * df ' HP'' * 'r~Sr * 'r 


d'V 


314. To find the transformation of 




i-r d'V d'V 





into a function of r, 9, and ^, being given 

x = r sin ij cos 9, y = r sin ^ sin 6, z = r oob ^. 
Assume p = r sin ^, and we have 

X = pooa9, 3/ = psinfl; 

hence,by{i8),-T:r- + *r-r = -7-r + --5-+ -5-j«r- 
' ■' ^ " dai' dy' dp^ p dp p' dO' 
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Again, from the equations 

p = rsin^, z = rcos^, 
we have in like manner 

d'V d'V dT idV I d^r 
dfi^ dz^ dr^ r dr r* c?^* ' 

Accordingly 

d'V d^ ^_(PV idV i_d^ idV idT 
'd^'^'d^^ dz^ " dr''^ pdp'^ p' dd''^ r dr'^ r' df^ 

But by (17) we have 

dV . dV co9 6dV 

-r- = Sm6 —r- + —7-, 

dp ^ dr r difi 

idV idV Qot6dV 

.*. = 1 ^ . 

" p dp r dr r* d<^' 

Hence we get finally 

"^■^"^■^"^" fl?r» "^'r'sin*^"^ 

I d^V 2dV cot » dV , V 
"" r" di^"" '^ r dr '^ r" dtp' ^'^' 

315. Bemarks on Partml Differentials. — ^As already stated 

in Art. 113, the student must be careful to attach their proper 

meanings to the partial differential coefficients in each case. 

dec 
Thus, in finding --r^i^ (10), we regard ^ as a function of r 

and 0, and differentiate on the supposition that 6 is constant; 

dr 

in like manner the value of -7- in (14) is found on the^ 
supposition that y is constant. 



382 Ihins/ormation/rom Rectangular to Polar Co-ordinalei. 
The beginner, aocordiDglj, must not fall into the 00: 

fusion of suppoBinir that in this case "we have — x — = 

ax dr 

This caution is necesBary, as even advanced Btudents, fro 

not paying proper attention to the meanings of paiti 

derived functions are apt to fall into the error referred to. 

316, (Jeometrical miutratioa. — ^The following geometiit 



dr 



, fl^ 



method of determining the proper Talues of — and -5- mid 

the preceding hypotheses may assist the beginner towai 
forming correct ideas on this important subject. 

Let P be the point whose co-ordinates are x and y \ H' 
OM = ar, TM = y, OP = r, 
POX = 9. Now, in finding 

— , regarding B as constant, 

we take on the radius vector 
OP produced a portion PQ 

= Ar, and draw QN perpen- 
dicular to OX ; then Ax, the 
corresponding increment in x, 
is represented hyMN or PL; 

Ax PL 
■■■ ^ = PQ = "^ 




Again, to find — on the supposition that y is constan 

let MH be Ax, the increment in x, and draw the parallel 
gram PLMN, and Join OL, meeting in / a circle describe 
with radius r and centre ; then LI represents the oc 
re^ondihg increment in r, and we have 

— = limit of — - = limit of -^= = cos 0, 



80 that 

«ach to 00s 6 or 



this case the values of -7- and -r i 
ax dr 

aa before. 
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The values of -jr^ -j-, &c., can also be readily repre- 

du ax 

sented geometrically in a similar manner. 

317. linear Transformations. — ^If we are given 

x = aX-^bY^cZ, y = a'X-¥b'Y+c% z = a''X+b''Y+e'% (20) 

then any function Fi of x, y, and s, is transformed into a 
function of X, Y, Z, and, as in Ex. 2, Art. 98, we have 

dX dx dy dz^ 

dY dx dy dz^ 

^F ^ ^ ,dV_ „dV 
dZ dx dy dz * 

Again on proceeding to second differentiation, we get 

dX^ dx\ dx dy dz J dy\ dx dy dz J 

+ a -7- a-^ — + a —: — 1- a — 7- 
dz\ dx dy dz 

^d'V ^d'V ,,(PV \.d'V 

= a^ -=-T + 2aa -7-7- + 2aa -7-3- + 2a a -r-r- 

dar dxdy dxdz dydz 

dy"^ dz^ ' 

Similarly we have 

^ = j.^, j'4r^ j'.^^, ,w^ 

dY^ ds^ dy^ dz^ dxdy 

+ 200 , ^ -h 200 , , > 
dxdz dydz 
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(wr ay az* 



daidt/ 



318. Case of Ortho^nal Tnuufonuationa. — ^If the tn 
formation be each that 



*> + / + ^' = 



vZ', 



a' + <j^ + o"'= I, h' + b'^ + b'"' = 1, c' + c'^ + e"" = 1. [ 

ab + a'b'+a"h" =0, oc + <i'c'+«"c"= o, 6i; + 6V+ J"c"= o. ( 

Again, multiplying the first of equations (20) by a, \ 
second by n', and the third by o", we get on addition, by 1 

of (21} and (22), 

X = (W + a'y + a"a. 

In like manner, if the equationB (20) be TespeotiT( 
multiplied by 6, b', 6", we get 



eimilarly 



T = bx + b'y -^ h"z ; 
Z = ex + c'y + c"z. 



If these equations be squared and added, we obtain 

«'+6' + C==l, (7^ + 5''+c'»= I, a"" + J"» + c"»= t, {2 

ad + bb' + cc'=o, aa" + bb" + c<f' = o, a'a" + b'h"-Yc'c" = o. (2 

Hence in this case, if the eqtiations of the last articde 1 
added we shall have 
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The transformations in this and the preceding Article 
are necessary when the axes of co-ordinates are changed in 
Analytic Geometry of three dimensions ; and equation (25) 
shows that in transforming from one rectangular system to 

another, the function -j-r + -r— + —=-r is unaltered. 

oar ay^ az 

319. General Case of Transfonnation for two Independent 

Variables. — Suppose that we are given the equations 

^ = * (r, 9), y = ^ (r, 0), (26) 

then any function V oix and y maybe regarded as a function 
of r and 0, and we have, from (9), 

dV _ dV^dx dV dy 
~m ~ 'd^de^'d^dO' 

dV _ dV dx dV dy 
dr dx dr dy dr^ 

where the values of -r^y -^, -r-, -r ^^ be determined from 

dd dd dr dr 

equations (26). 

Whenever these equations can be solved for r and 0, 

separately, we can determine, by direct differentiation, the 

, ^ dr dr dQ dd , , , i. a'a a- • / \ 

values of -;-, -r-, -7-, -j-y and hence by substitutmg in (13) 
ax ay ax ay 

we can obtain the values of -7— and -^r-. 

dx dy 

When, however, this process is impracticable we can 

obtain their values by solving for -7— and -7— from the 

preceding equations. 
Thus, we obtain 



dV 


dV dy 
dB dr 


dV dy 
dr d% 


dx 


dxdy 


dxdy 



{27) 



dd dr dr dO 
2 c 
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dV 


dVdx dV dee 
dd dr dr dB 


dy 


dxdy dxdy 
dr dd dd dr 



(28) 



(PV (PV 
The values of -3-r, -r— •, &o., can be deduced from these: 

dar dy^ 

but the general f ormulse are too oomplioated to be of mndi 
interest or utility. 

320. We shall conclude with one or two results in 
connexion with linear transformations, commencing w& ; 
the case of two variables; We suppose x and y <manged | 
into aX -{■ bY and a^X + 6'F, respectively, so that anj : 
function (a?, y) is transformed into a function of X and 7; 
let the latter be denoted by ^1 (X, F), and we have 

Again, let x and y be transformed by the same substi- 
tutions, /. e., 

x'=aX'+bY\ t/= c/X'+b'T'; 

and since x + kx == a{X-\- kX') + 6(F+ AF'), 

and y + ky' = a'(X + kX') + b\Y+ kY"), 

it is evident that 

it{x-\-kx\j/ + ki/) = ^i(X+AX', Y + kY^. 

Hence, expanding by the theorem of Art. 127, and 
equating like powers of k, we get 

&c., &c. (30) 
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Accordingly, if u represent any function of x and y, the 
series of expressions denoted by 

are unaltered by linear transformations. 

These results obviously hold for linear transformations, 
whatever be the number of variables (Salmon's Higher 
Algebra, Art. 125). 

321. When applied to transformation from one system 
of co-ordinate axes to another, the preceding leads to some 
important results, by applying* Boole's method (Salmon's 
Conies, Art. 159). 

For in the case of two dimensions when the origin is 
imaltered we have 

x'^ + 2a^/cosai + /* = X'» + 2X'F' oosQ + F% (31) 

where to and Q, denote the angle between the original axes 
and that between the transformed axes, respectively. 

Multiply (31) by X, and add to (30) : then denoting 
^ (^j y) by «^> and 01 (X, Y) by U, we get 

^ T-o + X + 2iry -7— p + Acoscii + /M-7-, -tA I 



= X'M'g.AVaX'r^'^^ 



Now, suppose A assumed so as to make the first side of 
this equation a perfect square, it is obvious that the other 
side will be a perfect square at the same time. The former 
condition gives 

(d'u .\fd'u .\ fd'u . V 



* I am indebted to Mr. Bumside for the suggestion that the equations of 
this Article are immediately obtained by Boole's method. 



2 C 2 



1. 



I 

• 



■ ^ 



(■ 



-f^ 



or A' 8m'» t A ( -n + -r-, - 2 -7—;- cos en 1 



(Pu (Pu f cPu \' 
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(Pu (Pu (Pu 

1 2 

dx^ d^ dxdy 

- ( ^'^ \ 
da^ dy^ \dxdy) 

\ Accordingly, we must have at the same tdme 

A'am'0 + A(^^,.^-2^^^co80J 

^ ^ dX^dY^ \dXdTj ^ ^' 

Hence, comparing coefficients, we get 

d'ud'u f d'uV d*Ud^U ( d^U \^ 



)' 



da^ dy^ \dxdy) _ dX" dT" \dXd T 

sin' (o sin' Ct 

and 

d'u d'u d'u d'^U d^U d^TT 

;^^-^^'"^^"^^" dX^^dY^Z^dXdT'^^^ 
sin' (u sin' Q, 



Consequently, if u be any function of the co-ordinafa 
a point, the expressions 

d^u (Pu ( (Pu 



d'u 
dx" 


d^u 


dxdy 




sin' 


at 



L daf ay \axayj . 

'I sm' w 

if 

*i- are unaltered when the axes of co-ordinates are changed in 

\ tnanner^ the origin remaining the same. 

In the particular case of rectangular axes, it follows t 

fiPw cPw d'ud'u ^ d*uV 

dx^ dy^ do^ dy^ \dxdy) 

preserve the same values when the axes are turned 10 
through any angle. 



Orthogonal Tram/onnatiom. 



389 



322. It is easy to extend the preceding results to three 
or more variables, when the transformations are orthogonal 
(Art. 318). 

Thus, in the case of three variables we have 

Multiplying by A and adding to the equation which corre- 
sponds to (30), it follows that the expression 






/ , ^w 



dydz 



+ 2ZX 



dzdx 



+ 2x'i/ 



d'u 
dxdy 



is unaltered by orthogonal transformation. 

Next, suppose that X is such that the quadratic function 
in x\ y\ and »' shall be the product of two linear factors, 
and, by Art. 107, we must have 



d^u 



dx^ 

d^u 
dxdxf 

d'u 
dxdz* 



+ A, 



d'u 
dxdif 

dy 

d'u 



2 + A, 



d'u 
dxdz 

d^u 

dydz 

• 

d^u 



= o. 



(34) 



But 

same 



dxds' dydz' dz^^^ 

as the transformed expression must evidently at the 
time be the product of two linear factors, we must have 



d^u . d^u <Pu 
— + \ 

ilx' dxdy* dxdz 

d'-ii d'u . d'u 
+ X, 



da^y dt/' "' dydz 
d'u d'u d'u 



dxdz' dj/dz' dz^ 



+ A 



d'U , d'U 
+ X, 



d^U 



dX- 



dXdY' dXdZ 



d'U d'U . d'U 
+ X, 



dXdY' dY' ' "' dYdZ 
d'U d'U d'U 



dXdZ' dYdZ' dZ' 



+ \ 



(35) 



II 
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Equating tlie coeffidents of like powers of X, we see tha 
expreesioiu 

d'u d'u d'u 



dx' rfi/' 



,1,' rfj> 

Id 


"Ww 


(Pu (Pti d'u 
lU'' iftdy' dxdt 
<pu {Pu <tht 
X^' ^' di/di 
d*u . <fu d'u 
dxds' dt/ds' rfz' 


i'utpu 
dy'~Sf 



'« / (Pi 



are unaffected by orthogonal transformation. 

The first of these results has been already arriTed 
direct substitution (Axt. 3 1 8) . 
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EXAJiPLES. 

d^y 
I. Being giyen y =/(«) and u = ^{x)^ find -t-^. 

J. If y = ^"(0. < =/(»)i « = *(*). find lie value of j^. 

An,. F'[t)rWl>"(.') + {fW}' {/"(«)-?'(') + (/(«))' i^'CO J. 

3. Change the independent variable from ar to z in the equation 

d^y I 

ar* -r-r + a*y = o, where x = -, 
dx^ z 

<Py 2 dy . 

^M dy 

4. Transform (i - «*) -7^ - a? — + a«y = o, being given a; = sin e. 

0<r cix 

d^y 

■^"*- ^ + " *' " "• 

5. If F be a function of r, where r' = a;*+ y^ prove that 

d^V d^r __ rf^T^ zdV 
dx^ dy^ dr* r dr 

6. If r be a function of r, where r* = a?* + y' + ^^ prove that 



rf^r 




rf^r 




rf^r 




<pr 




irfr 




+ 




+ 




— • 




+ 




rfar* 




rfy'^ 




<fe2 




rfr* 




r dr 



dx dr 

7. If a: = rsin0cos0, y «= rsintfsin^, s = rcostf, prove that -j- = ~ry 

dx 
where in finding --, 9 and are regarded as constants; while in finding 

dr 

dr 

---, y and z are regarded as constants. 
dx 

8. If z be a function of two independent variables, x and y, which are 
connected with two other variables, u and v, by the equations 

/i(«, y* «, ») = o, f2(Xy y,Uf f) = o ; 

dz dz dz dz 

show how to express -r- and -r- in terms of -- and ---. 

dx dy du dv 
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9. Tramfonn the equation 

tPjf 2X dy y __ 

rfr« 1+ «» <te **" (i 4- «»)2 ■" ® 

into another in which 9 is the independent variable, supposing :p = tan9. 

d!Hi 

ID. If s be a function of x and y, and u = j9« + ^^ . ir, proTe that wha 
1^ and 9 are taken as independent variables, we haTo 

dn du d^u t d^u _ 9 tPu r 

i^""*' Iq^^' '^'^TT^' 'dpdq "" rt ^ s^^ d^^^^tT?' 

where p, q, r, «, t^ denote the partial differential coefficients of 2, as in Art 304 

11. If the equation 

rf*V d*'^v dv 

^^fci + ^'^-^1 + • • • + ^'-*^ + ^« = o 

be transformed to depend on 0, where x^e , prove that the coefficients in tb 
transformed differential equation are all constants. 

12. In orthogonal transformations, prove that 

dV^ dV^ dV^ dV^ dV^ dV^ 
dx^ ^ dy^^ d^ ^ dX^ ^ d¥^^ 'dZ^' 
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MlSCELLAl^EOUS EXAMPLES. 

I. If a, /3, 7, be the roots of the cubic 

gA ^ px"^ 4 ^a? + r = o, 

dp dq dr 
da ' da da 



«how that 



= (7-i5)(/3-a)(a-7). 



dp dq dr 

dfi' d$' dfi 

dp dq dr 

dy dy dy 



2. Being given the three simultaneous equations 

^1 (Xl, X2f Xz, Xi) = 0, ^ {X\, X2, Xs, X^) = O, ^3 (Xi, X2, a?3, '4) = o, 

determine the values of 

dx2 dxz dxi 
dx\ dxi dx\ 

3. If tt be a solution of the differential equation 

d^V d^r d*r 
dx^ dy^ dz'i ' 



prove that 



du 



du du 



dx dy dz 



d^u 



d'u 



dxdy dtfdx 



will be also a solution of it. 

4. If X and y be not independent, prove that the equation 
does not hold, in general. 

5. Prove that the points of intersection of a curve of the fourth degree with 
its asymptotes lie on a conic : and in general for a curve of the degree n they 
lie on a curve of the degree n — 2. 

6. Prove that every curve of the third degree is capable of being projected 
into a central curve. (Chasles). 

For if the harmonic polar of a point of inflexion be projected to infinity, the 
point of inflexion will be projected into a centre of the projected curve. 

7. Two ellipses having the same foci are described inflnitely near one 
another ; how does the interval between them vary ? 

{a). How will the interval vary if the ellipses be concentric, similar and 
similarly placed F 
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8. Eliminate the arbitrary functions from the equation z^ ^(x).^ (y). 

9. Show that in order to eliminate n arbitrary functions from an equatioQ 
containing two independent yariables, it is, in general, requisite to proceed to 
differentials of the order 2m - 1. How many resulting equations would be ob- 
tained in this case ? 

I a In the Lemniscate r* = a) cos 20, show that the angle between the tu- 

gont and tbe radius vector is - + 2O. 

a 

1 1. In transforming from rectangular to polar co-ordinates, prove that 

sin 2^ de'^ ) ' 

12. Prove that the ellipses 

aV + *V = aH\ (i) ; aV sec^ + l^y^ cosec*,/> = a*^4^ ^^j^ 

are so related that the envelope of (2) for different values of ^ is the evolute of 
( ; and the point of contact of (2) with its envelope is the centre of curvature 
at the point of (i) whose excentric angle is ^. 

13. Being given the equations 

bx = \fi, bp = \/(a2 - *2) {bi - /*«), 
prove that 

14. If I - y - «y»» = o, develop y in terms of a by Lagrange's Theorem. 

15. Being given « = r cos 0, y = r sin tf, find the transformation of 



f ■ * m 



into a function of r and 0, where B is taken as the independent variable. 

16. Apply the method of infinitesimals to find a point such that the sum of 
its distances from three given points shall be a minimiun. 

Let pi, p2i f>3 denote the three distances, and we have dpi •{• dpz -^ dp^ •= o ; 
uuppose dpi = o, then <i?(/>2 + pa) = o, and it is easily seen that p\ bisects the 
angle between p^ and ps, and similarly for the others ; .*. &c. 

17. Eliminate the circular and exponential function from the equation 
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1 8. One leg of a right angle passes through a fixed point, whilst its vertex 
slides along a given curve; show that the prohlem of finding the envelope of 
the other leg of the right angle may he reduced to the investigation of a locus. 

19. If two pairs of conjugates, in a system of lines in involution, he givea 
hy the equations 

u = ax^ + ihxy + <jy* = O, «' = aV + ib'xy + e'yl^ = o, 

show that the douhle lines are given hy the equation 

du du* du du' ,_ , t .. n • .» » . x 

-r- — -— - = o. (Salmon s " Comes, Art. 342). 

dx dy dy dx ^ » ot / 

20. Find the condition that three functions 

should he mutually dependenC 

d^\ d<f>i d<l>i 
dx dy dz 

d<l>2 d<l>2 d<f>2 
dx* dy* dz 

dips d<l>^ d<p7i 
dx* dy* dz 

21. The equation, 

ry* — 28xy + tx^ = px + qy - z^ 

may he reduced to the form 



Ans. 



= 0. 



by putting 



d^z 
X — u cos V, y = u sin r. 



22. Investigate the nature of the singular point which occurs at the origin 
of co-ordinates in the curve 

9^ - 2ax^y — axy^ + a^ = o. 

23. Investigate the form of the curve represented hy the equation 



y-e* 

24. How would you ascertain whether a proposed expression, V, involving 
jr, ^, and 2, is a function ol two linear functions of these same variables? 

Ans. The given function must be homogeneous; and the equations 



dV 
dx 



= 0, 



djr 

dy 



= 0, 



d_F 
dz 



= 0, 



must be capable of being satisfied by the same values of x,y^ z: i.e., the result 
of the elimination of x, y, and z between these equations must vanish identi- 
cally. 



I 
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15. If ff = # (l'), prore that 



afi. If(e + pV-i) = {ii + flV- i)", prove that 



. Iftar'4. timii= ^ — , proTe that ~ + J — 



18. Find, bj Leibnitis's Theorem, the value of 

and show from the derelopment that 

where [n]u repreeenta the coefficient of x* in the development of ( i -t- x)'. 

d I d\ 

29. Prove that — (xa) — {t^-x — iu. 

30. Hence prove that 

I d\ I du\ I d\du du _^tPu 

31. Prove that 

Vd^l y~di ~ V y'di' *J "^''^' 
Bj the preceding example we have 

\'dx */ Vdx ~V'te''"'l'<te~*)' iW 
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But 






■ h 2X • 



( d \ 2 ^^ ^ ^^^ 

32. Prove, in general, that 

I d\ I d \ I d \ I d \ d»u 

This can he easily arrived at from the preceding hy the method of mathematical 
induction ; that is, assuming that the theorem holds for any positive integer »,. 
prove that it holds for the next higher integer (n + i), &o. 



,....•(;). 



33. Find - + ■ , in terms of r, when r'= a' cos^ $. 

34. If w = (x^ + y^ + 2^^)*, prove that 

d^u d*u d*u d^u d*u d^u 

+ -rr + -TT + 2 , „, „ + 2 , „,, + 2 = o. 



Ans. 



3«* 



••5 



rf»* dy* dz^ dxHy^ dyHz^ 



dz^dx* 



ic. If a = -r T, 

.1 . <^"« / V I . 2 . 3 . . . n . cos (« + i) A . cos"*^ <h 
prove that— =(-.) i ^^V—^ -' 

d^*^z _ . 1 . 2 . 3 . . . 2n . cos (2n + i) ^ . cos^*"^ ^ 

d?^^z ^ ^^^^ i . 2. 3 ...(2»+ i) sin (2n + 2) ^ . cos'"^^, 



where 



^ = tan"» 



(9 



36. If fi he a homogeneous function of the n^ degree in x^ y, z, and mi, fi2, t<3^ 
denote its differential coefficients with regard to x^ y, «, respectively, while^ 
f^ii} f<i2} &c., in like manner denote its second differential coefficients; prove that 



Wli, «12, Wis, wi 

M21, M221 W23, «2 

W31» W32, «33, U% 

Wl, «2, «3, O 






«11» «12, «13 
«21, «*22, «23 
f'Sb t^2} <<33 
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37. If ti be a homogeneous function of the n*^ degree in x, y, t, tc, show tbt 
for all values of the variablet which satisfy the equation m = o, we have 



UlU Mi2, «1S» til 

«21, «22, «38i «a 

Usif M33) M33» Ms 

1#1, «2, «3, O 



fr-" 



(fl - 1)2 



t*iu 


W12, 


«*1S, 


wu 


«21» 


«w. 


«23, 


«»24 


tOi, 


tl33. 


«33, 


«34 


flu, 


f^AS, 


f«43. 


uu 



= o 



38. Show that the equation 

is satisfied if P is any of the quantities 

- - fi*, (i - /*') cos 20, (i - /**) sin 2tf, ft \/i - /*" cos tf, /a\/i -/t'sml, 
3 

•or any linear function of them. 

39. If « + A be substituted for x in the quantic 

«(« - i) - , 

oo*" + naia^^ + — ^ OiS!^^ + &c. + «« ; 

1.2 

and if Co', «i', . . . . «r' . . . . <»n' denote the coefficients in the new quantic ; proTe 
that 

da/ 

40. If ^ be any function of the differences of the roots of the quantic in tht 
preceding example, prove that 

This result follows immediately, since ~ is zero in this case. 

41. Being given 



prove that 



v = x^i -y'+y V I -«% 



du dv dv du 

dx dy dx dy * 



and explain the meaning of the result. 
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42. Find the minimum value of 



sin A sin B sin (7 



+ . ^ . — 7 + - — J—. — g, where -4 + jB + C= i8o\ 



sin B sin C eia C Bin A sin ^ sin JS 
43. Prove that 



*(*|)/M=.^(«^)/(«.), 



where <f> (x) is a rational function of x. 

44.. Show that the reciprocal polar to the evolute of the ellipse 



with respect to the circle described on the line joining the foci as diameter, lias 
for its equation 

a* *« 

45. If the second term he removed from the quantio 

(«oi «i, fl2, . . . On) (a?, y)" 

by the substitution of x y, instead of x^ and if the new quantio be denoted 

by (^0* o, A2, A^t . . . An) {x, y) ; show that the successive coefficients 
A2y A3, , . . AnBxe obtained by the substitution of ai for x, and - oo f or y in 
the series of quantics 

(oo, ai, «3) («, y), («o, «!, «2, «3) (ar, y), . . . («o, «i, . . . flu) («, y). 

46. Prove that any root of the following equation in y-— 

y« + «y= I, 
satisfies the differential equation 

WS^ ww^^ ww^^ 

47. How can we ascertain whether an expression such asj 

^(«,y)+V^- i^{x,y) 

admits of being reduced to the form 

f{x^yV - 0- 



40O 
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48. If lX + mr+ ffZ, rX + mT+ nZ, rx + m''T+ n"Z, be subrtitnted 
for X, y, s, in the quadratio expression tu^ + ^' -h cs' + zdyz + 2e&r + 1^: 
and if a', 6', e\ d\ #',/', be the respectiye coeificieiLts in the new expiefisuai; 
prove that 






ss o whenever 






= o. 



49. If the transformation be orthogonal^ i.e., if 

a?* + y2 ^ s2 = 2? + r* + :^, 
prove that the preceding determinants are equal to one another. 

50. Prove that the max. and min. values of the expression 

ax^ + 4iip' + 6<?«* + ^dx + e 

are the roots of the cubic 



where 



<^^ - 3(a«/- 3ir*)c2 + 3(a/2 - i8fi7) 2 - a = o, 
if = «<? - ^2, /= ae-^bd+2^f 



/ = 



*, e, d 
c, df e 



, and A = J3 - lyj^. 



By Art. 138 it is evident that the equation in e is obtained by substitntinff 
e " z instead of e in the discriminant of the biquadratic ; accordingly we haye 
for the resulting equation, 

(J-a2)3 = 27(/-aJ5r)a, 
since the discriminant of the biquadratic is 

P - 27J* = o. 

In general, the equation in z whose roots are the n — i max. and min. values 
of a given function of n dimensions in x, can be got from the discriminant of 
the function, by substituting in it, instead of the absolute term, the absolute 
term minus z. 

It is evident that the discriminant of the fimction in « is, in all cases the 
absolute term in the equation in z. 

51. If A be the product of the squares of the differences of the roots of 



x^ - px^ + q.r - r = o, 
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find an expression in terms of the roots, for j-, by solving from three equations 

of the form 

<f A ^A dp dA da dL, dr 

_£. j^ _i j^ 

da dp da dq da d)\ da 

Ana, 2(i3 + 7 - 2a) (7 + a - 2)3) (a + i3 - 27). 

52. IfX+ T^/ - I he a function of a? + yv^ - i, prove that X and T 
must satisfy the equations 

rf2X d'-X ^ d^Y diY 

1 = o. and h = o. 

dx^ ^ dif ' dx^ dy^ 

53. If the three sides of a triangle are a^aJctL^ a + iS, where a and iS are in- 
finitesimals, find the three angles, expressed in circular measure. 

T a + j3 IT 2a -j8 ir 2j8-« 

54. \iy — X \ aa^, where a is an infinitesimal, find the order of the error in 
taking X = y — ay^. 

55. The sides », J, c, of a right-angled triangle become « + a, i + i3, c + 7, 
where a, iS, 7 are infinitesimals ; find the change in the right angle. 

ey - aa — hfi 

Ana. ; . 

ab 

56. If a curve be given by the equations 

2x = v^^a + It + ^/t^ - 2t, 

2y = ^/t^ 4- 2t - \/i2 - 2t, 

find the radius of curvature in terms of t, 

2 

57. In the curve whose equation iay = e~' , determine all the cases where 

the tangent is parallel to the axis of x. 

If be the greatest angle which any of its tangents makes with the axis of ^, 

prove that tan = ^-, 

58. In a curve traced on a sphere, prove the following formula for the 
radius of curvature at any point : 

sill rdr 

tan p = . 

coBpdp 

59. Apply this formula to show that in a spherical ellipse sin p sin j?' = const., 
where p and p' are the perpendiculars from the foci on any great circle touching 
the ellipse* 

2 D 
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. 60. Prore the following relation between (p, p*) the radii of curyatare at 
corresponding points of two reciprocal polar curvet: 

. ^ 

where ^r is the angle between the radius yeotor and normal. 

61. ItAB^ BCf CD...ht the sides of an equilateral polygon inscribed io 
any curve, and HAD he produced to meet 3(7 in P ; prove that, when the sides 

pS 

of the polygon are diminished indefinitely, BP= 3 ^, where p and p' are tk 

P 
radii of curvature at B and at the corresponding point of the evolute. 






and V^\^ j^ -j'+*4-y, 

find the value of 

dU dV^dV dU 
dx dy dx dy' 

63. If K = J?» + — , and « = « + - , 



prove that 



.d»r dV .^ 



64. Determine h and A so that the curve 

(a:' + y2) (a; cos o + y sin a - a) = F(a: cos iS + y sin jS — h) 

may have a cusp ; a, iS, and a being given, and the co-ordinates heing lectaa- 
gular. 

Prove that in this case the cuspidal tangent makes equal angles with the 
asymptote and with the line drawn from the cusp to the origin. 

65. Find the co-ordinates of the two real finite points of inflexion on the 
curve y* = (iP - 2)* (a; - 5), and show that they subtend a right angle at the 
double point. 

66. If Of, y, 2 be given in terms of three new variables w, r, it, by the fdl- 
lowitig equations : x = Pw, y = (P — *) v, « = (P — c) u>, where 

I + ii?2 + ew* 



M* + t* + Ml} 



s » 
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it is required to prove that dx^ + dy^ + dz^ = X^ dit^ jf Jf ' <ft;' + JV* rf«?*, and to 
determine the actual values of L, M^ N. 

67. If af + y = X, y = Xl, prove that 

' dx^'^^^dy^ dx^ dX^~ dXdY^ dX' 

68. Beine given jj = w' - vtv^, y = 3m'«^ - t^, find what — becomes 

xdx + ydy 

in terms of m, r, <fM, eft;. 



69. If the polar equation of a curve be r = a sec* — , find an expression for 

its radius of curvature at any point. 

dr 

70. Show that the differential is put under the form 

:/x^ -3^:2 + 3 
Idff 



^/(I + y2 tan«A) (i + y* cot«A)' 

by assuming x— 3 , and find the value of cos 4\. (Mr. M. Koberts) 

• y 

71. If y* + ary = I , prove that 

^ d!^y dy^ du^ 

72. Prove that the locus of the point of intersection of tangents to an epicy- 
cloid inclined at a constant angle a is an epitrochoid, for which the radii of the 
fixed and moving circles are, respectively, 

a + b . a + b 

, .. Bin a I / . i\^^^ r« 

a(a-^2n) a + ib b {a A- 20) a a- 2b 

and 



a ^ sin a ' a-t b jsin a 

«nd the distance of the describing point from the centre of the moving circle is 

b 



sm 



. ,. a^■ 2b 

(a + ih) . 



sm a 

wliere a, b, are the radii of tbc fixed and moving circles for the epicycloid. 

(Prof. Wolstenholme, London Mathematical Society, April, 1874). 

This theorem is easily established by aid of equations (14) and (15) given in 
the chapter on Roulettes. 

73. If a curve (-4) be such that the radius of curvature at each point is n 
times the normal intercepted between the point and a fixed straight line {B)y 
then when the curve rolls along another straight line, {B) will envelope a curve 
in which the radius of curvature is « + i times the normal. 

2 D 2 
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Thus, when « = - 1, (A) is a parabola, and (B) the directrix, and 
ft the^ parabola rolls along a straight line, its diiecteix enyelopes a cateniz 

I which fi a - I), to which the straight line is directrix. 

1\ AVhen the catenary rolls along a straight line, its directrix passes thro 



I . 



N 



I t. 



r: 



fixed point, for which » = o. 



1,1 When the point moves along a straight line, the straight line which! 

-^ ries with it enyelopes a circle (« = i), and (B) is a diameter. 



When the circle rolls along a straight line, its diameter envelopes a c 
(n = 2), to which (B) is the base. Wh(>n the cycloid rolls along a straighi 
j ! its base enyelopes a curve which is the involute of the four-cusped hypocy 

*, passing through two cusps, and is in figure like an ellipse whose major a 

•^ twice the minor. (Professor Wolstenhohne). 



The fundamental theorem given above follows immediately from eat 
^li ('3) p. 348. 

74. In the polar equations of two curves 

^•(r, «) = o, /(»•, «) = o, 

if jS-" be substituted for r, and nCl for 0, prove that the curves represente 
the transformed equations intersect at the same angle as the original cu 

(Mr. W. Boberts, Liouville's Journal, Tome 13, p. 

This result follows immediately from the property that is unaltere 

or 

the transformation in question. 

75. A system of concentric and similarly situated equilateral hyperboh 
cut by another such system having the same centre, under a constant m 
which is double that under which Hie axes of the two systems intersect. 

Ibid.f p. 

76. In a triangle formed by three arcs of equilateral hyperbolas, havim 
same centre (or by parabolas having the same focus), the sum of the angli 
equal to two right angles. Ibid,^ p. 

77. Being given two hyperbolic tangents to a conic, the arc of any \ 
hyperbolic tangent, which is intercepted by the two first, subtends a con£ 
angle at the focus. Ibid,^ p. 

An equilateral hyperbola which touches a conic, and is concentric with 
called a hyperbolic tangent to the conic. 

ril! 78. A system of confocal cassinoids is cut orthogonally b^ a system of e 

i^^ lateral hyperbolas passing through the foci and concentric with Uie cassinc 

Ibid., p. ; 

The student will find a number of other remarkable theorems, deducec 
the same general method, in Mr. Boberts' Memoir. This method is an exten: 
of the meUiod of inversion. 
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* On the Failuee of Tayloe's Theobem. 

, As no mention has been made in Chap. 3 of what is usually called the 

failure of Taylor's Theorem, the following extract from M. Navier's " Le<jons 
d' Analyse" is introduced for the purpose of elucidating this case : — 

On the Case when, for certain particular Values of the Variable, 
Taylor'8 Series does not srive the Development of the Function. — 

The existence of Taylor's Series supposes that the function /(a;), and its dif- 
ferential coefficients /'(a;),/"(^)> &c., do not become infinite for the value of 
X from which the increment h is counted. If the contrary takes place, the series 
will fail. 

Fix) 
Suppose, for example, that/ (a;) is of the form — ^— r;;> *» being any positive 

number, and F(x) a function of x which does not become either zero or infinite 
when a? = «. 

If, conformably to our rules, ; — ^ (- be developed in a series of posi- 

\x •\- h — «)"• 

tive powers of A, all the terms would become infinite when we make x = a. At 

F(a-\-h) 

the same time the function has then a determinate value, viz. : — ^ . But 

A"* 

as the development of this value according to powers of h must necessarily con- 
tain negative powers of A, it cannot be given by Taylor's Series. 

Taylor's Series naturally gives indeterminate results when, the prox>osc(l 

function /(a;) containing rascals, the particular value attributed to x causes 

these radicals to disappear in the function and in its differential coefficients. 

In order to understand the reason, we remark that a radical of the foim 

p 

(x — a)9, p and q denoting whole numbers, which forms part of a function 
f{x), gives to this function q different values, real or imaginary. As this same 
radical is reproduced in the differential coefficients of the function, these coef- 
ficients also present a number, ^, of values. But, if the particular value a be 
attributed to a;, the radical will disappear from all the terms of the series, while 

j» 

it remains always in the function, where it becomes h^. Therefore the series 
no longer represents the function, because the latter has many values, while the 
series can have but one. The analysis solves this contradiction by giving in- 
finite values to the terms of the series, which consequently does not any longer 
represent a determined result. 

The development of / {x) ought, in the case with which we are occupied, 

p 

to contain terms of the form A«. We should obtain the development by mak- 
ing a; = a + A in the proposed function. 

Fractional powers of h would appear in the latter development. 

For example, suppose 

f(jo) = 2ax — .r* + r\/x* - a* ; 
this gives 

fix) = 2(« - a:) + / ^ , 

V a;- - «- 

/'\»)=-a + -- r-. 



4o6 Notes. 

On making a; « <7, we have /(«) « a\ and all the differential coefficients 
become infinite. This circumstance indicates that the development oi fix-it h) 
ought here to contain fractional powers of h when x = 0, 

In fact the function becomes then 

f(a + A) = a2 _ ^2 + ay/zah + A-, 
of which the development according to powers of h would contain h^- h^ ^ 

It should be remarked that a radical contained in the function /(i;) may 
disappear in two different ways when a particular value is attributed to the 
variable x^ that is, 1°, because the quantity contained under the radical vanishes* 
2°, because a factor with which the radical may be affected vanishes. 

In the former case the development according to Taylor's Theorem can 
never agree with the function^(aj + h) for the particular value of ^r in ques* 
tion, for the reason already indicated. 

But it is not the same in the latter case, because the factor with which 
the radical is affected, and which becomes zero in the function, may cease to 
affect the radical in the differential coefficients of higher orders ; in ^ict it may 
not disappear at all, and the series may in consequence present the necessary 
number of values. 

For example, let the proposed function be 



f{x) = (j; - «)« ^x - b, 



m being a positive integer. 
Here we have 

/' (X) = m{x-a)n^ 1 y/;r _ ^ + -^ — ^, 

2y/x-b 

f {x)= m{m - l) (a: - ay^^\/ x - i + — ^^ nr ^^ ^ 

y/ X - h 4(a; - b^^ 

&c., &c. 

Each differentiation causes one of the factors of (x — a )"• to disappear in the 
first term. After m differentiations these factors would entirely disappear • and 
consequently the supposition a; = a , in causing the first m derived functions to 
vanish, will leave the radical ^x—bto remain in all the others. 
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Ox THE CONDITIOWS FOE A MaXIMTTM OR MlimnJM OF A FuNCTIOlT 
OF ANT NUMBEE OF YaEIABLES (Art. 1 63). 

The conditions for a maximum or a Tniniimini in the case of two or of three 
yariables have been given in Chapter X. 

It can be readily seen that the mode of investigation, and the form of the 
conditions there given, admit of extension to the csue of any number of inde- 
pendent variables. 

We shall commence with the case of four independent variables. Proceed- 
ing as in Art. 162, it is obvious that the problem reduces to the consideration of 
a quadratic expression in four variables which shall preserve the same sign for 
all real values of the variables. 

Let the quadratic be written in the form 

»i\Xi^ + 0220^^ + a:&x^ + aii^^i' + ^anXiXi + 2a\zXiXz + lanXiX^ + 2029^32:3, 

+ ^aiiX2Xi 4- 2auXiXiy (i ) 

in which an, aiz, 022, &c., represent the respective second differential coefficients 
of the function, as in Art. 162. 

We shall first investigate the conditions that this expression shall be always 
a positive quantity ; in this case an evidentiy is necessarily positive : again, 
multiplying by flu, the expression may be written in the following form : — 

(«iiari + ai2X2 + anxz + a^Xi)^ + (aii«22 - ai^)x2^ + (flii«33 - «i3^)«3' 

+ («11«44 - ai^)Xi^^ + 2(«iifl23 - ai2aiz)X2Xz + 2(aii«24 ~ a\2aii)X2Xi 

+ 2 («ii ^34 — «i3 a\i) Xz Xi, (2) 

Also, in order that the part of this expression after the first term shall be 
always positive, we must have, by the ibiicle referred to, the following con- 
ditions : — 



and 



«iia22 — «12* > o, 

(»11«22 - «12*) («11«33 — «13^) — («ll«23 — «12«13)'^ > O, 

«11«22 — «12^ «ll«23 — anaizt «ll«24 — «12«14 

«11«23 — «12«13, «ll«33 — «13*j ail«34 — «13<'fl4 

«11«24 — au^li, «11«34 — «13«14> «11«44 — «14^ 



(3) 
(4) 

>o. (5) 



To express this determinant in a simpler form, we write it as follows : — 

«11, «12| «13, ^14 



I 



O, ail 022 — «12% «11«23 — «12«13, «ll«24 — «12»14 

O, <7ll023 — tfW^J^lSi «11 ^'SS — «13*j «11«34 — «13«U 

o> «ii«24 — ffwfl'u, aiian - a\3(tnj ffii ^44 - fl'u- 



(6) 
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Next, to fonn a new detenmnaiit, multiplj the first row by an, 01s, 014, suc- 
eessiyely, and add the resulting terms to the 2nd, 3rd, and 4th rows, respee- 
tively ; then, since each term in fiie rows after the first contains an as a &ctor, 
the determinant is efidently equivalent to 



ail' 



aii> ^12, ais, a\i 

avii 0221 a23> 024 

AlSi 023) 033) 034 

014) 024) 034) 0U 



(7) 



In like manner the relation in (4) is at once reducible to the form 



011 



011) 012) 013 



012) 022) 023 



013) 023, 033 



>0. 



Hence we conclude that whenever the following conditions are fulfilled, 



VIZ., 



011 >o, 



011, 012 






>o, 


012, 022 





011, 012, 013 




012, 022, 023 


>o, 


013, 023, 033 





011, 012, 013, 014 



012, 022, 023) 024 



013, 023, 033, 034 



014, 024, 034, 044 



> o, (S) 



the quadratic expression (i) Upoiitive for all real values of a, 2^2, jTs, x^. 

Accordingly the conditions (are the same as in the case (Art. 162) of three 
variables, x\, X2, x^] with the addition that the determinant (7) shaJl be also 
positive. 

In like manner it can be readily seen that if the second and fourth of the 
preceding determinants be positive, and the two others negative, the quadratic 
expression (i) is negative for all real values of the variables. 

The last determinant in (8) is called the discriminant of the quadratic func- 
tion, and the preceding determinant is derived from it by omitting the extreme 
row and column, and tiie other is derived from that in like manner. 

When the discriminant vanishes, it can be seen without difficulty that the 
expression (i) is reducible to the sum of three squares. 

It can be easily proved by indiustion that the preceding principle holds in 
general, and that in the case of n variables the conditions can be deduced from 
the discriminant in the manner indicated above. 

According as the number of rows in a determinant is even or odd, the de- 
terminant shall be styled one of an even or of an odd order. 
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r|| If the notation already adopted be generalized, the coefficient of Xr^ is de- 

^ noted by arry and that of XrXim by 2arm. In this case the discriminant of the 
li quadratic function in n variables is 



«11, ffi2, fl^i3, . . 



ai2t «22, «23, 



«fl3> <?23, ^'SS, 



'?IM, fl'2n, rt3«, 



fl'ln 



fl^'i* 



^3« 



fl'MW 



(9) 



and the conditions that the quadratic expression shall be always positive are, 
that the determinant (9) and the series of determinants derived in succession 
by erasing the outside row and column shall be all positive. 

To establish this result, we multiply the quadratic function by An, and it is 
evident that it may be written in the form 

{anxi + aioX'z + . . . amXuf + («ii «22 - a\^)x-p- + . . . + («ii»»» - am') x,^ 

+ 2{aiia23 — anaiz) X2X3 + &c. + (lauam — «ir«in)*riPn+ . . . 

In order that this should be always positive, it is necessary that the pai*t 
after the first term should be always positive. This is a quadratic fimction of 
the n — I variables 072,^3) . . . ath. Accordingly, assuming that the conditions in 
question hold for it, its discriminant must be positive, as also the series of deter- 
minants derived from it. But the discriminant is 



«11«22 — «12^i 



rt'll«2S*~ <*J2«13, 



• • • 



«11«23 — «12«13, «lia38 - *I3S 



<?11«24 — <?12«14, «11«31 — «13«14, 



«1 10211 — Ol2«ln 
«ll«3fi — «13«ln 



(«') 



Writing this as in (6), and proceeding as before, it is easily seen that the 
determinant becomes 



«ii 



n-i 



«11, <?12, «13, 



<'12, (t22i «23, • 



<?13, ^23, 0^1 



^In, ff2nt OZn, 



«ln 



«2n 



. «3n 



• ^Iftn I 



(") 



i.e., the discriminant of the function multiplied by <7ii**~^. 



4IO 



Noten. 



Hence we infer, that if the principle in question hold for n — i yaiiablei it 
holds for n. But it has 1||ten wown to hold in the cases of 3 and 4 yamUes; 
consequently it holds for itKf numher. 

We conclude finally that the quadratic expression in n variables is alvayi 
positiye, whenever the series of determinants 



^'n* 









rtii, 


^12* 


«13 


«ni 


a\2 














» 


ai2f 


«22, 


«23 


«12, 


«22 
















«13, 


«23, 


«33 



fl'12, a-z'i. 






«lM, «2m, 



''iMI 



(■') 



urc all positive. 

Again, if the series of determinants of an even order be all i>ositive, and tBose 
of an odd order, commencing with an, be all negative, the quadratic expiessioD 
is negative for all real values of the variables. 

Hence we infer that the number of independent conditions for a maximum 
or a minimum in the case of n variables is » — i, as stated in Art. 163. 

It is scarcely necessary to state that similar results hold if we interchange any 
two of the suABlx numbers ; i.e., if any of the coefficients, a22, ^33, . . Omd ^ 
taken instead of an as the leading term in the series of determinants. 

If the determinants in ( 1 2) be denoted by Ai, A2) A3, . . . An, it can be proved 
without difficulty that, whenever none of these determinants vanishes, the quad- 
ratic expression under consideration may be written in the form 



Ai A2 Am-1 



(M) 



Hence, in general, when the quadratic is transformed into a sum of squares, 
the nimiber of positive squares in the sum depends on the number of continua- 
tions of sign in the series of determinants in (12). 

It is easy to see independently that the series of conditions in (i 2) are neces- 
sary in order that the quadratic function under consideration should be always 
positive ; the preceding investigation proves, however, that they are not only 
necessary y but that they are sufficient. 

Again, since these results hold if any two or more of the suffix numbers be 
interchanged, we get the following theorem in the theory of numbers, that if 
the series of determinants given in (12) be all positive, then every determinant 
obtained from them by an interchange of the suffix numbers is also necessarily 
positive. 

Also, since when a quadratic expression is reduced to a sum of squares, the 
number of positive and negative squares in the sum is fixed (Salmon's Higher 
Algebra, Art. 162), we infer that the number of variations of sign in any series 
of determinants obtained from (12) by altering the suffix numbers is the same 
as the number of variations of sign intiie series in (12). 

As already stated, a quadratic expression can be transformed in an infinity 
of ways by linear transformations into the simi of a number of squares multiplied 
by constant coefficients ; there is, however, one mode that is unique, viz., what 
is styled the orthogonal transformation. 
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i 



In this case, if Xi, Z2, X3, . . . Xn denote the new linear functions, we^ 
liave 

r= a:i2 + a;22 + . . . + ^^2 = Xi^ + X^^% &e. + X„2, 

and also, denoting the coefficients of the squares in the transformed expression 
by ai, «2, . . . a„, 

17= anari* + fl22ir2' + . . . + Unn^n' + . • • + zai^xix^ + 2airX\psr + . . - 

= aiXi' + ^2X2^ + . . . + OnXn^, 

Hence, equating the discriminants of U- \VfoT the two systems, we get 

«ll — A., ai2, . . . ffln 



ai2, «22 — A., ... a2n 



«13, «23j . • . ^3h 



fl'l/ii 



^2n, 



«w» - A 



= («i - a) (a2- A) . . . (ff» - a). (i4> 



Accordingly, the coefficients <7i, <72, . . . On, are the roots of the determinant 
at the left-hand side of the equation (14). 

Moreover, in order that the function U should be always positive or always 
negative for aU real values of the variables 0:1, a:2) • • • ^n, the coefficients 
fii, ^» • • • Oni must be all positive in the former case, and all negative in the 
latter; and consequently, in either case, the roots of the determinant in (14)' 
must all have the same sign. 

The application of this result to the determination of the conditions of 
maxima and minima is easily seen ; however, as the conditions thus arrived at 
are clumsy and complicated in comparison with those arrived at in (12) it i» 
not considered necessary to enter into their discussion here. 



Note* on the Caktesian Oval. 

I. The Cartesian Oval, since its original discussion by Descartes, has al- 
ways had a special interest for Mathematicians. This interest has in recent 
years increased, more especially since the valuable papers of M. Quetelet on 
the Theory of Secondary Caustics (Nouv. Mem. de TAcad^mie Royale de Brux. 
tomes iii., v., 1827, 1829), and tiie important discovery by M. uhasles of thfr 
existence of a third focus to the curve (Aper9u Historique, note xxi., p. 352). 
These have been followed by several important papers on the properties of the 
curve, b^ Mr. Cayley (liouville's Journal, tome xv., 1850), Sig. Genocchi 
(Tortolim, 1864), Mr. Crofton (London Mathematical Society, 1866), Mr. 
Casey (in his valuable and exhaustive treatise on Bicircular Quartics, Trans. 
R. I. Acad., 1869), and others. 

In this Note it is proposed to give a short discussion of the principal pro- 
perties of the Cartesian Oval,. treated geometrically. 



* This note is taken, with slight modifications, from a paper published by 
me in " Hermathena," No. iv., p. 509. 



Notes. 

by writing the equation of the t 

n t iLTi = a, 

yihen ri and ri npreaent tlie dietauceB of aaj point on tlte curve fitim 

filed point*, or foci, 1 1 and Ft. while fi aai ' " ' ' " 

oaauine that/t is lew than unity, Tfe also 
the diatance between the fixed point 
It is easily Been that the curve ( 
other ; the former corresponding to the eqoatii 
to *■[ — iiTt = a. Now, with F 
SB centre, and a as radius, describe 
a cirde. Through J'l draw any 
chord BE, and Join F,D and FtE; 
then, if J* be the point in which 
F\D meets the inner oval, we have 



FD = 



-r, =/irj = /ii'Fj. 



From this relation the point i* c 
bo readily found. 

Again, let ^ he the corr 
ponding point for the out«r ov 
r\ — lifi = a ; and we shaU have, 
like nianner,i)e = >LFiO; 

.■.FiQ:FsP=QD: DF; 




consequently, FiD bisects tli 
FF,Q. 

Produce QFi and FFi to intersect FiE, and let Fi and Q, be the pain 



Then, i 



nP,Fi; ande. 



nthat Q 



nthe 



3. Again, by on elementary theorem m 

FiP . Fid = FJ>.-DQ-i- Flip, 
.■.(i-^'')F,F.F,Q = FiIf'. 
Also, by similar triangles, we get 

FiP:F,F,^FsD:FtE\ 



onseqnently 



{1 - ^^) FiQ . Fj; = FjJ) . FiE 



Tlieref ore, the rectangle under FiQ and FjPi is constant; a theorem du 
M. Qiietclet. 

4. Next, draw QFi, making l FjQFj = L FtFjFi ; then, since the pc 
r\, Fi, a Jijlie on ^a oireumference of a circle, we get 

FiFj . F1F3 = no . nPi = const. 
Hcnec the point Pa is determined. 

5- We neit proceed to show that F3 possesses the same properties r«lativ 
the curve as f 1 and fj ; in other words, that Tj is a third focus. 
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For this purpose it is conyenient to write the equation of the curre in the- 
form 

mr\ ± In = nezi (4> 

in which cz represents FiFz, and I, m, n are constants. 

It may he observed that in this case we have n> m> I. 

Now, since L FiFzQ = L F1P1F2 = -P1PF2, the triangles F1PF2 and FiF^Q 
are equiangular; but, by (4), we have 

mFiF + IF2P = nFiF2 ; 
accordingly we have 

mFiFz 4- IFzQ = nFiQ, 

or nFi Q-lFzQ = mFiFz ; 

i.e.y denoting the distance from Fz by ra, and F1F3 by ro, 

nri — /ra = mcz. 

This shows that the distances of any point on the outer oval from Fi and ^3 are- 
connected by an equation similar in form to (4) ; and, consequently, ^3 is a third 
focus of the curve. 

In jLike manner, since the triangles F1QF2 and F2F3P are equiangular, tho- 
equation 

mFiQ - IF2Q = nFiFt 
gives 

WJ1F3- lFzP=nFiP. 

Hence, for the inner oval, we have 

nri + Irz = nicz. 

This, combined with the preceding result, shows that the conjugate ovals of a 
Cartesian, referred to its two extreme foci, are represented by the equation 

nr\ ± Irz = m<?2. (5) 

In like manner, it is easily seen that the conjugate ovals referred to the foci Fi 
and -F3 are comprised under the equation nr^ — mrz ~±lcu where ci = FiFz. (6) 

6. The equation connecting the constants l^ m, n, in a Cartesian which has 
three points F\y F2, F3, for its foci, can bo readily foimd. 

For, if we substitute in (3), cz for F1F2, &c., the equation is easily reduced 
to the form 

t^ci + n^cz = wrc^y 

or fF^Fz + m^FzFi + n^FiF'z = o, (7) 

in which the lengths F2P3, &c., are taken with their proper signs, viz., 
F3F1 = - FiFz, &c. 

7. Next, since the four points F2, P, Q, P3, He in a circle, we have 

PiP . PiQ = F1P2 . FiFz = const. (8) 

Consequently the two conjugate ovalt are inverse to each other with respect to a 
circle* whose centre is Pi, and whose radius is a mean proportional between 
P1P2 and P1P3. 

* It is easily seen that when 1= o the Cartesian whoso foci are Pj, P2, Pa, 
reduces to this circle. Agaip^ if w = o, the Cartesian becomes another circle. 
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It follows imsediately f rem this, ilbnk Ft lies inside both orals, fhitl^k 
outside both. It hence may be called the external focua. This is gi ^ 
position that tht,ynBtant8* are connected by the relationB it > m >4i 

8. Also we hivfe 

L PF^Fi = L PQFi = I F2Q1P1 « Z riFsPi ; 

hence the lines FsPand FsPi are equally inclined to the axis F1F3. Con*- 
-quenUy, if P3 be the second point in which the line /3P meeta the inner OYtl|l 
lolhMrs, from the symmetry of the curye, that the points Pg and Pi are tlie i^ 
flexions of each other with respect to the axis ^1/3, and the taiangles F\PtFi 
and F1P1F2 are equal in every respect. ^ 

Again, since i F%PFi = L FtQF^ = zF2JCTu«iefoiir points P, Pt, F| lai 
Fa lie on the circumference of a circle. 

From this we have 

FsP. F3P2 = F^Fi,. F3F2 = constant. 

Ilence, the rectangle under the eegmente^ made by the inner oval^ on any tram- 
verealfrom the external foeue is constant . 

In like manner it can be shown that the same property holds for the seg- 
ments made by the outer oval. 

If we suppose P and P2 to coincide, the line P3P bejfd^es a tangent to the 
oval and the length of this tangent becomes constant, bein^ a mean proportioiial 
between P3F1 and P3P2. 

Accordingly, the tangents drawn from the external focus to a system of 
triconfocal Cartesians are of e^ual length. 

This result may be otherwise stated, as follows : — A system of triconfocal 
Cartesians are cut orthogonally by the eonfoeal circle whose centre is the external 
focus of the system (Prof. Crofton). 

This theorem is a particular case of another — ^also due, I believe to Fh)f. 
€rofton — ^which shall be proved subsequently, viz., that if two triconfocal Car- 
tesians intersect, they cut each other orthogonally. 

9. We next proceed to give a geometrical method of drawing the tangent 
and the normal at any point on a Cartesian. 

Adopting the same notation as before, let E be the point in which the line 
FiD meets the circle which passes through the points P, Ft, Fs, Q ; then it can 
be shown that the lines PS and SQ are tiie normals at P and Q to the Cartesian 
oval which has Fi and F2 for its internal foci, and F3 for its external. For 
from equation (4), we have for the outer oval * * 

dri , dr2 
m-y-l -=o. 



whose centre is F3, and which, as shiQl be presently seen, cuts orthogonally the 
system of Cartesians which have Fi, F2, Fz for their foci. These circles are 
called by Prof. Crofton the Confocal Circles of the Cartesian system. 

* From the above discussion it wil^ appear, that if the general equation of 
a Cartesian be written \r + fir' = vc, where c represents the distance between 
the foci ; then (i) if, of the constants, \, /*, v, the greatest be v, the curve is 
referred to its two internal foci ; (2) if >/ be intermediate between \ and /u the 
curve is referred to the two extreme foci ; h) if i^ be the least of the three*, the 
curve is referred to the external and middle locus ; (4) if A. = ^, the curve 'is a 
conic ; (5) if v - A, or v =ju, the curve is a lima96n ; (6) if one of the constants 
A, M> V vanish, the curve is a circle. * 



-t Note on the Cartesian Oval. 415 

I * thhrti; if m and fi»2 be the angles which the normal* at Q ttaies with QF\ and 

Ji^rei^tiYely, we Ivave 
'•-j; .;i*- •* m sin «i = ^ sin «2 ; or sin »i : sin «2 = ^ : »•%• , (9) 



I -is 




Fig. 72. 

Again, we have seen at the commencement that 

l:m = DQ: F2Q. 
JUso, by similar triangles, 

RQ : RFz = DQ: F2Q = l:m. (10) 

But 

EQ : EF2 = sin EQF : sin ItQF2 ; 
henoe, 

sin JJQFi : sin BQF2 - I : m. 

Oonseqnently, by (9), the line MQ is the normal at Q to the outer oval. In like 
manner it follows immediately that Fit is normal to the inner oval. 

This theorem is given by Prof. Crofton (Memoir, p. 10), in the following 
form : — The are of a Cartesian oval makes equal angles with the right line 
■drawn from the point to any focus^ and the circular arc drawn from it through 
the two other foci. 

This result furnishes an easy method of drawing the tangent at any point on 
a Cartesian whose three foci are given. 

The construction may be exhibited in the following form : — 

Let F\j ^2, Fz be the three foci, and F the point in question. Describe a 
•circle through F and two foci F2iind F3, and let Q be the second poijit in which 
F\F meets this circle; then the line joining P to JB, the middle point of the arc 
•cut off by FQy is the normal in question. 

It is plain, for the same reason, that the line drawn from P to i^i, the 
middle point of the other segment standing on PQ, is normal to a second Car- 
tesian passing through P, and having the same three points as foci — P2 and F% 
for its internal foci, and Pi for its exteihial. 

Hence it follows that through any point two Cartesian ovals can he drawn 
having three given points — which are in directum — for foci. 

Also th>e two curves so described cut orthogonally. 

10. Again, if RC be drawn touching the circle FRQ, it is parallel to PQ, 
and hence 

F2C : FiC: = F2R : ED = F2R2 : F2R . RJ) ; 



FiS.SI) = SI", 
.-. r^C: FiC = Fas' -.PIP = > 
HcntB the point C a fixed. 
Again 

CS : F,D = SFi : SFi = m' : 



which dptennines the length of CE. 

1 1. Neit, aincB SP - SQ, ii with S ait oentre and JCP as radius a di 
descrilMd, it will touch each of the othIb, from what has hoen ehown aboi 



Cartttian i> a cirelt (Quetelet). 

This corstniction is shown in the following figure, in which the fonn i 
conjugate orals, having the points Fi, 
Fi, Ft, for foci, is eihibited. 

Ag&in, since the ratio of F^B to RF 
is constant, we get the following theo- 
rem, which is also due to M. Quetelet : 

A Cartesiaii oval is the envelope of 
a circle, whose centre moves on the eir- 
cumfei«nce of a given circle, while its 
radius is in a constant ratio to the dis- I 
tance of its contra from a given point. I 

I]. This construction has been given 
in a different fonn by Professor Casey, 

If a circle cut a given circle nrthoge- 
jittUy, inhile its centre movei along ano- 
'her ;iven* lircU, iti envilopt it a Car- 
titiati mal. 

This follows immediately ; for the vj^ -, ■, 

rectangle under FjP and FiQ is con- ^' '■*" 

slant by (8), and therefore the lengih of the tangent from Fi to Oia cirt 
constant. 

This resolt is given by Prof. Casey as a particular case of a general 
elegant property oi bicircular quartics, viz. : il, in the preceding construe 
the centre ol the moving circle desciihe any conic, instead of a circle, its e 
lope is a bicircular quartic. 

For additional information on Cartesiitns, as well as on the mom ppi 
propertiei of bicircular quartica. the student i 
Memoirs mentioned at the beginning of thia Note 
Professor Casey. 
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